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Abstract. This paper is interested in analyzing solution properties of the Graph
Coloring Problem (GCP). For this purpose, we introduce a property based on the
notion of representative sets which are sets of vertices that are always colored the
same in a set of solutions. Experimental results on well-studied DIMACS graphs
show that many of them contain such sets and give interesting information about
the diversity of the solutions. We also show how such an analysis may be used to
improve a tabu search algorithm.
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Abbreviations: GCP — Graph coloring problem; RS — Representative set; CRS —
Complete representative set; PRS — Partial representative set; FREQ — Frequency;
SA _STRUCT - Surface analysis structure; DA_STRUCT — Depth analysis structure;
GTS - Generic tabu search; TL — Tabu list; GTSD — GTS with DSATUR-based
initialization; GTSA — GTS with initialization based on analysis

1. Introduction

Given an undirected graph G = (V, E) with a vertex set V' and an edge
set E, the goal of the graph coloring problem (GCP for short) is to find
a color assignment to every vertex in V such that any pair of adjacent
(or connected) vertices receive different colors, and the total number of
colors required for the feasible color assignment be minimized (assign-
ment approach). The smallest color size corresponds to the chromatic
number x(G) of graph G. The GCP can also be defined more formally
as follow: partition V' into a minimal number of k subsets V1,...,V,
such that Yu € Vi(u € V,1 < i < k), v € Vj,v € V/(u,v) € E
(partition approach).

Many practical problems, such as timetable construction (Leighton,
1979) or frequency assignment (Gamst, 1986), can be mapped into
a GCP. Graph coloring is also a classic constraint satisfaction prob-
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lem (Tsang, 1993) with applications to many problems in Artificial
Intelligence.

GCP in an arbitrary graph is a well-known NP-complete problem
(Garey and Johnson, 1979) and only small problem instances can be
solved exactly within a reasonable amount of time in the general case
(Dubois and de Werra, 1993). It is also hard even to approximate the
chromatic number of a graph. In Lund and Yannakakis (1993), it is
proved that for some € > 0, approximating the chromatic number
within a factor of |V|¢ is NP-hard. Indeed, one of the best known
approximation algorithm (Halldérsson, 1993) provides an extremely
poor performance guarantee! of O(|V|(loglog |V ])2/(log |V )3).

The reported heuristics for the solution of the graph coloring prob-
lem range from greedy constructive methods, such as DSATUR (Brélaz,
1979) and the Recursive Largest First algorithm (Leighton, 1979), to so-
phisticated hybrid strategies like HCA (Dorne and Hao, 1998(b); Galin-
ier and Hao, 1999) and those proposed by Morgenstern (1996) or Fun-
abiki and Higashino (2000). The last ones are among the most efficient
approaches for GCP. We may also mention local search meta-heuristics,
e.g., simulated annealing (Johnson et al., 1991) or tabu search (Hertz
and de Werra, 1987; Ferland and Fleurent, 1996(b); Dorne and Hao,
1998(a)), pure genetic algorithms (Davis, 1991), neural network at-
tempts (Jagota, 1996), and scatter search (Hamiez and Hao, 2002).
One can find more methods in Johnson and Trick (1996).

Although most authors in the graph coloring community try to ex-
plain why their approach gives good results on some graphs and poor
ones on others (mainly by analyzing the behavior of the algorithm
according to different options and settings), few studies are available
concerning analysis of properties of GCP solutions. Moreover, to our
knowledge, no algorithm exploiting such properties exists for the GCP.

Analysis of solution properties may help explain the behaviour of
some algorithms on a particular graph. Such an analysis can also be
used to develop new algorithms relying on such properties. In this
paper, we are concerned with studying a particular property that may
be called representative sets (RS for short). Informally, a RS for a graph
is composed of a set of vertices shared by its solutions. More formally,
given a set Cj of legal k-colorings (solutions with exactly k colors)
of a graph G, {vi,...,vn}(m > 1),v; € V(1 < j < |V]), is a RS if
Ve; € Cip(1 < i < |Cyl),coli(vi) = «++ = coli(vy), with col;(vj) being
the color of vertex v; in solution c;.

! The performance guarantee is the maximum ratio, taken over all inputs, of the
color size over the chromatic number.
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A RS may coincide exactly with a complete color class in which
case the RS is called a complete representative set (CRS). It may also
correspond simply to a subset of color classes in which case the RS is
called partial representative set (PRS). The formal definitions of CRS
and PRS are given later in Section 3. Like the notion of “backbone”
for the satisfiability problem (Monasson et al., 1999), the RS reveals
an invariant of solutions for the graph coloring problem.

The paper begins by recalling some existing analysis schemes (Sect.
2). Then, we describe the analysis schemes we propose (Sect. 3). Exper-
imental results on a set of well-studied DIMACS graphs are presented
in Sect. 4. A simple algorithm using analysis information is then in-
troduced (Sect. 5), showing a better performance. Some concluding
remarks and future studies are discussed in the last section.

2. Some existing analysis schemes

Before reporting any previous studies done in the field of graph coloring
analysis, and so the usefulness of such research works, let us first recall
a few notions and definitions used later on.

— A critical subgraph is a subgraph which is uncolorable with a given
number k of colors but which becomes k-colorable if any edge is
removed from it.

— The set of critical edges is the set of edges that occur in every
critical subgraph.

— A Gpp random graph denotes a graph with n vertices, where p
is the probability that there exists an edge between any pair of
vertices.

— Phase transition separates over-constrained problems (probabil-
ity of finding a solution near 0) from under-constrained instances
(probability near 1). See, e.g., Cheeseman et al. (1991).

One recent study we found about topological analysis of GCP so-
lutions is due to Culberson and Gent (1999). They define frozen same
pairs as pairs of vertices that are always in the same color class, for-
mally, (u,v) € V X V,u # v, is a frozen same pair if V¢; € C, col;j(u) =
col;(v) where col;(u) is the color of vertex u in solution ¢;. Note that this
definition is a particular case of representative sets introduced in this
paper. They reported results for 4-coloring random graphs, 3-coloring
random graphs and 3-coloring triangle-free graphs using a backtracking
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program. One of their most interesting conclusions is that, at phase
transition, the coloring hardness relies on the large size of critical
subgraphs, which are not easily checkable to confirm uncolorability
quickly; the size of critical subgraphs evolving with the number of
vertices. Furthermore, existence of critical edges, that are difficult to
check explicitly, makes the search of solutions harder, “suggesting that
hardness at phase transitions is an algorithm independent property”.
A similar study can be found in Galinier (1999).

Hertz et al. (1994) developed the first topological analysis for the
k-coloring problem. They investigated in particular the number and
distribution of local optima of the k-coloring problem. All local op-
tima of small random graphs (|V| < 20) were enumerated, up to a
permutation of the colors, using a branch-and-bound procedure. The
authors observed that the percentage of local optima which are global
ones increases with the value of k. Then, the probability of reaching a
local optimum which is a global one is extremely small for k£ < x(G)
(over-constrained problem, no valid k-coloring). Furthermore, when &
is increasing from x(G), “most local optima which are not global have
a small number of conflicts”. Finally, using additional statistical mea-
sures, they also explain the performance of a tabu algorithm (Glover
and Laguna, 1997) according to the evolution of k around x(G). If
k is a few units above x(G), tabu search seems effective since the
landscape contains few valleys (or plateaus). It produces poor results
when k£ < x(G) since a small proportion of local optima are global ones.

Yokoo (1997) also analyzed the search space landscape of the 3-
coloring problem. Analyses were performed using a descent algorithm?
(with restart) over small random instances. He reported results by vary-
ing the edge density (|E|/|V]): probability of satisfiability, number of
solutions, number of local minima, ... The main objective was to clarify
the cause of a paradoxical phenomenon. For incomplete algorithms,
problems are easier beyond the phase transition region (few solutions)
than problems in the phase transition region (although there are more
solutions). One of the main results showed that, while increasing the
edge density, the number of local minima decreases due to plateaus of
small size. Thus, more paths lead to solutions.

The performance of several hybrid algorithms developed for the
GCP are examined by Ferland and Fleurent (1996(a)). The authors
reported comparative results for G, random graphs and Leighton
graphs (Leighton, 1979). They mainly study the effect of three string-
based crossovers (I-point, 2-point and uniform (Davis, 1991)) on the

2 The algorithm moves iteratively to a better neighboring configuration, i.e., with
fewer conflicts, until a local minimum is reached.
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quality (number of conflicts) of solutions. For a 450-node Leighton
graph, they also give an interesting analysis, from a topological point
of view, of the effect of these crossovers on the entropy of a popu-
lation. Recall that the entropy measure evaluates the diversity of a
population3. Hence, it can be used to monitor the convergence of a
population or to provide information on the behavior of population-
based algorithms using different options and settings. They note that
“the uniform crossover operator converges more slowly, but ultimately
gives better results”. In other words, the uniform crossover seems to
insure a certain level of diversity.

Walsh (1999) studied graphs with a small world topology, i.e., graphs
in which vertices are highly clustered yet the path length between them
is small (Watts and Strogatz, 1998). He demonstrated that register allo-
cation graphs have a small world topology and observed similar results
with other DIMACS benchmark graphs. He also used a DSATUR-based
backtracking algorithm (Brélaz, 1979) to color graphs with a small
world topology generated according to the model proposed by Watts
and Strogatz (1998)*. Results showed that the cost of solving such
graphs has a heavy-tailed distribution. He suspected then that “prob-
lems with a small world topology can be difficult to color since local
decisions quickly propagate globally”. Finally, to combat this heavy-
tailed distribution, he tried the strategy of randomization and restart
(Gomes et al., 1998). As in other studies, this technique appeared
particularly effective to eliminate these heavy tails. See Walsh (2001),
for extended results on these graphs. Analysis are also reported for
other non-uniform graphs generated using alternative models, namely,
ultrametric graphs (Hogg, 1996) and power law graphs (Barabdsi and
Albert, 1999).

3. Extended analysis schemes

In this section, we present two analysis schemes based on the notion
of representative sets. The first scheme is designed to extract complete
representative sets (CRS), i.e., complete color classes shared by a set of
given k-colorings. The second one aims at extracting partially shared
representative sets (PRS) of color classes. These two schemes may be
considered as two applications of the same idea at two different levels.
To implement these schemes, we use extensively binary tree techniques.

3 See Welsh (1988), e.g., for discussions about interesting properties of a measure
based on entropy.

* Starting from a regular graph, randomly rewire each edge with probability p.
As p increases from 0, the graph develops a small world topology.
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3.1. EXTRACTING COMPLETE REPRESENTATIVE SETS: SURFACE
ANALYSIS

3.1.1. Surface analysis: definition and example

Recall that the vertices of a representative set (RS) {v1,...,v,}(m >
1),v; € V(1 < j <|V|) are always colored the same in a set of solutions,
ie., Ve € Cp(1 <4 < |Ckl),coli(v1) = -+ = coli(vp,), with Cy a set
of legal k-colorings of a graph G and col;(v;), the color of vertex v; in
solution c¢;.

To be a complete representative set (CRS), the set {v1, ..., vy} must
coincide exactly with a color class for each of the given k-colorings in
Cj. In other words, the color class V]Z CV(1<j<k1l<i<|Ckl)
from solution ¢; is a complete RS if V¢, € Ck,p # 1,3V € (VP C
V)/VE =V,

Figure 1. A sample input graph.

To explain the underlining idea, we will use the example shown in
Fig. 2 (left) where the sample set Cy(k = 4) comprises three solutions
c1,c2 and ¢3(|Ck| = 3) for the sample input graph of 10 vertices (num-
bered from 1 to 10) shown in Fig. 1. In this example, one complete
color class {1,2,3,4} appears in all the three solutions. Thus we have
only one CRS.

In what follows, we use this example to explain in detail the tech-
nique used to identify and extract such a CRS from a given set of
k-colorings.

3.1.2. Surface analysis: a binary tree based technique
The core technique for extracting CRS is a representation of the given
solutions as a binary tree. In such a tree, each node corresponds to a
vertex in the given graph. Fig. 2 (right) shows such a representation
for the solutions ¢, co and cs.

i From a logical point of view, two steps are necessary to carry out
a surface analysis: building the binary tree and then extracting the
CRS from the tree. From a practical point of view, these two steps are

"Hamiez & Hao Final".tex; 14/03/2003; 18:31; p.6



An Analysis of Solution Properties of the Graph Coloring Problem 7

merged such that CRS are successively identified and extracted while
building the tree. Let us now see how this happens.

Let root vertices be the nodes that can be reached from the root
node of the tree (included) following right edges ({1, 5, 7, 8, 10} in our
sample). In such a structure, a path exists from a root vertez v, to all
nodes v; reached following left edges, if v, and all v; belong to the same
color class of a solution. For instance, the path 7 — 8 — 9 exists since
vertices 7, 8 and 9 are in the same color class (V4) in solution co.

\ Vo V3 Vu
C1/1,2,34[(56,7|(89|| 10|
Vi Vo2 5V
C[56][1,.234/[10][7,8,9]
Vi Vo V3V,
C37,10/[56|(8,9 | 1,23 4]

Figure 2. Tllustration of the surface analysis.

When building the tree®, right edges are added (and, so, root ver-
tices) to include all the color classes of Cy that are not already in
the structure. They are also used to represent color classes issued
from the same root vertex. This is the case in Fig. 2 for the path
7(— 8) — 10 since the root vertex 7 appears in Vy = {7,8,9} of ¢y
and in V; = {7,10} of c3. If one adds a fourth solution containing, for
instance, the color class {7,9}, then node 8 will still be the left node of
7, 9 will be inserted as a right node of 8 and 10 will become the right
node of 9 (instead of 8).

Let representative nodes be the particular nodes which contain ad-
ditional information, e.g. 6: 2 in the tree of Fig. 2. The first number is
a vertex of the studied graph and the second (let us call it FREQ, for
“frequency”) shows the number of times the set composed of vertices
which belong to a path from a root vertex to a representative node
covers entirely a color class within all studied solutions. For instance,
6: 2 means “the color class {5,6} appeared two times (in c¢2 and c3)
as a complete color class over the studied solutions {ci, ca,c3}”. Thus,
CRS can directly be retrieved by following paths from root vertices to
all representative nodes which have a frequency equal to the number
of solutions studied (|C|). There is only one CRS {1,2,3,4} in our

¥ Note that the tree is ordered for fast searching and inserting operations.
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illustration corresponding to the path 1 — 2 — 3 — 4 (tree node with
a dashed line style).

Algorithm 1 gives an outline of the procedure we used to build the
surface analysis structure (denoted by SA_STRUCT). fz'rst(Vji) refers
to the first vertex of V]Z “min_FREQ” is an integer parameter (1 <
min_FREQ < |Ck|) used to restrict the output to CRS which have a
minimal frequency. For instance, it has been set to 1 to generate the
structure illustrated in Fig. 2 (right drawing). Notice that min_.FREQ
influences the size of SA_STRUCT.

Finally, let us say that the order the solutions are examined has no
incidence on the identification of CRS. Indeed, the core treatment of
Algorithm 1 consists in comparing each color class from any solution
with color classes of the other solutions (line 3), the order of these com-
parisons being irrelevant. For instance, Fig. 2 (right) has been generated
following the order permutation m1 = {c1, c2,c3}, but ma = {c2,c3,¢1}
will give the same result.

Algorithm 1. Building the surface analysis structure.
begin
SASTRUCT «+ 0
for i =1 to |Cyx| by 1 do
[1] for j=1to kby1do
[2] if Vji ¢ SA_STRUCT(VJ? € ¢;) then .
counter <— 1 /* counts the frequency of V} in Cy */

[3] for i’ =i+ 1 to |Cy| by 1 do
V=V first(Vi) then

counter < counter + 1
if counter > min_FRE(Q then
[4] SASTRUCT « SA_STRUCT UV}
FREQVJ; 4 counter

end

One must pay attention to the structures storing the representative
sets and the solutions since all the color classes from all the solutions are
first checked for existence in SA_STRUCT (line 2). If a color class ij‘
is already in the tree, it is just ignored since it has already been consid-
ered. Insertion (line 4) may also be easy and fast. We implemented the
SA_STRUCT and solutions storage by means of binary trees because
they are well convenient for searching and inserting, but balanced trees
(B-Trees) may also be of great interest.
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3.1.3. Time and space complexity
Algorithm 1 has an O(|V|?) worst time complexity, weighted by |Cy|?:

— If K = 1 (one color class) then SA.STRUCT only contains one
CRS (which is V) and FREQy = |Cy|. This leads to a simplified
algorithm running in O(1). Remark that this case corresponds to
null graphs (|E| = 0).

— If k =|V| then SALSTRUCT contains exactly |V| CRS, each one
being composed of a single vertex with frequency |Cy|. Here again
the algorithm is reduced and runs in O(1). In this case, the input
graph G = (V, E) is complete (|E| = |[V|(|V]| —1)/2) if k = x(G).

— The worst case is the most commonly encountered and occurs when
1 < k < |V|. Lines 1-3 require here a maximum of |V| elementary
operations each, leading to an overall time complexity of O(|V|?).
Note that insertions (line 4) can easily be achieved in O(1) by
storing the possible right place when searching (line 2).

Recall that Algorithm 1 aims at counting the frequency of each
color class in Cf. So, assuming that all color classes occur exactly once
and min_FREQ = 1 (worst case), SA_STRUCT contains exactly k|Ck|
items. This leads to an O(|V]|) worst space complexity, up to a factor

of |Ck|
3.2. EXTRACTING PARTIAL REPRESENTATIVE SETS: DEPTH ANALYSIS

3.2.1. Definition and example

The previous analysis scheme allows us to identify complete represen-
tative sets; we will see later that many DIMACS benchmark graphs do
contain such sets. However, this analysis scheme is interested only in
complete color classes and is blind of subsets of color classes. Indeed, if
there is no entire color class shared by all the studied solutions, surface
analysis cannot give useful information.

For instance, in Fig. 2 (left), the set of vertices {5, 6} is shared by
the given colorings. However, it represents only a subset of the color
class Vo of the solution c¢; though it corresponds to a complete color
class in ¢o (V1) and in c3 (V). Surface analysis will miss such a partial
representative set (PRS).

This section presents the depth analysis which is designed to extract
PRS. This scheme allows us to discover a finer and deeper information
compared to surface analysis.

Before giving the description of the technique used for depth anal-
ysis, let us define formally the notion of partial representative set.

"Hamiez & Hao Final".tex; 14/03/2003; 18:31; p.9
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Given a set Cj of legal k-colorings of a graph G, the set of vertices
{vi,...,om},vi € V(1 <m < |V]), is a PRS if:

L. H(anv},ql)/{ﬂl,---,vm} =Vin V})q’(Vaq € ¢q,a € [l.k],cq € Cy,
Vi € cy,b e [1.k],cy € Cr,q# ) and

2. Ve, € Ci(1 < p < |Ghl), 3V! € (i € (1K) /{vr, - v} C V7.

3.2.2. Depth analysis: the technique

The technique used to carry out a depth analysis is quite similar to that
of a surface analysis. The main difference is that partial representative
sets are not required to cover an entire color class; they can be sub-
sets of color classes. Here, the tree structure also stores intersections
of color classes. In this case, the “frequency” counts the number of
inclusions of any intersection into color classes.

Figure 3 gives an illustration of this depth analysis, with respect
to the graph of Fig. 1. Like for complete representative sets, partial
representative sets can directly be extracted by following paths from
root vertices to all representative nodes which have a frequency equal
to the number of solutions studied. For our example, there are three
PRS: {1, 2, 3, 4}, {5, 6}, and {8, 9}.

Vq Vo V3 V4
C1/1,2,34[(56,7|(89|| 10]
i V2 Mo Vg
Co[5,6](1,2,3,4/[10][7,8,9]
Vi Vo V3V,
C37.10|[56][89/[1.234] /23,

Figure 3. Illustration of the depth analysis.

Algorithm 2 gives an outline of the procedure we used to build the
tree structure of the depth analysis (denoted by DA_STRUCT). Some
practical details are voluntarily omitted for a greater readability. Let
us say simply that special data structures are necessary to allow fast
searching (line 1) and inserting (line 3) operations. Here again, the order
the solutions are examined has no influence on the identification of PRS
since all intersections of color classes from any couple of solutions are
checked for inclusion into the classes of the other solutions.
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Algorithm 2. Building the depth analysis structure.
begin
DA_STRUCT « 0
for i=1to |Cx| —1 by 1 do
for j=1to k by 1ldo
for i/ =i+ 1 to |Ck| by 1 do
for / =1to k by 1do

[1] if VINVY ¢ DASTRUCT(V} € ¢;,V}, € cy) then
counter <— 1 /* counts the frequency of Vji N Vf/ in Cy */
[2] for i =i+ 1 to |Ck| by 1 do

iI’

it (Vinvi)cv then

col;n (first(V}”"ﬂV;.”",’ )
counter < counter + 1
if counter > min_FREQ(2 < min_FREQ < |C|) then
[3] DA_STRUCT « DASTRUCT U (Vi NV})
FREQV].iani,' <~ counter

end

3.2.3. Time and space complexity
Algorithm 2 has an O(|V|*) worst time complexity, weighted by |Cj|3:

— Ifk=1or k =|V|, each PRS is a CRS with frequency |Cy|. So,
this naturally leads to a simplified procedure running in O(1).

— for 1 < k < |V|, the additional cost of Algorithm 2, compared to
the time complexity of Algorithm 1 (Sect. 3.1.3), comes from line
2 (which requires |Cy||V| elementary operations at most), leading
to a time complexity O(|V[?).

The space complexity of DA_STRUCT only relies on the number of
times the test in line 1 is true (assuming also that V]Z N Vﬂ # 0). So,
suppose that it is always true and min_FREQ = 2 (worst case).

iFrom a theoretical point of view, this case generates a maximum
of #PRS different sets to be included in the depth analysis structure,
with:

k|Ck|(k|Cy| — 1 k(k—1

‘ (1)
#PRS can be retrieved by building a complete graph G' = (V', E)
with |V'| = k|Cy| vertices, each vertex v; € V' representing the color

class V} in c¢;. Each edge (’U;,’U;I/) € E' means that V} N Vji,l ¢ DA_
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12 Jean-Philippe Hamiez and Jin-Kao Hao

STRUCT (and V; NV} # ). At this stage |E'| = k|Cx|(k|Ck| — 1)/2
(first part of Eq. 1).

We must remove all (v, ’U;-,) edges from E' since VJZHVJ’, =0 (V} and
V}: belong to the same solution ¢;): there are k|Cy|(k — 1)/2 (second
part of the equation).

EQq. 1 leads to an O(|V'|?) worst space complexity, up to a factor of
|Cr[".

4. Computational results

4.1. GENERIC TABU SEARCH

To generate solutions to be studied, we use the generic tabu search
(GTS) algorithm from Dorne and Hao (1998(a)). GTS is a general
algorithm designed to solve several coloring problems (graph coloring,
T-coloring and set T-coloring). We recall here the main components of
GTS and the general procedure (see Algorithm 3).

Initial configuration GTS uses a DSATUR-based greedy algorithm
(Brélaz, 1979) to generate initial configurations.

Configuration re-generation The re-generation aims at producing
a (k-1)-coloring from a k-coloring. The nodes in the last color class
k are given a new color from [1..k—1] in such a way that the number
of conflicting nodes® over the graph is minimized.

Searching for proper coloring Beginning from a re-generated con-
flicting configuration, GTS iteratively makes best 1-mowves, chang-
ing the color of a conflicting node to another one, until achieving
a proper coloring. “Best moves” are those which minimize the
difference between the cost (the number of conflicting nodes) of
the configuration before the move is made and the cost of the
configuration after the move is performed’. A tabu move leading
to a configuration better than the best configuration found so far
is always accepted (aspiration criterion).

The tabu tenure [/ is dynamically computed using the following
formula;:

I =ax f(c) + random(g) (2)

5 A node u € V; is said to be conflicting if Jv € V;/(u,v) € E.
" If there are multiple best 1-moves, one is chosen randomly.
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where f(c) stands for the number of conflicting edges in configu-
ration c. random(g) is a function which returns an integer value
uniformly chosen in [l..g]. @ weights the number of conflicting
edges. A move m can be characterized by a triplet (u, Vg, View),
u €V, Vg and Vieq being, respectively, the previous and the new
colors of u. So, when a move m is performed, assigning u to the
color class V4 is forbidden for the next [ iterations by introducing
the (u, Vyq) couple in the tabu list T'L.

Each time a solution is found with k colors, a new configuration
is re-generated from this solution with k£ — 1 colors and the search
process starts over again. The algorithm stops when an optimal or
a k-coloring (k fixed) is obtained or when a maximum number of
moves have been carried out without finding a solution.

Algorithm 3. Generic tabu search.
begin
TL «+ ( /* Initialize the tabu list TL to empty */
Generate the initial configuration ¢ using DSATUR
Re-generate ¢ with one color less
while not Stop condition do
¢ +c
while f(c*) > 0 and not Stop condition do
Update ¢ by performing a best 1-move m(u, Vyg, View)
TL+ TLU (u, Vold)
if f(c) < f(c*) then
c+c
if f(c¢*) =0 then
Re-generate ¢ with one color less
end

4.2. ANALYSIS RESULTS

In this section we give the results of surface analysis (Sect. 3.1) and
depth analysis (Sect. 3.2) for a set of the DIMACS benchmark graphs®.
To generate solutions, we use the GTSD procedure which is our im-
plementation of the above GTS algorithm®. GTSD is initiated with
a DSATUR algorithm. For each graph, we indicate if the set of solu-
tions found by GTSD contains complete representative sets or partial
representative sets.

& Available via anonymous FTP from FTP://dimacs.rutgers.edu/pub/challenge/
graph/benchmarks/ .

? GTSD is coded in C (CC compiler with —~O5 option) and executed on a Sun
Ultra 1 (256 RAM, 143 MHz).
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Settings The a and g parameters used for computing the dynamic
tabu tenure [ (Eq. 2) were empirically determined, respectively 2
and 10 at most for all graphs. A maximum of 10 million moves
were allowed for the search process.

Table I. Some results of analysis on DIMACS benchmark graphs using
GTSD.

Graph Analysis
Name V] |E| X k  FREQ. (%) #RS |RS|
schooll 385 19095 14 14 100 (CRS) 1 29

schooll_.nsh 352 14612 14 14 50 (CRS) 3 23.3
dsjr500.1 500 3555 12 12 20 (CRS) 1 4
dsjr500.1c 500 121275 84 85 30 (CRS) 17 6
20 (

r125.1 125 209 5 5 CRS) 3 5
r125.1c 125 7501 46 46 100 (CRS) 37 28
r125.5 125 3838 36 36 90 (CRS) 1

r250.1 250 867 8 8 50 (CRS) 1 3
r250.1c 250 30227 64 64 100 (CRS) 31 39
r250.5 250 14849 65 66 100 (CRS) 14 3.6
r1000.1 1000 14378 20 20 30 (CRS) 1 3
r1000.1c 1000 485090 >90 98 100 (CRS) 18 104
led50_15a 450 8168 15 15 0 (CRS) 0 0
led50_15b 450 8169 15 15 0 (CRS) 0 0

le450_15¢ 450 16680 15 15 100 (CRS) 1 30
le450_15d 450 16750 15 15 40 (CRS) 5 30
mulsol.i.1 197 3925 49 49 100 (CRS) 24 1.5

flat300.20.0 300 21375 20 20 100 (CRS) 20 15
flat300.26.0 300 21633 26 26 100 (CRS) 26 115
flat300.28.0 300 21695 28 32 100 (PRS) 1 3
flat1000.50.0 1000 245000 50 50 100 (CRS) 50 20
flat1000.60.0 1000 245830 60 60 100 (CRS) 60  16.7
dsjc125.5 125 3891 >10 17 100 (CRS) 1 8
dsjc250.5 250 15668 >11 28 100 (PRS) 1 2
dsjc500.5 500 62624 >13 50 50 (PRS) 2 2

Columns 1-4 in Table I show for each graph, its name, the number
of nodes and edges and its chromatic number (or its best known lower
bound) respectively. The last four columns show the results of the anal-
ysis: best coloring found by GTSD after 10 million moves, percentage
of solutions containing at least one RS, number of RS and mean RS
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size. Entries with a “100 %” pattern in the “FREQ. (%)” field indicate
that a RS has been found. If no RS is found in all the studied solutions
(entries < 100 %), we give the number of solutions (in percentage)
that contain a RS. Analyses were performed over five to ten solutions
generated by GTSD.

i From Table I we can make several remarks. First, 12 out of the 25
studied graphs have complete representative sets. Note that most of
them have a significant number of RS (compared to k) with an average
total size (#RS x |RS|) going from almost 20 % to 100 % of |V]|,
although these graphs belong to quite different families.

Second, for a few graphs, when no CRS is found, or with a low per-
centage, partial representative sets are sometimes identified. Neverthe-
less, ten graphs have less than 60 % of RS, meaning that solutions are
quite different for these graphs. Especially, the 1e450_15a and le450_15b
graphs have no color class in common.

Third, for flat graphs, except flat300-28_0 for which GTSD finds no
optimal solution, the analysis reveals that all solutions were identical.
This may be due to some structural properties of these graphs and we
believe that other flat graphs, optimally colored, may have the same
property'®. It is possible that only one solution (equivalent solutions
by permutation of colors are excluded) exists for each of these graphs.

5. Boosting the performance of GTSD by exploiting the
analysis results

We show below a simple way of boosting the performance of the above
GTSD algorithm by exploiting the results of solution analysis (Fig. 4
illustrates the idea).

Our main motivations are twofold. First, it is always easier to color
a graph with & + € colors (integer € > 0) than with & colors'!. In other
words, GTSD needs a less number of moves to find (k + €)-colorings
than to reach solutions with & colors. Secondly, we believe that solutions
with k+¢ colors share common characteristics (representative sets) with
k-colorings.

0 The designer of these graphs had inadvertently left out a feature whose omission
made these graphs significantly easier to solve than he had previously imagined. He
also stated that “they could be optimally colored by a simple greedy algorithm using
a particular natural ordering”. See Jagota (1996).

1 There are more alternative to color any vertex since e additional colors are
available.
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k+ ¢ colors K colors
Initial configuration Initial configuration
(DSATUR) (RS)
Solving (GTSD) SRR Solving (GTSD)
_ -7 Andlysis N l

Set of 4|
solutions

Figure 4. Overall view of the GTSA global process.

5.1. USING ANALYSIS RESULTS TO BUILD AN INITIAL
CONFIGURATION

Recall that the initial configuration of GTSD is built using the DSATUR
greedy algorithm. Now, we modify the way the GTSD procedure is
initiated as follows.

For a given graph, we first generate a set of five to ten solutions
with k£ + € colors (integer ¢ > 0). These solutions are analyzed to
extract RS. Then the extracted RS are sorted in decreasing order of
appearance percentage (frequency). Finally, a configuration with only &
colors is constructed as follows. Color classes are filled one by one with
these sorted RS, beginning with the representative set most frequently
encountered and ending when all the vertices are included in the £ color
classes or when no more representative set is available. In the latter
case, free vertices are given a color in [1..k] such that the conflicts over
the graph are minimized.

For the presentation purpose, we call GTSA (A for Analysis) the
overall procedure using this special initialization and including the
search for a valid k-coloring.

5.2. COMPUTATIONAL RESULTS OF GTSA

Table II gives results of GTSA. Times (in seconds) and the number of
moves include the generation of solutions with &k + € colors, the analysis
process, the above initialization step and the search for a proper k-
coloring (within 10 million moves). All reported results are averaged
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over five to ten runs. They were obtained using the same « and g
parameters (Eq. 2) for GTSA and GTSD, namely 2 and 10 at most
(respectively) for all graphs.

Table II. Using solution analysis to improve GTS.

GTSD GTSA
k Time Moves k Time Moves k+e
dsjr500.1c 84 85 278 88972 85 13 10643 87

Graph X

dsjr500.5 122 127 3 376 124 4009 13930549 128
r125.5 36 36 2 25736 36 <l1 406 37
r250.1c 64 64 <1 252 64 <1 54 65

le450_15a 15 15 13 84848 15 2 15228 17

le450_15¢ 15 15 71 412719 15 6 31460 16

le450_15d 15 15 14 75269 15 6 29786 16

dsjc125.5 >10 17 15 242968 17 <1 9081 18

dsjcb00.5 >13 50 5585 16532498 50 282 1003149 52

i From Table II, we notice that solution analysis remarkably speeds
up the search. Indeed, all reported results of GTSA are better than
those of GTSD in terms of resolution speed. For some graphs, the
resolution times needed to find a solution is divided by a factor of ten.
GTSA is even able to find much better colorings for the dsjr500.5 graph
in terms of solution quality (using 124 colors instead of 127). Finally,
for the 1le450_15¢ and 1e450-15d graphs, an optimal coloring with 15
colors is found directly by constructing the initial configuration using
the results of solution analysis with 16 colors. This last remark suggests
that these graphs have representative sets not only for a set of solutions
with k colors but also for solutions with different number of colors.

6. Conclusions and discussions

In this paper, we have introduced the notion of representative sets to
characterize an intrinsic property of solutions for the graph coloring
problem. We have also presented two practical schemes allowing for
the extraction of complete representative sets and partial representative
sets from a set of given solutions. Thanks to binary tree techniques, we
avoid the permutation problem of coloring solutions.

Analyses have been carried out on a set of well-studied DIMACS
graphs. We observed that a large number of these graphs contain rep-
resentative sets, sometimes quite numerous with consequent total size.
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18 Jean-Philippe Hamiez and Jin-Kao Hao

One may suspect some links between the existence, number and size,
of representative sets and special topological structure of the graphs.
However, more evidence is needed to confirm or refute such a hypoth-
esis. The analysis also reveals that some graphs have quite different
solutions while others share common coloring information.

We have also used the analysis result to improve a tabu search algo-
rithm. This is achieved by building a special initial configuration with
k-colors from solutions with k£ + e (integer € > 0) colors. We observed
that this simply technique greatly speeds up the initial search algo-
rithm. There are certainly other possibilities to integrate such analysis
results in a search algorithm.

Representative sets may also be useful in the context of population-
based coloring algorithms to measure the diversity of the configura-
tions of a population, leading to a new stopping criterion for this
kind of algorithm. Similarly, representative sets can be used with non-
deterministic coloring algorithms running on a single configuration to
measure diversity of solutions found within multiple executions.

To carry out the analysis proposed in this paper, one needs a (large)
set of solutions. These solutions may be difficult to obtain when the
problem instance is hard to solve. One possibility to get around this
problem would be to relax the requirement for legal solutions. In this
case, the analysis may be based on improper colorings (with a few
conflicts). Such colorings can be obtained more easily and more quickly
by a tabu (or any other search) algorithm with a limited number of
iterations or a faster (say greedy) algorithm. Of course, the results
produced in such a way will be less accurate. Nevertheless such a
treatment constitutes a fast approximate analysis and may still give
useful information about the solutions.
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