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Continuous p-dispersion problems with and without boundary constraints are NP-hard optimization prob-
lems with numerous real-world applications, notably in facility location and circle packing, which are widely
studied in mathematics and operations research. In this work, we concentrate on general cases with a non-
convex multiply-connected region that are rarely studied in the literature due to their intractability and
the absence of an efficient optimization model. Using the penalty function approach, we design a unified
and almost everywhere differentiable optimization model for these complex problems and propose a tabu
search-based global optimization (TSGO) algorithm for solving them. Computational results over a variety
of benchmark instances show that the proposed model works very well, allowing popular local optimization
methods (e.g., the quasi-Newton methods and the conjugate gradient methods) to reach high-precision solu-
tions due to the differentiability of the model. These results further demonstrate that the proposed TSGO
algorithm is very efficient and significantly outperforms several popular global optimization algorithms in
the literature, improving the best-known solutions for several existing instances in a short computational
time. Experimental analyses are conducted to show the influence of several key ingredients of the algorithm

on computational performance.

Key words: Circle packing, continuous dispersion problem, global optimization, tabu search, nonlinear

optimization.
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1. Introduction

Equal circle packing and point arrangement are two important and closely related global
optimization problems in mathematics and operations research. The equal circle packing
problem consists of packing a fixed number p of non-overlapping congruent circles into a
bounded region to maximize the common radius of the circles (Addis et al. 2008, Lépez
and Beasley 2011, Melissen 1993, Szabd et al. 2007, Weaire and Aste 2008). As a general
model, the problem has a variety of practical applications ranging from circular cutting to
container loading (Castillo et al. 2008). By contrast, the point arrangement problem aims to
scatter p given points in a bounded region to maxmize the minimum distance between the
points (Akiyama et al. 2002, Costa 2013, Goldberg 1970, Melissen 1993, Schwartz 1970).
This problem finds application in areas such as facility location and design of computer
experiments (Dimnaku et al. 2005, Drezner et al. 2019). For example, in the facility location
problem (Drezner et al. 2019, Drezner and Erkut 1995, Lépez-Sanchez et al. 2021), a facility
is represented by a dispersion point and the goal is to place p obnoxious facilities (e.g.,
nuclear facilities) in locations to maximize the minimum distance between them. These
two problems can be mutually converted into each other if the given bounded region is
a regular convex set (e.g., a convex polygon, a circle or the surface S? of a sphere), and
should be treated separately otherwise.

The equal circle packing and point arrangement problems are also known under the
general name of the continuous p-dispersion problem (CpDP) (Drezner and Erkut 1995,
Baur and Fekete 2001, Dimnaku et al. 2005, Chen et al. 2019, Dai et al. 2021) and can
be described as follows. Given a positive integer p, a bounded region 2 composed of a
container C' containing K (K >0) holes {Uy,Us, ..., Uk} (i.e., Q=C\UX_ U), the CpDP
is to place p given dispersion points {c1, ¢, ...,¢,} in Q so that the minimum distance from
a dispersion point to the boundaries of the container and holes is no less than D,, and
the minimum distance D between the dispersion points is maximized, where D, can be a
non-negative constant or an increasing function with respect to D. Formally, the CpDP

can be expressed as:

Maximize D (1)

Subject to  d(c;,¢;)) > D, 1<i#j<p (2)
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d(ci,0C) > Dyyi=1,2,...,p (3)

d(ci,0U) > Dyyi=1,2,....pk=1,2,..., K (4)

G €C\U Uy, i=1,2,....p (5)

where D is the objective function value to be maximized and represents the minimum
distance between points, d(c;,c;) is the Euclidean distance between points ¢; and ¢;, 0C
and OUy denote respectively the boundaries of C and Uy, d(c;, 0C) is the Euclidean distance
between ¢; and 0C defined as min{d(c;,c) : ¢ € 9C}. D, denotes the allowed minimum
distance between a dispersion point and the boundaries of the container and holes, and D,
can be a constant or an increasing function with respect to D, such as Dy(D) = A x D with
A € ]0,0.5]. The constraints (2) are called the separation constraints, the constraints (3) and
(4) are called the boundary constraints, and the constraints (5) are called the containment
constraints. Following Dai et al. (2021), the container and holes are represented by a
polygon because a simply-connected region can be approximated by a convex or non-convex
polygon with multiple edges. The CpDP is a difficult nonlinear non-convex optimization
problem like those in (Bierlaire et al. 2010, Geifiler et al. 2018, Ugray et al. 2007) and is
computationally challenging especially for large-scale instances.

As mentioned above, depending on the setting of D, the CpDP problem formulated
by Egs. (1-5) has two well-known variants (i.e., the CpDP problems with and without
a boundary constraint), corresponding to the equal circle packing problem and the point
arrangement problem, respectively. First, if Dy is % x D, the corresponding problem is called
the CpDP problem with a boundary constraint, where the dispersion points must be at
least D, (= £) away from the boundaries of the container and holes. Second, if D, is set to
0, the corresponding problem is called the CpDP problem without a boundary constraint,
where the dispersion points are allowed to approach the boundaries of the container and
holes. One observes that the only difference between the equal circle packing and point
arrangement problems lies in whether the dispersion points (or the centers of circles) are
allowed to approach the boundaries of the container and holes.

Due to their NP-hard feature (Demaine et al. 2010) and potential applications, the equal
circle packing and point assignment problems have been widely studied in the literature
by researchers from mathematics, facility location theory, and the design of computer

experiments. From the computational and theoretical perspectives, there are a host of
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studies in the literature (e.g., see (Lai et al. 2022, Szabé et al. 2007)) for equal circle
packing). We summarize the most representative studies as follows.

Melissen (1993) studied the equal circle packing problem and the point assignment prob-
lem in an equilateral triangle, while Graham et al. (1998) tackled the former problem in
a circular region using a billiard simulation method. Birgin and Sobral (2008) proposed a
twice-differentiable nonlinear optimization model for the circle and sphere packing prob-
lems in a simple convex container. From contrasting perspectives, Grosso et al. (2010) and
Addis et al. (2008) respectively used a monotonic basin hopping (MBH) algorithm and
a population-based basin-hopping (PBH) algorithm for the problem of packing equal cir-
cles into a square and circular container. Mladenovi¢ et al. (2005) and Lépez and Beasley
(2011) designed heuristic algorithms based on the formulation space search method for the
equal circle packing problem in a simple convex container. Huang and Ye (2010) presented
a greedy vacancy search algorithm for packing equal circles into a square container, while
more recently, Stoyan et al. (2020) designed several heuristic strategies for the circle and
sphere packing problems in a simple convex container. Very recently, Amore (2023) stud-
ied the equal circle packing problem in regular polygons via optimizing a related energy
function with a heuristic algorithm. Complementing these studies, the popular Packo-
mania website (Specht 2023) provides the best-known solutions collected from different
researchers for the equal circle packing problems in a variety of simple convex containers.
In the design of computer experiments, the point assignment problem was studied as the
max-min distance design problem (Mu and Xiong 2017, Van Dam et al. 2007).

Apart from the studies involving simple convex containers, several studies tackle the
equal circle packing problem in a non-convex simply-connected region. For example, by
the movement of circles in a rotated container under shaking and gravity, Machchhar and
Elber (2017) proposed a two-phase heuristic algorithm for finding the densest packing
of congruent circles in an arbitrary non-convex container with B-spline boundaries. Via
the discretization of solution space and the popular bottom-left placement strategy, Yuan
et al. (2018) proposed an angle bisector heuristic algorithm for packing equal circles into
a convex or concave polygonal container, reporting computational experiments that show
their proposed algorithm can produce high-quality solutions for some small-scale instances.
Recently, Dai et al. (2021) introduced a heuristic algorithm for the continuous p-dispersion

problem in a simply-connected non-convex polygonal container. The idea of their algorithm
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is to model the circles (or points) as physical bodies and induce the circles to move over time
under repulsive forces between circles and between the circles and container boundaries.
Computational results show that their algorithm significantly outperforms several previous
algorithms including the angle bisector heuristic algorithm (Yuan et al. 2018), establishing
this algorithm as the current state-of-the-art algorithm for the continuous p-dispersion
problem in a non-convex polygonal container.

Our literature review reveals that a large number of previous studies for the continuous
p-dispersion problem focus on the case where the region is simply connected (in particular,
involving a regular convex region such as a circular or square container). However, many
practical situations involve a non-convex multiply-connected region, and the literature
does not provide suitable optimization models nor efficient global optimization algorithms
for dealing with the corresponding continuous p-dispersion problems, a limitation that
provides the main motivation of this study. It should be clear that the non-convexity and
multiply-connected feature of the given region makes the problem much more difficult to
handle compared to the popular models involving a regular convex region.

The main contributions of our work can be summarized as follows:

1. We extend the research of the continuous p-dispersion problem from a simply-
connected region to non-convex multiply-connected regions in contrast to the focus of all
previous studies on the simply-connected region case.

2. We introduce a unified optimization model for the continuous p-dispersion problems
with and without a boundary constraint, providing a model that can take advantage of
popular continuous solvers such as the limit memory BFGS method to perform local opti-
mization, thus making it possible for the global algorithm to reach high-precision solutions.

3. We propose an effective global optimization algorithm called TSGO for the contin-
uous p-dispersion problems both with and without a boundary constraint. The proposed
algorithm is capable of addressing a variety of cases, including those with a convex, non-
convex, simply-connected or a multiply-connected region. The source codes of the proposed
algorithm are made publicly available for potential real-world applications (Lai et al. 2024).

4. We provide a set of benchmark instances with a non-convex multiply-connected region
(Lai et al. 2024), which fill the gap in the literature devoted to such instances. We expect
that these instances will be useful for the evaluation and comparison of algorithms in the

future.
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The rest of the paper is organized as follows. Section 2 presents a unified optimization
model for the continuous p-dispersion problems in a non-convex multiply-connected region.
Section 3 describes the proposed TSGO algorithm. Section 4 evaluates the performance of
the TSGO algorithm. Section 5 presents an analysis to get insights into the performance
of the algorithm. The last section summarizes the contributions of the present work and

provides some perspectives for future studies.

2. A unified optimization model for the continuous p-dispersion
problems

The goal of this section is to present a unified optimization model for the continuous

p-dispersion problems with and without boundary constraints.

2.1. Basic idea underlying the optimization model

The continuous p-dispersion problems studied are constrained max-min optimization prob-
lems, which are usually difficult to handle using popular local optimization methods (e.g.,
the quasi-Newton method). We adopt a popular approach to solving the equal circle pack-
ing problems (Huang and Ye 2010, Lai et al. 2022, 2023a,b), whose central idea is to
transform the max-min optimization problem into a series of unconstrained optimization
subproblems in which the allowed minimum distance between points is fixed to a constant
D, and then solve them in sequence by an unconstrained global optimization algorithm.

The differentiability of the objective function is a very important feature, which allows a
global optimization algorithm to reach high-precision solutions by using popular gradient-
based local optimization methods, such as the quasi-Newton and conjugate gradient meth-
ods. However, for the studied continuous p-dispersion problem, it is very challenging to
create a differentiable optimization model due to the non-convexity and multiply-connected
feature of the region ).

In view of the foregoing considerations, we use the idea of repulsions and attractions
between the dispersion points and the boundaries of the container and holes to devise a uni-
fied unconstrained optimization model with an almost everywhere differentiable objective
function for the continuous p-dispersion problems with and without boundary constraints,
where the allowed minimum distance between dispersion points is fixed to a constant D.

The following subsections describe this optimization model in detail.
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2.2. Continuous p-dispersion problem with an allowed minimum distance D
between points

The continuous p-dispersion problem with an allowed minimum distance D between points
(CpDP-D for short) is a subproblem of the continuous p-dispersion problem studied in this
work, whose goal is to find a feasible solution satisfying the constraints described by Eqs.
(2)-(5). We convert this constraint satisfaction problem into an unconstrained optimization
problem by introducing a penalty function approach as follows.

Given an allowed minimum distance D between dispersion points and a multiply-
connected region ) consisting of a polygonal container C';, K (K > 0) polygonal holes
{U1,Us,..., Uk}, and a candidate solution X = (z1,41,...,2,,Yp) (i-e., Cartesian coordi-

nates of p points in ), the quality of X is measured with the following objective function:

p—1 p P p K
i=1 j=i+1 i=1 i=1 k=1
with
by = maa{0, D/ (w: — 2;)2 + (i — )2} (7)

where « is a penalty factor and lgj represents the degree of constraint violation of the
distance between two dispersion points ¢; and ¢;, and the goal of including l?j is to force the
dispersion points ¢; and c¢; to be separated by a distance of at least D. Equivalently, [;; is
the overlap depth between two equal circles with a radius of %, located respectively at the
points ¢; and ¢; (see Fig. 1 for an illustration). Additionally, O, is the degree of violation
of the containment constraint of point ¢; and the distance constraint between ¢; and the
boundary of container C, and Oy is the degree of constraint violation of the distance
between ¢; and the k-th hole Uy. Thus, Fp(X) measures the total degree of constraint
violation of the given solution X, and Fp(X) =0 means that X is a feasible solution, i.e.,
all p points are contained in the container C', the minimum distance between the dispersion
points is no less than the given D value, and the minimum distance from a dispersion point
¢; (1<i<N) to all boundaries of the container and holes is no less than Dy,

0,0 and Oy, are two key components of our optimization model that are more complicated
to understand and formulate than /;; due to the non-convexity of the container C' and the

hole Uj. Therefore, we focus on these components in the following two subsections.
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Figure 1  Overlap depth (l;;) between two equal circles ¢; and c;, where the radius of circles is 2.

2.2.1. Penalty term O,; between a dispersion point and the polygonal container.
The penalty term O, aims to force the dispersion point ¢; into the container and keep it at
least a distance of D, from the container boundary via repulsion and attraction between
the dispersion point and this boundary. To formulate the penalty O;, we first give the
following two definitions.

e Definition 1: Active edges of polygonal container. Given a polygonal container
C = (Vp,Ep) and a dispersion point ¢; with coordinates (z;,y;), where V; is the set of
vertices of C' and Ej is the set of edges on the boundary of C, an edge ¢; (€ Ep) is called
an active edge with respect to the given point ¢; if it satisfies the following condition.

Moving along the container boundary in a counter-clockwise direction, the current edge
e; (1 <1< |Ey|) is identified as an active edge in the following two cases: (1) the given
point ¢; is contained in C' and lies on its left-hand side (i.e., using the left-hand rule),
(2) the given point ¢; is not contained in C' and lies on its right-hand side (i.e., using the
right-hand rule).

To illustrate, all active container edges are indicated by a solid line segment in Figs. 2
and 3. Clearly, the answer to the question of whether an edge of the polygonal container
is active or not depends on the current position of the dispersion point c;.

e Definition 2: Active foot point on the container boundary. Given a dispersion
point ¢; with coordinates (z;,y;) and active edge e on the container boundary, if the foot
h of the perpendicular from ¢; to the line containing edge e lies on this edge, then the
point A is called an active foot point with respect to the given dispersion point ¢;, and a
non-active foot point otherwise. The set of all active foot points with respect to the given
dispersion point ¢; and the container C' is denoted by H.

Figs. 2 and 3 provide some representative foot points, including active foot points and

non-active foot points. Taking the subfigure (a) of Fig. 2 as an example, the points h; and
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hy are active foot points, and hj is a non-active foot point since it lies on the extending
line of an edge.
Using the set H of active foot points, we formulate the penalty term O, as follows.

v x (Dy+min{d(c;,v) :v e VoUH{})? ¢ ¢C
O = (8)

> vevoung (maz{0, Dy — d(c;, v)})?, ceC

where v is a penalty factor, d(c;,v) denotes the Euclidean distance between the point ¢;
and point v € Vo U HY, V; denotes the set of vertices of the polygonal container, and D,
is the allowed minimum distance from the dispersion point ¢; to the container boundaries
and can be written as D, = A x D with A € [0,0.5], where \ is a predetermined coefficient
used to control the value of Dy.

One can observe from Eq. (8) that the value of Oy is calculated according to whether
or not the point ¢; is contained in the container C'. The fundamental principles behind the

equation can be explained as follows:

4—¢

|
le

¥

Y

y
W
17]

(a) HiNB(ci, Dy) #0 (b) HNB(ci,Dy) =0
Figure 2 The active edges and some representative foot points for the case that the dispersion point ¢; lies in
the container, where the active edges of container are indicated by a solid line segment and the circle
is B(ci, Ds).

First, when the dispersion point ¢; with coordinates (z;,y;) is contained in C' (i.e., ¢; € C),
we need to identify the degree of constraint violation of the distance between the point ¢;
and the container boundary to keep the point ¢; at least a distance of D, from the container

boundary, which requires consideration of two situations. In the first situation, there exist
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one or several active foot points in the vicinity B(c;, Dy) of ¢; (i.e., Hi N B(c;, Dy) # 0),
where B(c;, Dy) = {c: ||ci — ¢|| < Dy}. In this case, all points in (Vo U H}) N B(c;, D) are
used to generate the penalty term Oy, thus producing a repulsive force (—880720, —?—yf) to
the dispersion point ¢;, driving it to move a distance of at least D, away from the boundary.
Fig. 2(a) gives a representative example for this situation. On the contrary, if there does
not exist any active foot point in the vicinity of ¢; (i.e., H:N B(c;, Dy) =0), all vertices of
container C in the range of B(c;, D) are used to generate O,y and thus produce a repulsive
force to ¢;. Otherwise, it is likely that the dispersion point ¢; leaves the container by passing
beyond one of its vertices during the optimization process due to the repulsive forces from
other dispersion points, which is one of main reasons why the set Vj of container vertices is

involved in Oy. Fig. 2(b) gives an example of this situation. Formally, O;y can be written

as Oy = Zvevoqu (max{0, Dy — d(c;,v)})? for these two situations.

(a) min,cpyi{d(ci,v)} <minvevy{d(ci,v)}  (b) min,cyi{d(ci,v)} = minyevy{d(ci,v)}

Figure 3 The active edges and some representative foot points for the case that the dispersion point c; lies
outside the container, where the active edges of container are indicated by a solid line segment and
the circle is B(c;, Dy).

Second, when the point ¢; lies outside the container C (i.e., ¢; ¢ C'), two situations need to
be considered to handle the containment constraint of point ¢;, to force the point ¢; to enter
the container C. In the first situation, the minimum distance between ¢; and the set H{
is smaller than the minimum distance between ¢; and the set Vo (i.e., min,eyi{d(c;,v)} <
minyev, {d(ci,v)}). Then the foot point v € H} closest to ¢; is used to generate the penalty

term O,y and thus produce an attractive force to induce ¢; to gradually approach the
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boundary of container. Fig. 3(a) provides an example for this situation. In the second

situation, min,epys {d(ci, v)} > minyey,{d(c;,v)}, and then the vertex v of V4 closest to ¢; is

_ 801'0 _ 801'0 )
Ox; > Oy

between the points v and ¢;. Without these adjustments, the dispersion point ¢; will always

used to generate the penalty term O,y and thus produces an attractive force (

lie outside of container during the optimization due to the lack of an attractive force,
which is another reason why the set Vj of vertices is involved in O;y. Fig. 3(b) provides
an example for this situation. In summary, when ¢; ¢ C holds, the point in V5 U H{ closest
to ¢; is used to generate O;. Formally, the penalty term O,y can be uniformly written as
Oio =7 x (Dy +min{d(c;,v) : v € Vo U H}})? for these two situations.

Thus, the inclusion of O in Fp(X) ensures that the dispersion point ¢; is contained in
the container and the minimum distance between ¢; and boundary of container is no less

than D, for any candidate solution X with Ep(X)=0.

2.2.2. Penalty term O;, between a dispersion point and a polygonal hole. The
penalty term O;; aims to force the dispersion point ¢; to leave from the hole U, and keep at
least a distance D, from the hole boundary. To formulate O;;, we first give two definitions.

e Definition 3: Active edges of a polygonal hole. Given a polygonal hole U, =
(Vk, Ex) (k> 1) and a dispersion point ¢; with coordinates (z;,v;), an edge e (€ Ej) is
called an active edge of U, with respect to ¢; according to two situations. Specifically,
when moving along the boundary of hole Uy in a counter-clockwise direction, the edge e is
identified as an active edge of Uy if (1) the given point ¢; is contained in Uy and lies on its
right-hand side (i.e., using the right-hand rule), or (2) the given point ¢; is not contained
in Uy and lies on its left-hand side (i.e., using the left-hand rule).

For example, all active edges of a polygonal hole are indicated by a solid line segment in
Figs. 4 and 5. Clearly, the answer to the question of whether an edge of a polygonal hole
is active or not depends on the current position of the dispersion point c;.

e Definition 4: Active foot point on the boundary of a polygonal hole. Given
a dispersion point ¢; with coordinates (x;,1;) and an active edge e of the hole Uy, if the
foot h of perpendicular from ¢; to the line containing the edge e lies on e, then A is called
an active foot point of Uy with respect to the dispersion point ¢;. The set of all active foot
points of Uy, with respect to the given dispersion point ¢; is denoted by H;.

Figs. 4 and 5 give some representative foot points, including active foot points and non-
active foot points. In Fig. 4(a), the point h3 is an active foot point, and the points h; and

ho are non-active foot points since they lie on the extended line of the corresponding edge.



Lai, Lin, Hao and Wu: Solving the CpDP problems in a non-convex multiply-connected region
12 Article submitted to INFORMS Journal on Computing; manuscript no. JOC-2023-03-OA-0089

Using the set Hj, of active foot points, the penalty term O;; can be formulated as follows:

¥ X (Dy+min{d(c;,v):v € VL UH})? ¢ €Uy
Oi, = (9)

X:UEV;@L_JH}‘c (maw{O, Db - d(c’i7 U)})27 Ci ¢ Uk
where 7 is a penalty factor, d(c;,v) represents the distance between point ¢; and v, Vi
is the set of vertices of Uy, Hj is the set of active foot points of U with respect to the
given dispersion point ¢;, and D, represents the allowed minimum distance from ¢; to the

boundaries of holes and container.

(8) minuev, {d(es,v)} <minge gy {d(ci,0)} (b) minvev, {d(ei,v)} > min,e gy {d(ci, 0)}
Figure 4 The active edges and some representative foot points for the case that the dispersion point ¢; lies in

the hole Uy, where the active edges are indicated by a solid line segment and the circle is B(c;, Dy).

Equation (9) indicates that the penalty term Oy is calculated depending on whether
the dispersion point ¢; lies in the hole Uy or not. First, if ¢; € U, the point in V, U Hj

closest to ¢; is used to generate O, and the dispersion point ¢; will receive an attractive

004, _ 00k
Ox; ? 9y;

force ( ) from this point, thus guiding it to leave the hole Uy. Thus, O; can
be written as v x (Dy + min{d(c;,v) :v € V, U H\})?. Fig. 4 gives two examples for the
following two situations: (1) the closest point belongs to Vj, (subfigure (a)), (2) the closest
point belongs to H; (subfigure (b)).

Second, if the dispersion point ¢; lies on the outside of hole Uy, (i.e., ¢; ¢ Uy ), all the points
in (VU H})N B(c;, Dy) will provide a positive contribution to the penalty term O, and

thus produce a repulsive resultant force (—653 ik —8(% ik) on the dispersion point ¢;, making




Lai, Lin, Hao and Wu: Solving the CpDP problems in a non-convex multiply-connected region
Article submitted to INFORMS Journal on Computing; manuscript no. JOC-2023-03-OA-0089 13

(a) HiNDB(ci,Dy) #0 (b) HiNB(ci,Dy) =0
Figure 5 The active edges and some representative foot points for the case that the dispersion point c; lies
outside the hole holei, where the active edges are indicated by a solid line segment and the circle is
B(ci, Dy).

it away from the hole boundary by a distance of at least D,. If there is no active foot point
of Uy in the vicinity B(c¢;, Dy) of ¢;, then the vertices of the hole Uy in B(c;, D) are used
to generate the penalty term O;;. An example of this situation can be found in subfigure
(b) of Fig. 5. Thus, Oy can be written as Oy, = ZUGVkUHi(max{O,Db —d(c;,v) )2

It is worth noting that, according to Eqs. (8) and (9), the point-in-polygon test (Wang

et al. 2005) is a basic subroutine that will be frequently called during the optimization

process for any algorithm employing this optimization model.

2.3. The parameters and discussion of the proposed optimization model
The proposed optimization model involves three parameters «, v, and A, where « is used
in Eq. (6), and ~ is used in Egs. (8) and (9) to quantify the penalty degree of constraint
violation. Parameter A\ is used to control the value of D, as D, = A x D, where D is
the allowed minimum distance between dispersion points and D) is the allowed minimum
distance between a dispersion point and the boundaries of the container and holes, where
a larger A value means a larger distance constraint, and vice versa.

The optimization model in Eq. (6) is uniformly used to formulate the continuous p-
dispersion problems with and without a boundary constraint. To distinguish these two

problems, we use respectively different parameter settings as follows.
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e For the continuous p-dispersion problem with a boundary constraint (i.e., the equal
circle packing problem), the parameters «, v, and A are respectively set to 1.0, 2.0 and
0.5, and the resulting model is equivalent to the equal circle packing problem.

e For the continuous p-dispersion problem without a boundary constraint (i.e., the point
arrangement problem), the parameters «, v, and A\ are respectively set to 3000, 1.0 and
1073. We set A to a very small number (i.e., 1072), instead of 0, as our preliminary experi-
ments disclosed that A =0 results in an ill-conditioned objective function for the problems
with a non-convex region, significantly increasing the difficulty of local optimization.

One notices that the proposed optimization model is differentiable except for the points
on the boundaries of the container and holes, making it possible to apply popular con-
tinuous solvers (e.g., the quasi-Newton method) as a local optimization method to reach
high-precision solutions of the studied problem. Until now, such an optimization model
has been missing for the continuous p-dispersion problems with a non-convex multiply-
connected region, which explains why existing algorithms in the literature fail to obtain
high-precision solutions for these cases. The proposed unified optimization model fills this

gap and can be considered as one of the main innovations of the present work.

3. Tabu Search based Global Optimization for the continuous
p-dispersion problems

Our TSGO algorithm is designed to solve the optimization model described in Section 2 for
the continuous p-dispersion problems with and without boundary constraints. The basic
idea of the algorithm is to dynamically convert a constrained optimization problem into
a series of unconstrained optimization subproblems and then solve them by a tabu search

method operating in the continuous solution space.

3.1. Main framework of the TSGO algorithm
The TSGO algorithm consists of three main components: a solution initialization proce-
dure, a tabu search method to improve the solution, and a distance adjustment method to
maximize the minimum distance between dispersion points while maintaining the feasibil-
ity of the solution. The pseudo-code of the algorithm is described in Algorithm 1, where
X represents the current solution, X* and D* respectively denote the best solution found
so far and the corresponding minimum distance between the dispersion points.

The algorithm works as follows. First, it calculates the area of the bounded region €2

(line 1), which is the difference between the area of the container and the total area of
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Algorithm 1: Main framework of the proposed TSGO algorithm
Input: Number of points to be packed (p), container C' and holes U, (k=1,2,..., K), maximum

time limit (¢m,q.), packing density of the initial solution (p)
Output: The best configuration found (X*) and the minimum distance between points (D*)
1 Area + CalculateArea(C,Uy,Us, ..., Ug) /* Calculate the area of bounded region () as
Area = Area(C) — Y 1, Area(Uy) */

2 D 2x,/8%A /% Calculate the initial value of D according to input density p */

N X
3 X < RandomSolution(p) /* Generate randomly an initial solution X */
4 X < TabuSearch(Ep(X),X,D) /* Minimize the function FEp(X) by Algorithm 2 */
5 (X,D) <« AdjustDistance(X, D) /* Adjust configuration (X,D) by Algorithm 3 */

6 D'+ D, X"+ X

7 while time() < t,,4. do

8 D+ D~ /* Set D to the best value found so far */
9 X < RandomSolution(p)

10 (X,D) < TabuSearch(Ep(X),X, D)

11 /* Ep(X)<107?° means that X is a feasible solution for the current D */
12 if E5(X)<1072° then

13 (X, D) « AdjustDistance(X, D)

14 if D > D* then

15 D*«+ D

16 X X /* Save the best solution found */
17 end

18 end

19 end

20 return (X*, D)

the K holes. Then, assuming that each dispersion point is a circle with a radius of % and

that the preestimated packing density of these p circles in the region 2 is an input value p,

pX Area

the algorithm calculates D =2 x N

, which is the initial estimation of the minimum
distance between the p points (line 2).

After that, the algorithm generates an initial solution by distributing uniformly and
randomly the p dispersion points in a minimum rectangle containing the region 2 and
then employs the tabu search method to improve the quality of solution by minimizing the
function Ep(X) (lines 3-4). The improved solution from tabu search is slightly adjusted
to maximize the minimum distance D between p points, maintaining the feasibility of the

solution (line 5), and then the resulting solution is saved as X*.
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Then, the algorithm enters a ‘while’ loop to iterate until the time limit (¢,,4,) is reached
and finally returns the best solution X* found (lines 7-19). At each iteration, based on the
best value of D found so far, an initial solution is randomly generated and the tabu search
method is used to improve its quality by minimizing Ep(X) (lines 8-10). The distance
adjustment procedure (AdjustDistance(+)) is used to maximize the minimum distance D
between points once a feasible solution is obtained by the tabu search method (line 13).

Moreover, the value of D* is updated each time an improving value is found (lines 14-17).

3.2. Tabu search method

Tabu search (TS) (Glover and Laguna 1998) is a popular metaheuristic for combinatorial
optimization that has also been adapted to solve continuous global optimization problems
(Chelouah and Siarry 2000). The present T'S method exploits the solution space utilizing
a neighborhood composed of nearby local minima. The general procedure, neighborhood
structure and tabu list management strategy of our tabu search method are described in

the following subsections.

3.2.1. Tabu search for the continuous p-dispersion problems. The TS method of
our TSGO algorithm is depicted in Algorithm 2, where X and X° respectively represent
the current solution and the best solution found so far, and Xﬁiﬁ;hbor represents the best
individual in the current neighborhood N;,s(X) in terms of the objective value. Starting
from an input solution X, and the initialization of the tabu list T' (lines 2-5), the TS
method performs successive iterations until a feasible solution is found or the best solution
X? cannot be improved during the last 3,4, consecutive iterations (lines 6-31), where B4
is a parameter called the search depth. At each iteration, the candidate set P of high-energy
dispersion points and the candidate set V' of low-energy vacancy sites are first constructed
for the current solution X (lines 7-8). Then, the vacancy-based insertion neighborhood
Nins(X) of the current solution with respect to P and V is evaluated (lines 10-21) and a
best non-tabu solution in NV;,s(X) is selected to replace the current solution X (line 22).
After that, the tabu list T is updated and the current solution X is further improved by
a very short run of the monotonic basin-hopping (MBH) method, which is proposed in
(Leary 2000) for an intensified search (lines 23-24).

The MBH method is a simple iterated improvement procedure, which repeats a per-

turbation operator followed by a local optimization until the current solution cannot be
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further improved for 6,,,, iterations, where 0,,,, is a parameter called its search depth. At

each iteration of the MBH method, the current solution is first perturbed by shifting each

solution coordinate of the solution in a given interval [—A, A], where A =0.4 x D, and

then is locally improved by the L-BFGS method (Liu and Nocedal 1989) equipped with

an efficient line search method (Hager and Zhang 2005). The new solution is accepted as

the current solution if and only if it is superior to the current solution.

Algorithm 2: Tabu Search method for the continuous p-dispersion problems

1

© 0 N O 0ok W N
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Function TabuSearch
Input: Input solution Xy, depth of tabu search (f,,4.), parameter Q.
Output: The best solution found (X?)

X « Local _Optimization(Xo) /* Minimize locally function Ep(-) starting from X */
X+ X /* X® denotes the best solution found by the current tabu search */
NolImprove <0
Initialize tabu list T
while (NoImprove < B..) A (Ep(X®)>10"%°) do
Select @ dispersion points (i.e., P[1:Q)]) with the highest energies from the current solution X
Find @ vacancy sites (i.e., V[1:Q])) with the lowest energies in the current solution X
/* Evaluate the insertion neighborhood N;,.(X) */
i1 rand(Q), j1 < rand(Q) /* rand(Q)) denotes a random integer in [1,Q] */
Xt or <= X ® Move(Pliy], V[j1]) /* X}, denotes the best solution in N, (X) */

fori+1to @ do
for j«<1 to @ do
Xneighvor < X @ Move(Pli], V[j])
Xneighvor < Local _Optimization(X,.cignvor) /* Minimize E,(X) by L-BFGS */
if Move(P[i],V[j]) is not forbidden A Ep(Xnecightor) < ED(XZZ;,M,) then
X’Ziif}hbor — Xneighbor
I+ PJi]
end

end

end
X = X /* Update the current solution */
Update tabu list T by I
X<+ MBH(X) /* Improve X by a short run of MBH */
if Ep(X) < Ep(X®) then
X+ X /* Save the best solution found */
Nolmprove <0
else

‘ Nolmprove <— Nolmprove + 1

end
end
return X°

3.2.2. Neighborhood structure. The neighborhood structure is a highly important

component of tabu search algorithms and is usually applied in the setting of discrete opti-
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mization. However, for the continuous p-dispersion problems, an efficient neighborhood
structure is not easy to design. In this study, we devise a vacancy-based insertion neighbor-
hood N;,s(X) based on the potential energies of the p dispersion points and the vacancy
sites in the current configuration X, which is defined by the insertion operator that moves
a high-energy dispersion point to a low-energy vacancy site.

Taking the continuous p-dispersion problem with a boundary constraint (i.e., the equal
circle packing problem) as an example, we describe the vacancy-based insertion neighbor-
hood N;,s(X) as follows. First, the potential energy E(c¢;) of each circle ¢; in X, which
measures the degree of constraint violation of ¢; in X, is calculated by using Eq. (10), and

the first ) highest-energy circles constitute the candidate set P, where () is a parameter.

=1,

and l;;, O, and Oy, are defined in Egs. (7)-(9).

ij>

Then, to construct the candidate set V of low-energy vacancy sits, the algorithm per-
forms 5p random detections. Specifically, for each random detection, an additional circle
called the detecting circle is first placed randomly in the region 2 and then its position
is locally optimized via minimizing the potential function Eq. (11), which measures the
degree of constraint violation when a circle is placed at its current position, by means of the
L-BFGS method (Liu and Nocedal 1989). After that, the local minimum solution returned
by L-BFGS method is identified as the vacancy site detected. Finally, the first ) lowest-
energy vacancy sites found are used to generate the candidate set V. It is worth noting
that the minimization procedure for the potential energy function (11) is very fast and the

average computational time is about 10~* seconds on our computer when X contains 100

circles (or dispersion points).

p K
BE(v) =Y I} +ax(0n+> O) (11)
j=1 k=1

With the help of the candidate sets P and V', the vacancy-based insertion neighborhood

Nins(X) of the current solution X can be easily defined as follows:
Nins(X) ={LS(X & Move(Pli],V[j])):1<i,j <Q} (12)

where Move(P[i],V[j]) denotes the insertion operation, which moves the circle (or disper-

sion point) P[i] from its current position to the vacancy site V[j], and LS(-) denotes a local
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optimization procedure such as L-BFGS. Clearly, the size of the neighborhood Nj,s(X)
equals Q?. Figure 6 illustrates an insertion operation, where the first Q (Q = 5) highest-
energy circles are emphasized by the gridlines and the first () lowest-energy vacancy sites

obtained by the detection procedure are indicated with a dotted-line circle.

Figure 6 The neighborhood move used in the tabu search method.

3.2.3. Tabu list management. When a neighborhood move Move(c;,v;) is performed,
the dispersion point ¢; is forbidden to move by the insertion operation for the next tt(Iter)
iterations, where Iter is the iteration number. The tabu tenure tt(Iter) is simply deter-

mined as tt(Iter) =5+ rand(0,5), where rand(0,5) is a random number in [0,5].

3.3. Adjustment method for the minimum distance between dispersion points

Algorithm 3: Adjustment method for the minimum distance D between points

1 Function AdjustDistance
Input: Input solution (Xg, Do), maximum number of iterations K (= 15)
Output: Feasible local optimum solution (X, D)

2 X<+ Xy, D< Dy, p<+10

3 for i+ 1 to K do

4 (X,D) < Local_Optimization(®,, X, D) /* Minimize ®,(X,D) by L-BFGS method */
5 L4 X

6 end

7 return (X, D)
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Given an input solution X consisting of p dispersion points in region {2 and an estimated
value Dy for the minimum distance between the dispersion points, the distance adjustment
procedure adjusts slightly the coordinates of the points of X, to maximize the minimum
distance D between the dispersion points while preserving the feasibility of the resulting
solution. Theoretically, this is equivalent to finding a locally optimal solution closest to the
input solution X for the constrained optimization problem defined by Egs. (1)—(5). To find
a local optimal solution for a constrained optimization problem, we employ the well-known
sequential unconstrained minimization technique (SUMT) (Fiacco and McCormick 1964).
The basic idea of SUMT (Algorithm 3) is to progressively convert a constrained optimiza-
tion problem into a series of unconstrained subproblems, and solves them sequentially until
reaching a feasible local minimum solution for the original problem.

The constrained optimization problem corresponding to the continuous p-dispersion
problem is defined by Eqs. (1)—(5) and can be progressively converted into the following

unconstrained subproblems.
Minimize ®,(X,D)=—-D?+pux E(X,D) (13)

where X denotes a candidate solution, p is a penalty factor whose each value defines an
unconstrained optimization function ®,(X, D), D is a variable representing the allowed
minimum distance between p dispersion points, and the term E(X, D) measures the degree
of constraint violation in X and can be formulated as follows:

p—1 p p p K

E(X,D):Z Z l?j—FaX(ZOiO‘I‘ZZOik) (14)

i=1 j=i+1 i=1 i=1 k=1
where [;;, O; and Oy, are respectively defined in Eqgs. (7)-(9). It is worth noting that
E(X,D) defined by Eq. (14) differs from Ep(X) defined by Eq. (6) in Section 2.2, since
E(X,D) and Ep(X) respectively contain 2N + 1 and 2N variables, and D denotes a
constant and a variable respectively in the functions Ep(X) and E(X, D).

4. Computational Experiments and Assessments

In this section, we evaluate the performance of the TSGO algorithm by performing exten-
sive experiments on benchmark instances and comparing it with state-of-the-art algorithms
from the literature. The main comparative results between TSGO and the reference algo-
rithms are presented in the following subsections, and their detailed computational results
are provided in the online supplement (Lai et al. 2024), where the source codes of the

algorithm, the benchmark instances, and the best solutions found are also available.
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4.1. Benchmark Instances, Parameter Settings and Experimental Protocol

Table 1 Settings of important parameters

ParametersSection Description Values

p 3.1 packing density of initial solution {0.85,1.4}
Q 3.2.2 parameter for constructing neighborhood 3

Bmazx 3.2.1 search depth of tabu search {5,50}
O 3.2.1 search depth of MBH {10,15}

For the equal circle packing problem, the test bed used includes 12 small-
sized instances taken from (Dai et al. 2021) and Erich’s packing center (https://
erich-friedman.github.io/packing/cirinl/), together with 105 instances that we gen-
erated by constructing various regions for various problem sizes, where two regions are
taken from the website https://people.sc.fsu.edu/~jburkardt/datasets/polygon/
polygon.html. For the point arrangement problem, the test bed includes 75 instances that
we generated by setting various problem sizes for these constructed regions.

The default settings and descriptions of TSGO’s parameters are given in Table 1, where
the values were obtained from preliminary experiments. The parameter p was set to 0.85
and 1.4, the parameter 6,,,, was set to 10 and 15, and the parameter (,,,, was set to
50 and 5 for the equal circle packing and point arrangement problems, respectively. The
algorithm was implemented in C++ and was run on a computer with an Intel(R) Xeon (R)
Platinum 9242 CPU (2.3 GHz). To evaluate the average performance, the TSGO algorithm
as well as the main reference algorithms were run 10 times with different random seeds for
each tested instance. The stopping criterion of the TSGO algorithm and its main reference
algorithms is the maximum time limit ¢,,,, that varies according to the instance size p. For
the CpDP problem with boundary constraints, t,,,, was set to 50 seconds for the small
instances with p <50, and set to 1, 2 and 4 hours respectively for the large instances with
p =100, 150 and 200. For the CpDP problem without boundary constraint, ¢,,,, was to
1, 4 and 8 hours respectively for the instances with p =50, 100 and 150, since the local

optimization method has a slow convergence for the potential functions employed.

4.2. Computational results and comparison on the equal circle packing problem
This section assesses the performance of the TSGO algorithm on the CpDP problem with

boundary constraints, which corresponds to the equal circle packing problem. For the
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continuous p-dispersion problems in a simply-connected non-convex region, the repulsion-
based dispersion algorithm (RBDA) recently proposed in (Dai et al. 2021) can be regarded
as the state-of-the-art algorithm and consequently the objective of our first experiment
is to compare the TSGO algorithm and the RBDA algorithm on popular benchmark
instances in the literature, including 10 small-scale instances from Erich’s packing center
(https://erich-friedman.github.io/packing/cirinl/) and 2 larger instances from a
previous study (Dai et al. 2021). The comparative results are summarized in Table 2.
Columns 1-3 show instance features, including the container, the number (| E|) of edges of
the container, and the number of dispersion points. Column 4 gives the best results of the
RBDA algorithm, which were extracted from the literature. The remaining columns of the
table give the detailed results of our TSGO algorithm, including the best objective value
Rpest (i-e., the circle radius, which equals Dyes;/2) over 10 independent runs, along with
the average and the worst objective values R,y and R,orst, the success rate of hitting the
best solution (SR), the standard deviation of the objective values obtained (o), and the
average computational times in seconds to hit the best solution. The last row “#Best” of
the table indicates the number of instances for which the corresponding result is the best
in terms of the corresponding performance indicator.

Table 2 shows that our TSGO algorithm significantly outperforms the RBDA algorithm,
obtaining a better Ry.s value for all instances tested. Moreover, the success rates of the
TSGO algorithm is 100% for all instances and the computational time is short, especially
for the small instances with p < 16. For very small instances with p < 16, the solutions
obtained by both algorithms should have roughly the same geometry, and the differences in
the results are caused by the precision of their results. Unlike the RBDA algorithm, TSGO
attains a very high precision of 107! for the solutions. This indicates that an appropriate
optimization model is very important for the effectiveness of global optimization algorithms
for this continuous dispersion problem. For the two larger instances with p =70 and 100,
the TSGO results are appreciably superior to the RBDA results, and the improved config-
urations are given in Fig. 7 to show their differences relative to the previous best-known
configurations published in (Dai et al. 2021).

To further evaluate TSGQO’s performance on more complicated instances with holes we
carried out another experiment based on two sets of additional benchmark instances. The

first set consists of 60 instances where the regions to be packed are relatively simple with a



Lai, Lin, Hao and Wu: Solving the CpDP problems in a non-convex multiply-connected region

Article submitted to INFORMS Journal on Computing; manuscript no. JOC-2023-03-OA-0089

23

Table 2 Comparison of the proposed TSGO algorithm with the best performing algorithm in the literature on

12 popular instances from the literature.

Instance RBDA TSGO (This work)
Container |E| p Rpest Rpest Ravg Ruyorst SR o time(s)
E6HO 6 7 0.29446 0.2946670216 0.2946670216 0.2946670216 10/10 0.00 0.09
E6HO 6 8 0.28084 0.2810468468 0.2810468468 0.2810468468 10/10 0.00 0.09
E6HO 6 9 0.27273 0.2729182718 0.2729182718 0.2729182718 10/10 0.00 0.17
E6HO 6 10 0.26200 0.2621819240 0.2621819240 0.2621819240 10/10 0.00 0.17
E6HO 6 11 0.25017 0.2543330951 0.2543330951 0.2543330951 10/10 0.00 0.15
E6HO 6 12 0.24998 0.2500000000 0.2500000000 0.2500000000 10/10 0.00 0.14
E6HO 6 13 0.22667 0.2269506117 0.2269506117 0.2269506117 10/10 0.00 0.26
E6HO 6 14 0.22001 0.2201214487 0.2201214487 0.2201214487 10/10 0.00 1.25
E6HO 6 15 0.21153 0.2124800251 0.2124800251 0.2124800251 10/10 0.00 0.27
E6HO 6 16 0.20535 0.2075604739 0.2075604739 0.2075604739 10/10 0.00 0.36
E11HO 11 70 0.36610 0.3729322173 0.3729322173 0.3729322173 10/10 0.00 22.77
E12HOb 12 100 0.32867 0.3361308135 0.3361308135 0.3361308135 10/10 0.00 351.41
#Best 0 12 12 12
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(a) E11HO for p="70 (b) E12HOb for p =100
Figure 7 Improved best solutions for two representative instances from the literature.

small number of edges and holes containing up to p = 200 dispersion points. In particular,

the number |H| of holes in the region is at most two for each instance. The second set

consists of 45 instances containing up to 200 dispersion points, where the regions to be

packed are much more complex with a large number of edges and holes. In this experiment,

we created two TSGO variants BH* and MBH* by respectively replacing the tabu search
method of TSGO with the popular basin-hoping (BH) algorithm (Wales and Doye 1997)

and the monotonic basin-hopping (MBH) algorithm (Leary 2000), while keeping other

TSGO components unchanged. Thus, BH* and MBH* employ the same optimization model

as the TSGO algorithm, allowing us to make a fair comparison. For the subroutine BH

of BH*, the maximum number of iterations was set to 1000 for a single run and the

temperature parameter ¢ was set to 0.1, and for the subroutine MBH of MBH* the search

depth 6,,,, was set to 100 to ensure an intensified search.



Lai, Lin, Hao and Wu: Solving the CpDP problems in a non-convex multiply-connected region
24 Article submitted to INFORMS Journal on Computing; manuscript no. JOC-2023-03-OA-0089

Table 3 Comparisons of the proposed TSGO algorithm with two reference algorithms (i.e., BH* and MBH") on
the equal circle packing problem for problem instances with a region that consists of a small number of edges,

where the best results among the compared algorithms are indicated in bold in terms of Ry.s; and Rayg.

Rpest Ravg
Container p BH™ MBH™ TSGO BH™ MBH™ TSGO
E4HOa 50 0.0713771039 0.0713771039 0.0713771039 0.0713771039 0.0713771039 0.0713771039
E4HOb 50 0.2721671717 0.2721671717 0.2721671717 0.2721671717 0.2721671717 0.2721671717
E6HO 50 0.1226935182 0.1226935182 0.1226935182 0.1226935182 0.1226935182 0.1226935182
E9H2 50 0.3686157489 0.3656662863 0.3689738179 0.3634125564 0.3616720252 0.3689738179
E11HO 50 0.4368343737 0.4368343737 0.4368343737 0.4357490250 0.4365780965 0.4368343737
E12HOa 50 0.6225798476 0.6225798476 0.6225798476 0.6225642581 0.6225763213 0.6225798476
E12HOb 50 0.4620855791 0.4620855791 0.4620855791 0.4619205142 0.4618933105 0.4620855791
E12H2 50 0.4448612715 0.4448612715 0.4448612715 0.4448604939 0.4448608827 0.4448612715
E18HO 50 0.7877071509 0.7877071509 0.7877071509 0.7877071509 0.7877071509 0.7877071509
E20H1 50 0.4137431060 0.4137431060 0.4137431060 0.4137379287 0.4137363551 0.4137431060
E20H2 50 0.6402224988 0.6402224988 0.6402224988 0.6402224988 0.6401546638 0.6402224988
E23H1 50 0.4005485124 0.4005485124 0.4005485124 0.4005485124 0.4005485124 0.4005485124
E27H1 50 0.4844567507 0.4840050329 0.4844567507 0.4843452715 0.4840050329 0.4844567507
E44H1 50 0.5345742337 0.5345665428 0.5345742337 0.5344076418 0.5342859578 0.5345742337
E59H1 50 0.0199320353 0.0198678555 0.0199947494 0.0198443767 0.0198127987 0.0199947494
E4HOa 100 0.0514010718 0.0514010718 0.0514010718 0.0514010668 0.0514010718 0.0514010718
E4HOb 100 0.1978021937 0.1978021937 0.1978021937 0.1978021937 0.1978021937 0.1978021937
E6HO 100 0.0882825264 0.0882825264 0.0882825264 0.0882825264 0.0882825264 0.0882825264
E9H2 100 0.2801620820 0.2801620820 0.2801620820 0.2801620820 0.2798302518 0.2801620820
E11HO 100 0.3181468932 0.3181468932 0.3181468932 0.3181468837 0.3181468853 0.3181468932
E12HOa 100 0.4517241097 0.4517241097 0.4517241097 0.4517241097 0.4517241097 0.4517241097
E12HOb 100 0.3361308135 0.3361308135 0.3361308135 0.3361308135 0.3361308135 0.3361308135
E12H2 100 0.3172501921 0.3172501921 0.3172501921 0.3172493170 0.3172501921 0.3172501921
E18HO 100 0.5761713874 0.5761713874 0.5761713874 0.5761713874 0.5761713874 0.5761713874
E20H1 100 0.2989547054 0.2989547054 0.2989547054 0.2989526815 0.2989547054 0.2989547054
E20H2 100 0.4733830176 0.4733830079 0.4733830176 0.4733823640 0.4733827279 0.4733830176
E23H1 100 0.2896330498 0.2896330498 0.2896330498 0.2896299959 0.2896324594 0.2896316545
E27H1 100 0.3541756870 0.3541756870 0.3541756870 0.3541756870 0.3541756870 0.3541756870
E44H1 100 0.3907223295 0.3907223295 0.3907223295 0.3907223295 0.3907223295 0.3907223295
E59H1 100 0.0150349633 0.0150349633 0.0150349633 0.0150334227 0.0150349542 0.0150349588
E4HOa 150 0.0421454577 0.0421454577 0.0421454577 0.0421453491 0.0421453491 0.0421454454
E4HOb 150 0.1636890708 0.1636890405 0.1636890708 0.1636890465 0.1636890405 0.1636890708
E6HO 150 0.0725873025 0.0725873025 0.0725873025 0.0725872801 0.0725873025 0.0725873025
E9H2 150 0.2333481422 0.2333481422 0.2333481422 0.2333137881 0.2332790355 0.2333481422
E11HO 150 0.2628105627 0.2628105627 0.2628105627 0.2628082575 0.2627997871 0.2628104872
E12HOa 150 0.3730487798 0.3730487798 0.3730487798 0.3730279634 0.3730429057 0.3730484422
E12HOb 150 0.2783387066 0.2783387066 0.2783387066 0.2783385307 0.2783384399 0.2783387066
E12H2 150 0.2636360626 0.2636360626 0.2636360626 0.2636357700 0.2636228471 0.2636360626
E18HO 150 0.4800548333 0.4800569423 0.4800573753 0.4800409940 0.4800544890 0.4800534988
E20H1 150 0.2508850879 0.2508904348 0.2508905275 0.2508718500 0.2508899440 0.2508892317
E20H2 150 0.3929380796 0.3929380796 0.3929380796 0.3929376328 0.3929379824 0.3929380796
E23H1 150 0.2425848102 0.2425853555 0.2425858370 0.2425745664 0.2425802538 0.2425856154
E27H1 150 0.2930400468 0.2930778541 0.2930756336 0.2929020446 0.2929866807 0.2930447613
E44H1 150 0.3253694621 0.3253697234 0.3253697234 0.3253445564 0.3253641926 0.3253657613
E59H1 150 0.0126020291 0.0126004282 0.0126021266 0.0125991512 0.0125977296 0.0125992932
E4HOa 200 0.0366127743 0.0366127127 0.0366127989 0.0366045964 0.0365977879 0.0366083653
E4HOb 200 0.1429882126 0.1429882126 0.1429882126 0.1429867411 0.1429880516 0.1429882126
E6HO 200 0.0636129856 0.0636129856 0.0636129856 0.0636129785 0.0636129789 0.0636129856
E9H2 200 0.2051749126 0.2051734607 0.2051780567 0.2051581717 0.2050920008 0.2051759042
E11HO 200 0.2300479293 0.2300479269 0.2300479293 0.2300475234 0.2300465204 0.2300479293
E12HOa 200 0.3303497674 0.3303513835 0.3303513838 0.3303312676 0.3303323760 0.3303506670
E12HOb 200 0.2397150105 0.2397149858 0.2397150046 0.2397144563 0.2397146114 0.2397147555
E12H2 200 0.2334882838 0.2334869495 0.2334870331 0.2334860073 0.2334026236 0.2334801734
E18HO 200 0.4190034532 0.4191417996 0.4191458163 0.4188462333 0.4190123862 0.4190839637
E20H1 200 0.2172626068 0.2172697806 0.2172791061 0.2172200262 0.2172338832 0.2172676640
E20H2 200 0.3446792546 0.3447052767 0.3447056183 0.3446675117 0.3446854835 0.3446855508
E23H1 200 0.2101428378 0.2102077787 0.2102037845 0.2101305311 0.2101637466 0.2101661510
E27H1 200 0.2595897715 0.2595897715 0.2595897715 0.2595276865 0.2595432008 0.2595486576
E44H1 200 0.2813674161 0.2814511662 0.2816788437 0.2812891330 0.2814024292 0.2815233736
E59H1 200 0.0111175198 0.0111161222 0.0111178733 0.0111155130 0.0111136582 0.0111156356
#Best 43 40 56 15 19 56
p-value 4.63E-04 9.16E-04 1.67E-08 1.25E-07

The computational results of the BH*, MBH*, and TSGO algorithms are summarized
in Tables 3 and 4 respectively for the first and second set of instances, including the best
objective value (Rpest) over 10 independent runs and the average objective value (R,,,). The
row “#Best”of each table indicates the numbers of instances for which the corresponding
algorithm yields the best result among the compared algorithms in terms of Rjcq and Rgyg.
The p-values from the Wilcoxon signed-rank test are provided in the last row to show the

statistical difference between the TSGO algorithm and the BH* and MBH* algorithms in
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Table 4 Comparisons of the proposed TSGO algorithm with two reference algorithms (i.e., BH* and MBH") on
the equal circle packing problem for problem instances with a complicated region consisting of a large number of

edges, where the best results among the compared algorithms are indicated in bold in terms of Rycs: and Raug.

Rpest Ravg
Container p BH™ MBH™ TSGO BH™ MBH™ TSGO
E101H2 100 0.5131508522 0.5131508522 0.5131508522 0.5131462111 0.5131375011 0.5131508522
E101H3 100 0.7236466019 0.7238754116 0.7238846144 0.7233832936 0.7237614097 0.7238775278
E106H3 100 0.6039146219 0.6039167191 0.6039167191 0.6037780899 0.6038959925 0.6039165094
E106H5 100 0.5322579826 0.5328329107 0.5332531100 0.5308443285 0.5323526847 0.5331975141
E107H3 100 1.1937852368 1.1937852368 1.1937852368 1.1937852368 1.1937852368 1.1937852368
E120H3 100 0.8773504855 0.8773504855 0.8773789961 0.8772410287 0.8772947645 0.8773533279
E172H4 100 0.4001953141 0.3970925656 0.4001953141 0.4001810712 0.3954351442 0.4001905629
E193H1 100 0.8960463038 0.8970410179 0.8969499567 0.8953314693 0.8964794893 0.8966769264
E196H5 100 0.4727866982 0.4652219431 0.4756223520 0.4709323222 0.4595169179 0.4756214961
E203H3 100 0.2954793213 0.2892741421 0.2964789245 0.2932913997 0.2862528842 0.2957012517
E60H1 100 0.1389364842 0.1389366502 0.1389364842 0.1389127305 0.1389155735 0.1389224366
E81H3 100 0.4596181712 0.4596304590 0.4596304590 0.4595817333 0.4596304590 0.4596270833
E82H3 100 0.4239063629 0.4239299929 0.4239299929 0.4238394299 0.4239298328 0.4239299929
E84H3 100 0.4320481250 0.4320481250 0.4320481250 0.4320481250 0.4320481250 0.4320481250
E93H4 100 0.5936319873 0.5936386605 0.5936444451 0.5934827880 0.5936305684 0.5936093706
E101H2 150 0.4246039525 0.4246094078 0.4246301877 0.4245003932 0.4244980399 0.4245517063
E101H3 150 0.6022903843 0.6022967719 0.6022981927 0.6022903843 0.6022689505 0.6022931886
E106H3 150 0.4994823977 0.4996271982 0.4996758005 0.4994604604 0.4992973653 0.4995933394
E106H5 150 0.4443063213 0.4444220001 0.4444091109 0.4441837084 0.4442980251 0.4443309623
E107H3 150 0.9872584433 0.9872061372 0.9872881106 0.9871599470 0.9871103817 0.9872064963
E120H3 150 0.7306445570 0.7306445568 0.7306445570 0.7306208580 0.7303939124 0.7306432422
E172H4 150 0.3331491441 0.3331649258 0.3332646035 0.3330541489 0.3331410341 0.3331663193
E193H1 150 0.7408977499 0.7409843995 0.7409137632 0.7406671323 0.7405549328 0.7404794296
E196H5 150 0.3973150431 0.3971790864 0.3997206613 0.3955168408 0.3959672532 0.3995365485
E203H3 150 0.2501434557 0.2483444155 0.2512178335 0.2495857093 0.2473432994 0.2500754648
E60H1 150 0.1151603319 0.1151655673 0.1151505241 0.1151416702 0.1151512904 0.1151269139
E81H3 150 0.3801972735 0.3802772848 0.3802766660 0.3801341086 0.3802365212 0.3802496299
E82H3 150 0.3490790239 0.3490480371 0.3490791105 0.3490590187 0.3490358746 0.3490722172
E84H3 150 0.3579755298 0.3579715432 0.3579871420 0.3578167382 0.3578566666 0.3579385074
E93H4 150 0.4948046173 0.4949205191 0.4948698733 0.4947339911 0.4948543190 0.4948247350
E101H2 200 0.3707706478 0.3708004504 0.3708266880 0.3706979030 0.3706963168 0.3708085633
E101H3 200 0.5271335274 0.5268009361 0.5271473970 0.5268565459 0.5265542452 0.5270959759
E106H3 200 0.4384135384 0.4384076393 0.4384167531 0.4383338932 0.4382993999 0.4383871870
E106H5 200 0.3909836192 0.3909721826 0.3910559351 0.3909032381 0.3908447285 0.3910204812
E107H3 200 0.8600500229 0.8601675879 0.8601603145 0.8598515845 0.8600649578 0.8600083142
E120H3 200 0.6352015578 0.6352180420 0.6352456666 0.6349999088 0.6351366779 0.6351595315
E172H4 200 0.2937985244 0.2938115968 0.2938264340 0.2936556747 0.2935779286 0.2935365465
E193H1 200 0.6495304786 0.6496346640 0.6497271655 0.6493698892 0.6494441862 0.6495499522
E196H5 200 0.3528640237 0.3532782171 0.3532967101 0.3526929504 0.3529051796 0.3532569447
E203H3 200 0.2218022505 0.2230280767 0.2233159947 0.2214404497 0.2218444831 0.2232194868
E60H1 200 0.1002412092 0.1002605523 0.1002674230 0.1002173527 0.1002302451 0.1002478734
E81H3 200 0.3321541887 0.3322738793 0.3322827528 0.3320943976 0.3321386094 0.3321969424
E82H3 200 0.3045767624 0.3045651214 0.3045495631 0.3044992578 0.3044837034 0.3044844759
E84H3 200 0.3144020791 0.3143943149 0.3144135487 0.3143300047 0.3142707651 0.3143854408
E93H4 200 0.4321912739 0.4321330929 0.4323742595 0.4320001139 0.4318109785 0.4322075414
#Best 7 14 36 5 7 37
p-value 2.42E-07 2.42E-04 1.01E-06 5.30E-06

terms of Rpy.s+ and R4, Where a p-value less than 0.05 means that there exists a significant
difference between two groups of compared results. Detailed computational results of the
three algorithms are provided in the online supplement (Lai et al. 2024).

Table 3 shows that the TSGO algorithm significantly outperforms BH* and MBH*
on both performance indicators. In terms of Ry, BH*, MBH* and TSGO respectively
obtained the best result for 43, 40 and 56 out of the 60 instances. In terms of R,,,, the
superiority of the TSGO algorithm over the BH* and MBH* algorithms is even more pro-
nounced, where the number of instances for which the TSGO algorithm obtained the best
result (56) is much larger than the numbers of instances (15 and 19) for which the BH* and
MBH* algorithms obtained the best result. The small p-values (< 0.05) additionally con-
firm that the differences between the TSGO algorithm and the BH* and MBH* algorithms

are statistically significant for both Rpes; and Rgyg.
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Table 4 further shows that for the more complicated instances the TSGO algorithm
performs much better than BH* and MBH*. TSGO’s superiority for these instances is
more conspicuous compared to the previous instances in terms of both Ry and Ryg. In
terms of Ry, BH*, MBH* and TSGO respectively obtained the best result for 7, 14 and
36 out of 45 instances. In terms of R,,4, the number of instances for which the TSGO
algorithm obtained the best result is 37 which is much larger than that (5 and 7) of the BH*
and MBH* algorithms. This experiment indicates that the proposed TSGO algorithm is
particularly efficient for the equal circle packing problem in a complicated region composed
of an irregular container and a number of irregular holes.

Fig. 8 gives graphical representations to provide an intuitive impression of the best
configurations found for some representative instances. We see that the proposed model
and algorithm are capable of effectively tackling highly complicated instances, including
those containing a number of irregular holes and those composed of a large number of
edges. The figures also show that the neighborhood operation of the tabu search, which
moves high-energy dispersion points from their current positions to low-energy vacant
sites, is very appropriate compared to the popular random displacement operation. Taking
E9H2 with p =200 as an example, it is very difficult for the sightless random displacement
operation to reach the current best configuration (i.e., the subfigure (f)) when the dent of

the right-hand polygonal hole does not surround a dispersion point in the initial solution.

4.3. Computational results and comparison on the point arrangement problem

The objective of this section is to assess the performance of the TSGO algorithm on the
CpDP problem without a boundary constraint, which corresponds to the point arrange-
ment problem. As in Section 4.2, two variants of the TSGO algorithm, called the BH* and
MBH* algorithms, were created by replacing the tabu search method respectively with
the popular basin-hopping (BH) and monotonic basin-hopping (MBH) algorithms, while
keeping other components unchanged. Then, the experiments were conducted based on
two sets of benchmark instances with p up to p = 150, where the first set contains 30
relatively simple instances for which the region to be packed consists of a small number
of edges and holes and the second set contains 45 much complicated instances for which
the region to be packed consists of a large number of edges and holes. The TSGO, BH*
and MBH* algorithms were independently executed 10 times for each instance, and the

experimental results are summarized in Tables 5 and 6 respectively for these two sets of
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(c) E193H1 for p =200

(g) E84H3 for p =200 (h) E59H1 for p =150 (i) E203H3 for p =200

Figure 8 Best configurations found in this work for 9 representative instances.

instances, including the best objective value over 10 runs (Dy.s;) and the average objective
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Table 5 Comparisons of the proposed TSGO algorithm with two reference algorithms (i.e., BH* and MBH") on
the point arrangement problem for problem instances with a region that consists of a small number of edges,

where the best results among three compared algorithms are indicated in bold both in terms of Dy.,; and Dg.y.

Dpest Davg
Container p BH™ MBH™ TSGO BH™ MBH™ TSGO
E4HOa 50 0.1664988509 0.1664988509 0.1664988509 0.1664988509 0.1664988509 0.1664988509
E4HOb 50 0.7232436230 0.7232436230 0.7232436230 0.7232436230 0.7232436230 0.7232436230
E6HO 50 0.2933779419 0.2933779419 0.2933786207 0.2933779419 0.2933779419 0.2933780098
E9H2 50 1.1252199453 1.1252199453 1.1252199453 1.1250991089 1.1252199453 1.1252199453
E11HO 50 1.1330657353 1.1330657353 1.1330657353 1.1330162295 1.1330657353 1.1330657353
E12HOa 50 1.6364303754 1.6364303754 1.6364303754 1.6364303754 1.6364303754 1.6364303754
E12HOb 50 1.1512460802 1.1512460802 1.1512460802 1.1512460802 1.1512460802 1.1512460802
E12H2 50 1.2090410970 1.2090410970 1.2090410970 1.2089809516 1.2090410970 1.2090410970
E18HO 50 2.2664436736 2.2664436736 2.2664436736 2.2664388856 2.2664436736 2.2664436736
E20H1 50 1.1494074146 1.1494074146 1.1494074146 1.1487617666 1.1483431535 1.1492486621
E20H2 50 1.7642062858 1.7642062920 1.7642062877 1.7640056517 1.7642062866 1.7642062866
E23H1 50 1.0945028103 1.0945028103 1.0945028103 1.0944768737 1.0943600422 1.0944875530
E27H1 50 1.3363883975 1.3363883975 1.3363883975 1.3353178683 1.3363490513 1.3363490513
E44H1 50 1.4231184848 1.4231184848 1.4231184848 1.4229226152 1.4230690380 1.4231165211
E59H1 50 0.0625113933 0.0625365968 0.0625365968 0.0624453409 0.0624835536 0.0625045164
E4HOa 100 0.1145681001 0.1145682248 0.1145682248 0.1145662184 0.1145671956 0.1145670435
E4HOb 100 0.4826373801 0.4826373801 0.4826373801 0.4826356082 0.4826179302 0.4826359562
E6HO 100 0.1998574337 0.1998574216 0.1998574281 0.1998560311 0.1997843134 0.1998568131
E9H2 100 0.7494661035 0.7511238475 0.7511278062 0.7478403599 0.7502858249 0.7505626930
E11HO 100 0.7655396868 0.7656897992 0.7656953424 0.7652491178 0.7655114064 0.7656381539
E12HOa 100 1.1078034265 1.1078034265 1.1078034265 1.1077982675 1.1077723402 1.1077925638
E12HOb 100 0.7755043144 0.7755043105 0.7755043306 0.7754464078 0.7754653422 0.7754471255
E12H2 100 0.8146928310 0.8146928235 0.8146928310 0.8143454056 0.8146115427 0.8145986367
E18HO 100 1.4913313807 1.4935027529 1.4928956213 1.4902461911 1.4928152147 1.4920205838
E20H1 100 0.7639769482 0.7638994850 0.7640895485 0.7636734678 0.7636264998 0.7638340934
E20H2 100 1.1842551290 1.1842672680 1.1842695666 1.1829491272 1.1842389685 1.1842567749
E23H1 100 0.7209507423 0.7211250210 0.7211499167 0.7196800678 0.7205693410 0.7207608891
E27H1 100 0.9087618011 0.9088386862 0.9088386700 0.9063990417 0.9077689522 0.9087282509
E44H1 100 0.9655365849 0.9655319844 0.9656074713 0.9633779411 0.9643480822 0.9649732229
E59H1 100 0.0424090996 0.0424419006 0.0424207994 0.0423971176 0.0423749032 0.0423973095
#Best 16 20 25 5 14 25
p-value 9.87E-04 1.40E-01 2.10E-05 4.55E-03

value (Dgyg). Other statistic data in the table are the same as those in Table 3. Detailed
results of the compared algorithms are provided in the online supplement (Lai et al. 2024).

Table 5 shows that for the instances with a region consisting of a small number of
edges the TSGO algorithm outperforms the BH* and MBH* algorithms. In terms of Dy,
the BH*, MBH* and TSGO algorithms obtained the best result among the compared
algorithms for 16, 20 and 25 out of 30 instances, respectively. Nevertheless, the large p-
values mean there does not exist a significant difference between the MBH* and TSGO
algorithms in terms of Dy.. As for the average objective value D,,,, the BH*, MBH*
and TSGO algorithms respectively obtained the best result for 5, 14 and 25 instances,
indicating that the TSGO algorithm outperforms the BH* and MBH* algorithms on this
measure. Moreover, the small p-values confirm that the differences between TSGO and the
reference algorithms are statistically significant.

Table 6 shows that for the instances with a complicated region the TSGO algorithm also
outperforms the BH* and MBH* algorithms for each performance indicator considered.
Moreover, for these complicated instances the superiority of the TSGO algorithm over the
BH* and MBH* algorithms is more pronounced compared to the previous instances in

Table 5. Concretely, in terms of Dy.y, the BH*, MBH* and TSGO algorithms obtained
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Table 6 Comparisons of the proposed TSGO algorithm with two reference algorithms (i.e., BH* and MBH") on
the point arrangement problem for problem instances with a complicated region that consists of a large number

of edges, where the best results among three compared algorithms are indicated in bold both in terms of Dy,

and Dgyg.

Dpest Davg
Container p BH™ MBH™ TSGO BH™ MBH™ TSGO
E101H2 50 1.9294792183 1.9296611433 1.9296611433 1.7373305150 1.9293080575 1.9290832147
E101H3 50 2.7597012147 2.7597012147 2.7597012147 2.7579227475 2.7528616370 2.7583284264
E106H3 50 2.2760303651 2.2785596163 2.2785596163 2.2721291472 2.2753498323 2.2757095844
E106H5 50 2.1492581495 2.1503429086 2.1503429086 2.1474806367 2.1495254107 2.1495595896
E107H3 50 4.3776888646 4.3776888646 4.3776888646 4.3744222239 4.3763245600 4.3764749744
E120H3 50 3.3713160251 3.3713160251 3.3711157887 3.3694128674 3.3707797719 3.3707419523
E172H4 50 1.6086033153 1.6083403888 1.6083403888 1.6073993775 1.6080920152 1.6079020027
E193H1 50 3.4885688530 3.4930481925 3.4931672197 3.4809669506 3.4828879612 3.4849529684
E196H5 50 2.1462437211 2.1458081483 2.1525660024 2.1393500463 2.1359675846 2.1420151416
E203H3 50 1.2947250241 1.2963445060 1.2963445060 1.2907711108 1.2944729939 1.2950615485
E60H1 50 0.5509805177 0.5509805177 0.5509805177 0.5509455932 0.5508626165 0.5509709816
E81H3 50 1.6902021702 1.6902021702 1.6902021702 1.6895559247 1.6900255476 1.6900946298
E82H3 50 1.5476779639 1.5477194735 1.5477286761 1.5460645514 1.5455161767 1.5464949834
E84H3 50 1.6205855793 1.6205855793 1.6205855793 1.6202744664 1.6202793679 1.6205050592
E93H4 50 2.4057626982 2.4087452204 2.4096068833 2.4038957388 2.4047430949 2.4057504187
E101H2 100 1.2840210583 1.2839958467 1.2833642210 1.2816485778 1.2822682646 1.2822230393
E101H3 100 1.8474917504 1.8517629108 1.8527605603 1.8454387326 1.8493839200 1.8496615212
E106H3 100 1.5368444673 1.5389609812 1.5397160821 1.5336969076 1.5373017679 1.5382859065
E106H5 100 1.4471249445 1.4471430022 1.4471430022 1.4448386089 1.4449916914 1.4460133622
E107H3 100 2.9391747678 2.9422207363 2.9423829506 2.9367746053 2.9394661810 2.9397676542
E120H3 100 2.2566551682 2.2585254097 2.2581001199 2.2527411251 2.2548931409 2.2535581665
E172H4 100 1.0758381251 1.0767384436 1.0759548576 1.0727718180 1.0749063077 1.0736695957
E193H1 100 2.3254402936 2.3343111553 2.3343111553 2.3205631956 2.3295235036 2.3287152398
E196H5 100 1.4098783673 1.4138861609 1.4209052194 1.4065769102 1.4103438073 1.4128738037
E203H3 100 0.8522060778 0.8564731696 0.8557972355 0.8507183234 0.8539301996 0.8544934583
E60H1 100 0.3582299427 0.3582466332 0.3582993202 0.3577676480 0.3578719449 0.3580180655
E81H3 100 1.1482805892 1.1485277749 1.1485321215 1.1472277187 1.1471834164 1.1479214956
E82H3 100 1.0473915944 1.0474433895 1.0474228732 1.0469480201 1.0470108082 1.0471543246
E84H3 100 1.0869889031 1.0872842260 1.0871845694 1.0853519460 1.0860224488 1.0863459158
E93H4 100 1.5934017314 1.5939701632 1.5937588256 1.5916298296 1.5925545584 1.5930971364
E101H2 150 1.0166314840 1.0155772115 1.0175701224 1.0127636545 1.0143834682 1.0163457379
E101H3 150 1.4749399669 1.4759039711 1.4758619447 1.4733512716 1.4737548666 1.4748651219
E106H3 150 1.2301928882 1.2307360530 1.2316898249 1.2272249098 1.2276956567 1.2296099299
E106H5 150 1.1379054440 1.1372298361 1.1389649453 1.1370513922 1.1364212055 1.1373346074
E107H3 150 2.3545859328 2.3577371747 2.3574562564 2.3507354789 2.3531119086 2.3532942920
E120H3 150 1.7957563567 1.7975153377 1.8007023797 1.7927535594 1.7955887570 1.7959811597
E172H4 150 0.8524978245 0.8525962904 0.8516701412 0.8508764111 0.8509029887 0.8510752628
E193H1 150 1.8619806126 1.8620687888 1.8630694963 1.8540394316 1.8561542253 1.8562745973
E196H5 150 1.1085450824 1.1096023844 1.1096389040 1.1015314163 1.1007478968 1.1045592005
E203H3 150 0.6798294129 0.6801848429 0.6828531990 0.6776296256 0.6786975696 0.6802848226
E60H1 150 0.2827053641 0.2828959343 0.2829748122 0.2824164724 0.2826403084 0.2827246206
E81H3 150 0.9151500861 0.9155216189 0.9163973051 0.9131879749 0.9141138269 0.9149487359
E82H3 150 0.8314206381 0.8324378837 0.8321274553 0.8310173646 0.8314429821 0.8314888335
E84H3 150 0.8630536076 0.8629312866 0.8629057017 0.8620981076 0.8618367930 0.8620988622
E93H4 150 1.2604775170 1.2601949020 1.2604568525 1.2587040149 1.2588156611 1.2595900730
FBost 0 22 30 0 7 38
p-value 3.10E-06 6.44E-02 5.18E-09 1.58E-05

the best result for 10, 22 and 30 out of 45 instances, respectively. In terms of D,,,, the
TSGO algorithm obtained the best result for 38 out of 45 instances, while the BH*, MBH*
algorithms obtained the best result only for 0 and 7 instances, respectively.

To give an intuitive impression of the best configurations found, Fig. 9 provides the
graphical representations of the best solutions for several representative instances. We
observe that our TSGO algorithm is capable of effectively tackling these complicated
instances for the point arrangement problem, including those with a complex container

and holes as well as those consisting of a large number of edges.

5. Analysis of Algorithmic Components
We now analyze two important elements of our TSGO algorithm: the MBH procedure used

to reinforce the intensified search of the tabu search method and the tabu search method
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(a) E60H1 for p =100 (b) E101H2 for p =100

(d) E84H3 for p =100 (e) E93H4 for p =100 (f) E107H3 for p =100

(g) E120H3 for p= 150 (h) E196H5 for p =150 (i) E203H3 for p =150

Figure 9 Best configurations found in this work for 9 representative instances, where two dispersion points are

connected by a dotted line if the distance between them equals the minimum distance found Dy.;.

without MBH procedure (denoted by TS-MBH). A sensitivity analysis of TSGO’s main

parameters is shown in the online supplement (Lai et al. 2024).
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5.1.

Table 7

Effectiveness of the MBH procedure

Comparison between the TSGO algorithms with and without the MBH procedure on 40 representative

instances, where the best results between the compared algorithms in terms of Rycst, Ravg and Ruyorst are

indicated in bold.

Container

p

Ryest

Ravg

Ruyorst

TSGO,

TSGO

TSGO,

TSGO

TSGO,

TSGO

E6HO
E9H2
E11HO
E12HOa
E12H2
E18HO
E20H1
E20H2
E23H1
E27H1
E44H1
E59H1
E101H2
E101H3
E106H3
E106H5
E107H3
E120H3
E172H4
E193H1
E196H5
E203H3
E81H3
E82H3
E84H3
E93H4
E101H2
E101H3
E106H3
E106H5
E107H3
E120H3
E172H4
E193H1
E196H5
E203H3
E81H3
E82H3
E84H3
E93H4

200
200
200
200
200
200
200
200
200
200
200
200
150
150
150
150
150
150
150
150
150
150
150
150
150
150
200
200
200
200
200
200
200
200
200
200
200
200
200
200

0.0636129856
0.2051661681
0.2300454139
0.3303438395
0.2334585328
0.4190207600
0.2172791291
0.3446755533
0.2101927860
0.2595269410
0.2816799600
0.0111103125
0.4244536975
0.6022548526
0.4994616507
0.4440727796
0.9872540160
0.7306111023
0.3327017919
0.7408295517
0.3991873083
0.2498770122
0.3802381769
0.3490326073
0.3579729123
0.4946286407
0.3707228206
0.5270364876
0.4382576604
0.3909102040
0.8601582219
0.6348111376
0.2933022486
0.6493809623
0.3528305296
0.2225266116
0.3322432698
0.3043041539
0.3143718343
0.4321793416

0.0636129856

0.2051780567
0.2300479293
0.3303513838
0.2334870331
0.4191458163
0.2172791061

0.3447056183
0.2102037845
0.2595897715
0.2816788437

0.0111178733
0.4246301877
0.6022981927
0.4996758005
0.4444091109
0.9872881106
0.7306445570
0.3332646035
0.7409137632
0.3997206613
0.2512178335
0.3802766660
0.3490791105
0.3579871420
0.4948698733
0.3708266880
0.5271473970
0.4384167531
0.3910559351
0.8601603145
0.6352456666
0.2938264340
0.6497271655
0.3532967101
0.2233159947
0.3322827528
0.3045495631
0.3144135487
0.4323742595

0.0636129856
0.2051047688
0.2300337282
0.3303170860
0.2334147356
0.4189440349
0.2171427598
0.3446691686
0.2101260082
0.2594167574
0.2814874593
0.0110977208
0.4243269607
0.6019088101
0.4994125371
0.4439297990
0.9870980239
0.7303310221
0.3322591879
0.7399829585
0.3984668794
0.2445707242
0.3800652384
0.3488907406
0.3576854002
0.4944905677
0.3707035113
0.5265310680
0.4381308018
0.3906747575
0.8596474782
0.6346367668
0.2931362207
0.6492284841
0.3523188998
0.2216821324
0.3320434488
0.3041968418
0.3143391699
0.4317616485

0.0636129856

0.2051759042
0.2300479293
0.3303506670
0.2334801734
0.4190839637
0.2172676640
0.3446855508
0.2101661510
0.2595486576
0.2815233736
0.0111156356
0.4245517063
0.6022931886
0.4995933394
0.4443309623
0.9872064963
0.7306432422
0.3331663193
0.7404794296
0.3995365485
0.2500754648
0.3802496299
0.3490722172
0.3579385074
0.4948247350
0.3708085633
0.5270959759
0.4383871870
0.3910204812
0.8600083142
0.6351595315
0.2935365465
0.6495499522
0.3532569447
0.2232194868
0.3321969424
0.3044844759
0.3143854408
0.4322075414

0.0636129856
0.2050264023
0.2300317941
0.3302830989
0.2333648795
0.4188694748
0.2170719917
0.3446593038
0.2100841375
0.2591826977
0.2813183912
0.0110894422
0.4241942738
0.6016646481
0.4993236995
0.4438270365
0.9869413117
0.7298998979
0.3319463556
0.7390118484
0.3981979101
0.2372750368
0.3799704229
0.3488160016
0.3575950893
0.4943910940
0.3706470633
0.5261496935
0.4379379803
0.3904369149
0.8592481578
0.6343821202
0.2928678971
0.6491236153
0.3509257201
0.2206605249
0.3318514747
0.3041170347
0.3142086130
0.4314124896

0.0636129856

0.2051720545
0.2300479293
0.3303497622
0.2334692402
0.4189449983
0.2172289079
0.3446820377
0.2101431359
0.2595101870
0.2814098733
0.0111114885
0.4244364627
0.6022903843
0.4994616507
0.4442520370
0.9870158687
0.7306324040
0.3330925105
0.7389815314
0.3988107216
0.2483444155
0.3801959565
0.3490514816
0.3577198430
0.4947154867
0.3708000494
0.5268497538
0.4383279802
0.3909799396
0.8597126848
0.6350429648
0.2933340360
0.6494284771
0.3531768106
0.2231246243
0.3321376262
0.3044037274
0.3143467468
0.4318942208

#Better
#Equal
#Worse
p-value

2

1

37
6.64E-08

37
1
2

0

1

39
5.26E-08

39
1
0

0

0

40
7.18E-08

40
0
0

As previously noted, due to the continuity of the solution space, it is likely that a

number of local minima have a similar geometric configuration that will make it difficult

to distinguish among there minima using tabu search. Thus, to reinforce the intensified

search, the algorithm executes a very short MBH run to improve the current solution at

each iteration of the tabu search method.

To check whether the MBH procedure plays an important role for the performance of our

algorithm, we carried out a comparative experiment with 40 instances of the continuous
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Figure 10 Empirical run-time distribution of the TSGO algorithms with and without the MBH procedure on four

representative instances.

p-dispersion problem with boundary constraints (i.e., the equal circle packing problem).
For this, we first created a variant TSGO; of our TSGO algorithm by disabling the MBH
procedure while keeping other components of algorithm unchanged. Then, both of TSGO,
and TSGO were run 10 times for each instance. The experimental results over 40 repre-
sentative instances are summarized in Table 7, where columns 3-4 give the best results
(Rpest) over 10 independent runs respectively for TSGO; and TSGO, columns 5-6 give
the average results (R,,,), and the last two columns give the worst results (Ryorst). The
rows “#Better”, “#Equal”, and “#Worse” respectively show the numbers of instances for
which the corresponding algorithm obtains a better, equal and worse result compared with
the reference algorithm. The p-values from the Wilcoxon signed-rank test are also provided

in the last row of the table.
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The experimental results in Table 7 show that the TSGO algorithm significantly outper-
forms its variant TSGO;, which means that the MBH procedure plays an essential role in
the high performance of the TSGO algorithm. Specifically, TSGO obtains a better, equal
and worse result than TSGO; respectively for 37, 1 and 2 instances in terms of Rp.s. In
terms of R4, TSGO performs better than TSGO; in 39 out of 40 instances and obtains
equal results for the remaining instance. As for the R,o.st, TSGO outperforms TSGO; on
all the tested instances. Moreover, the small p-values (< 0.05) indicate that the differences
between the results of the two algorithms are statistically significant.

In addition, we employed the empirical run-time distribution (RTD) of stochastic opti-
mization approaches to further analyze and compare the two algorithms with and without
the MBH procedure. Indeed, RTD is known to be an efficient graphic representation tool
to investigate the behavior of stochastic optimization algorithms (Hoos and Stiitzle 2000).
For a given instance, the cumulative empirical RTD of a stochastic algorithm is a function
P(t) mapping the run-time ¢ to the probability of obtaining the target value within time
t. Formally, the function P(t) is defined as follows:

P(t) = |{i:rt](\2)§t}| (15)

where rt(i) represents the running time of the i-th successful run to obtain the target value
(the average objective value R,,, of TSGO; in Table 7 was used in this experiment) and
M is the number of runs performed (where M =50 in this experiment).

Fig. 10 shows TSGO’s empirical RTD with and without the MBH procedure for four
representative instances. One observes that for all tested instances the TSGO algorithm has
a higher probability to reach the target value compared to the TSGO; algorithm without
the MBH procedure under the same running time, confirming the critical role of the MBH

procedure for the computational efficiency of the TSGO algorithm.

5.2. Effectiveness of the insertion neighborhood-based tabu search method

The TSGO algorithm uses the insertion neighborhood-based tabu search method without
MBH (i.e., TS-MBH) as one of its main components. To check its merit, we conducted
a comparative experiment based on 40 representative instances used in Section 5.1. In
this experiment, we created a variant of TSGO (denote by MBH*) by replacing the tabu
search method with the MBH method, where the search depth 6,,,, of MBH was set to
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Table 8 Comparison between the TSGO algorithm and MBH™ on 40 representative instances, where the best
results between the compared algorithms in terms of Rycst, Ravg and R.ors: are indicated in bold.
Rbest Raug Rworst

Container p MBH* TSGO MBH* TSGO MBH* TSGO

E6HO 200 0.0636129856 0.0636129856 0.0636129697 0.0636129856 0.0636129182 0.0636129856
E9H2 200 0.2051540762 0.2051780567 0.2050474437 0.2051759042 0.2049556168 0.2051720545
E11HO 200 0.2300479269 0.2300479293 0.2300476538 0.2300479293 0.2300463511 0.2300479293
E12H0a 200 0.3303506858 0.3303513838 0.3303355932 0.3303506670 0.3302902073 0.3303497622
E12H2 200 0.2334693785 0.2334870331 0.2333686152 0.2334801734 0.2333409856 0.2334692402
E18HO 200 0.4191458163 0.4191458163 0.4189846377 0.4190839637 0.4188729560 0.4189449983
E20H1 200 0.2172791061 0.2172791061 0.2171934541 0.2172676640 0.2171462736 0.2172289079
E20H2 200 0.3446804055 0.3447056183 0.3446687159 0.3446855508 0.3446382280 0.3446820377
E23H1 200 0.2101523773 0.2102037845 0.2101274162 0.2101661510 0.2100656909 0.2101431359
E27H1 200 0.2595736347 0.2595897715 0.2594844815 0.2595486576 0.2592720014 0.2595101870
E44H1 200 0.2813550521 0.2816788437 0.2813160515 0.2815233736 0.2812910866 0.2814098733
E59H1 200 0.0111166985 0.0111178733 0.0111135982 0.0111156356 0.0111102478 0.0111114885
E101H2 150 0.4246265745 0.4246301877 0.4244914723 0.4245517063 0.4243906129 0.4244364627
E101H3 150 0.6022903843 0.6022981927 0.6022868453 0.6022931886 0.6022549939 0.6022903843
E106H3 150 0.4995261676 0.4996758005 0.4994056398 0.4995933394 0.4990840235 0.4994616507
E106H5 150 0.4443528894 0.4444091109 0.4442218487 0.4443309623 0.4440670713 0.4442520370
E107H3 150 0.9872493423 0.9872881106 0.9871345218 0.9872064963 0.9869322205 0.9870158687
E120H3 150 0.7306389612 0.7306445570 0.7304524692 0.7306432422 0.7300377900 0.7306324040
E172H4 150 0.3331491441 0.3332646035 0.3330060576 0.3331663193 0.3328827019 0.3330925105
E193H1 150 0.7407404525 0.7409137632 0.7406106571 0.7404794296 0.7402252456 0.7389815314
E196H5 150 0.3963913171 0.3997206613 0.3940397475 0.3995365485 0.3914854411 0.3988107216
E203H3 150 0.2474893922 0.2512178335 0.2423013081 0.2500754648 0.2402130965 0.2483444155
E81H3 150 0.3802769198 0.3802766660 0.3801916372 0.3802496299 0.3801313844 0.3801959565
E82H3 150 0.3490329680 0.3490791105 0.3489765862 0.3490722172 0.3488608556 0.3490514816
E84H3 150 0.3578615502 0.3579871420 0.3577509179 0.3579385074 0.3576006015 0.3577198430
E93H4 150 0.4948711187 0.4948698733 0.4948033224 0.4948247350 0.4946774844 0.4947154867
E101H2 200 0.3706939791 0.3708266880 0.3706180722 0.3708085633 0.3704792462 0.3708000494
E101H3 200 0.5270473482 0.5271473970 0.5265756595 0.5270959759 0.5263060636 0.5268497538
E106H3 200 0.4383759370 0.4384167531 0.4382643170 0.4383871870 0.4381635633 0.4383279802
E106H5 200 0.3909533120 0.3910559351 0.3908163599 0.3910204812 0.3907056241 0.3909799396
E107H3 200 0.8601374785 0.8601603145 0.8598492621 0.8600083142 0.8595900817 0.8597126848
E120H3 200 0.6351648252 0.6352456666 0.6350279145 0.6351595315 0.6349271692 0.6350429648
E172H4 200 0.2935898258 0.2938264340 0.2933538090 0.2935365465 0.2933022486 0.2933340360
E193H1 200 0.6497860352 0.6497271655 0.6494509651 0.6495499522 0.6493228504 0.6494284771
E196H5 200 0.3532410620 0.3532967101 0.3526497635 0.3532569447 0.3521495511 0.3531768106
E203H3 200 0.2217077066 0.2233159947 0.2213651594 0.2232194868 0.2209720181 0.2231246243
E81H3 200 0.3321164693 0.3322827528 0.3320201998 0.3321969424 0.3319349657 0.3321376262
E82H3 200 0.3044994679 0.3045495631 0.3044499252 0.3044844759 0.3043713087 0.3044037274
E84H3 200 0.3143622086 0.3144135487 0.3142096904 0.3143854408 0.3141190415 0.3143467468
E93H4 200 0.4319088649 0.4323742595 0.4317124215 0.4322075414 0.4315143568 0.4318942208
#Better 3 34 1 39 1 39

#Equal 3 3 0 0 0 0

#Worse 34 3 39 1 39 1

p-value 1.14E-06 1.84E-07 5.34E-07

its default value. Consequently, in this variant the TS-MBH method is disabled while

the other components of TSGO are kept unchanged. We ran TSGO and MBH* 10 times

for each instance, and the computational results are summarized in Table 8. We observe

that TSGO outperforms MBH* in all considered performance indicators. In terms of Ry,

TSGO obtained a better, equal and worse result respectively for 34, 3 and 3 instances

compared to MBH*. In terms of R,,;, and Ryorst, TSGO obtained a better result for 39

instances and a worse result for the remaining instance. This experiment indicates that

the TS-MBH method also plays a key role for the high performance of the algorithm.
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Figure 11 Empirical run-time distribution of the TSGO algorithm and MBH™ on four representative instances,

where MBH™ corresponds to the strategy without vacancy-based insertion moves.

To complete this comparison, Fig. 11 provides their empirical RTD for four representative
instances, where TSGO and MBH* were performed 50 times for each instance and the
target value of the RTD was set to the average objective value of MBH* in Table 8. We
observe that TSGO has a higher probability to reach the target value compared to MBH*
under the same computational time for all tested instances.

In summary, the experiments in Sections 5.1 and 5.2 show that disabling the MBH
method or the TS-MBH method deteriorates the performance of TSGQO’s performance. In
fact, these two component are functionally complementary, where TS-MBH is capable of
transforming the current solution into a significantly different new solution by applying the

insertion moves, while MBH is capable of detecting the nearby local optimal solutions with
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geometrical configurations very similar to that of the current solution. Thus, the combined

use of these two methods results in a high performance of the TSGO algorithm.

6. Conclusions and Future Work

The continuous p-dispersion problems with and without boundary constraints, which are
respectively equivalent to the classic equal circle packing problem and the point arrange-
ment problem, have numerous important real-world applications, such as the facility loca-
tion and the circle cutting problems. In this study, we investigated the general cases of
the continuous p-dispersion problems, including those that involve a non-convex multiply-
connected region. For this latter general case, there does not exist an effective optimization
model in the literature and it is important to address the non-trivial challenge of identifying
such a model as a foundation for developing appropriate solution algorithms.

By using the penalty function method, we designed an almost everywhere differen-
tiable optimization model for the equal circle packing problem and the point arrangement
problem that compose the continuous p-dispersion problems with and without boundary
constraints. Based on this, we proposed a global optimization method called the TSGO
utilizing the proposed model. The main component of the TSGO algorithm is a tabu search
method to find a feasible solution for a given minimum distance D between dispersion
points, coupled with a distance adjustment method to maximize the minimum distance
between dispersion points while maintaining feasibility. The performance of the TSGO
algorithm is assessed over a variety of existing and newly generated benchmark instances.

Thanks to the proposed optimization model, the popular continuous solvers (e.g., the
quasi-Newton methods) can be applied to reach the high-precision solutions of the prob-
lems. Moreover, the proposed TSGO algorithm can reach a performance that no previous
approach in the literature attains. The source code of the proposed algorithm, the set
of benchmark instances used, and the best solutions found are available online for their
potential real-world applications and future algorithmic comparisons.

There are several potential directions to extend the present study in future. First, for
the continuous p-dispersion problems without a boundary constraint, the present distance
adjustment method has a slow rate of convergence due to the nature of the objective
function. To improve the performance of TSGO for these problems, the distance adjustment

method can be replaced by the bisection method. Second, with an appropriate modification,
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the present model and algorithm can be extended to handle three-dimensional problems,
i.e., the continuous p-dispersion problems in a non-convex polyhedron containing multiple
holes. Third, by changing the optimization model, the proposed TSGO algorithm can be
extended to other packing problems, such as packing equal circles in a larger circle and

packing equal spheres in a larger sphere.
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1.

Sensitivity analysis of the key parameters

This section presents a sensitivity analysis of the tabu tenure of the tabu search method

and three key parameters, i.e., @), 0,4, and S0z

1.1. Sensitivity analysis of parameter Q.
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Figure 1 Influence of parameter () on the performance of the TSGO algorithm for four representative instances.

Recall that @) is a parameter of the tabu search component of our TSGO algorithm,
which determines the size of the neighborhood Nj,s(X) by setting |N;,s(X)| = Q2. To show
the influence of the neighborhood size determined by ) on the performance of TSGO
algorithm and determine a suitable () value, we performed an experiment based on 4 rep-

resentative instances of the continuous p-dispersion problem with boundary constraints.
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In this experiment, the TSGO algorithm was run 20 times for each instance and for each
@ value in the range of {2,3,...,10}, recording the objective values obtained. The experi-
mental results are given in Fig. 1 using the box plots, where the X-axis indicates the values
of the parameter () and the Y-axis indicates the gap between the objective values (R, i.e.,
the radius of circles) and the best result obtained (R*).

Fig. 1 shows that the performance of the algorithm is sensitive to the setting of () and
it is difficult to find a setting that works well on all instances. For 3 out of 4 instances
(i.e., E9H2, E20H1, E44H1) the algorithms with @ <3 performs better than ¢ > 4, which
implies that the setting of @) < 3 is suitable for most tested instances. Thus, the default
value of parameter @ is set to 3. However, for E23H1 the setting of ) =7 or 8 produced a
significantly better result than other settings, which means that the effectiveness of param-
eter () depends also on the instances to be solved and that the algorithmic performance

can be further improved by fine-tuning the value of ) according to the given instance.

1.2. Sensitivity analysis of parameter 6,,,,.

Recall that 0,,,,, is the parameter representing the search depth of the MBH method, which
is one of the main components of TSGO, and a larger 6,,,, value means a more intensive
search, and vice versa. To check the influence of 6,,,, on the performance of TSGO, we
performed an experiment based on four representative instances of the point arrangement
problem. In the experiment, the TSGO algorithm was performed 10 times for each instance
and for each 6,,,, value in the range of {5,10,15,20,25}, and the results are given in Fig. 2
using the box plots, where the X-axis indicates the values of 6,,,, and the Y-axis indicates
the gap between the objective values (D, i.e., the minimum distance between the dispersion
points) and the best objective obtained (D*).

Fig. 2 shows that TSGO’s performance depends on the setting of parameter 6,,,, and
that a too large or too small 0,,,, value deteriorates its performance. Specifically, the
setting of 6,,,, = 15 leads to the best performance for 3 out of 4 instances among the
tested settings. Moreover, 6,,,, = 15 and 6,,,, = 20 lead to similar performance for the
remaining instance (i.e., E203H3). Thus, the default value of 6,,,, was set to 15 for the

point arrangement problem in this work.

1.3. Sensitivity analysis of parameter §,,,,.
The parameter (,,,, represents the search depth of the tabu search method, and a larger

Bmaz value favors a more intensive search for the proposed algorithm, and vice versa.
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Figure 2 Influence of parameter 0,,,. on the performance of the TSGO algorithm for four representative
instances.

To check its influence on the performance of TSGO, we conducted an experiment based
on four representative instances of the point arrangement problem. In this experiment,
TSGO was performed 10 times for each instance and for each f,,,, value in the range of
{5,10,15,20,25}. The experiment results are summarized in Fig. 3 using the box plots,
where the X-axis indicates the parameter values and the Y-axis indicates the gap between
the objective values (D) and the best objective obtained (D*).

One observes from Fig. 3 that TSGO is sensitive to the setting of parameter ,,,, and
that the best setting of (,,.. depends on the instance to be solved. For example, for ES1H3
with p =100 (,,.. = 10 results in the best result among the five settings, but for E93H4
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Figure 3 Influence of parameter (3,,,, on the performance of the TSGO algorithm for four representative
instances.

the setting of (.4 = 20 results in the best result. On the other hand, a small (,,,, value
like ,,4 = 5 is able to yield the desired result for most instances tested. Thus, the default

value of (3,,,, was set to 5 for the point arrangement problem in this work.

1.4. Sensitivity analysis of tabu tenure.

To evaluate the influence of the tabu tenure ¢t on the performance of the algorithm, we
performed an experiment based on six representative instances of the equal circle packing
problem, where the TSGO algorithm was performed 10 times for each instance and for each
tabu tenure tt in the range of {2,4,6,8,10,12,14,16,18,20}. The results are summarized

in Fig.4 using the box plots, where the X-axis indicates the value of tabu tenure ¢¢ and the
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Figure 4 Influence of tabu tenure ¢t on the performance of TSGO algorithm for six representative instances.
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Y-axis indicates the gap between the objective values (R, i.e., the radius of circles) and
the best objective obtained (R*).

Fig.4 shows that the best setting of the tabu tenure tt depends on the instance to be
solved and it is difficult to find a general ¢t value for all instances. Based on the observation
that the TSGO algorithm performs well for most ¢¢ values in the interval [6,10] and for
most tested instances, we empirically set tt =5 + rand(5), where rand(5) is a random

number between 0 and 5.
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2. Detailed computational results on the continuous p-dispersion
problem with boundary constraints

Table 1 Computational results of the TSGO algorithm on 60 simple instances with boundary constraints.

Instance TSGO (This work)
Container |E| |H| p Rpest Raug Ruyorst SR o time(s)
E4HOa 4 0 50 0.0713771039 0.0713771039 0.0713771039 10/10 0.00 9.3
E4HOb 4 0 50 0.2721671717 0.2721671717 0.2721671717 10/10 0.00 5.5
E6HO 6 0 50 0.1226935182 0.1226935182 0.1226935182 10/10 0.00 2.4
E9H2 9 2 50 0.3689738179 0.3689738179 0.3689738179 10/10 0.00 19.5
E11HO 11 0 50 0.4368343737 0.4368343737 0.4368343737 10/10 0.00 11.7
E12HO0a 12 0 50 0.6225798476 0.6225798476 0.6225798476 10/10 0.00 9.8
E12HOb 12 0 50 0.4620855791 0.4620855791 0.4620855791 10/10 0.00 42.6
E12H2 12 2 50 0.4448612715 0.4448612715 0.4448612715 10/10 0.00 15.7
E18HO 18 0 50 0.7877071509 0.7877071509 0.7877071509 10/10 0.00 13.3
E20H1 20 1 50 0.4137431060 0.4137431060 0.4137431060 10/10 0.00 29.4
E20H2 20 2 50 0.6402224988 0.6402224988 0.6402224988 10/10 0.00 19.4
E23H1 23 1 50 0.4005485124 0.4005485124 0.4005485124 10/10 0.00 10.6
E27H1 27 1 50 0.4844567507 0.4844567507 0.4844567507 10/10 0.00 8.8
E44H1 44 1 50 0.5345742337 0.5345742337 0.5345742337 10/10 0.00 122.4
E59H1 59 1 50 0.0199947494 0.0199947494 0.0199947494 10/10 0.00 111.8
E4HOa 4 0 100 0.0514010718 0.0514010718 0.0514010718 10/10 0.00 31.6
E4HOb 4 0 100 0.1978021937 0.1978021937 0.1978021937 10/10 0.00 110.5
E6HO 6 0 100 0.0882825264 0.0882825264 0.0882825264 10/10 0.00 77.1
E9H2 9 2 100 0.2801620820 0.2801620820 0.2801620820 10/10 0.00 107.8
E11HO 11 0 100 0.3181468932 0.3181468932 0.3181468932 10/10 0.00 142.4
E12HOa 12 0 100 0.4517241097 0.4517241097 0.4517241097 10/10 0.00 565.2
E12HOb 12 0 100 0.3361308135 0.3361308135 0.3361308135 10/10 0.00 351.4
E12H2 12 2 100 0.3172501921 0.3172501921 0.3172501921 10/10 0.00 252.1
E18HO 18 0 100 0.5761713874 0.5761713874 0.5761713874 10/10 0.00 400.1
E20H1 20 1 100 0.2989547054 0.2989547054 0.2989547054 10/10 0.00 1120.8
E20H2 20 2 100 0.4733830176 0.4733830176 0.4733830176 10/10 0.00 175.2
E23H1 23 1 100 0.2896330498 0.2896316545 0.2896216366 5/10 3.35E-06 2162.0
E27H1 27 1 100 0.3541756870 0.3541756870 0.3541756870 10/10 0.00 362.5
E44H1 44 1 100 0.3907223295 0.3907223295 0.3907223295 10/10 0.00 565.0
E59H1 59 1 100 0.0150349633 0.0150349588 0.0150349406 8/10 9.09E-09 1541.7
E4HOa 4 0 150 0.0421454577 0.0421454454 0.0421453344 9/10 3.70E-08 2062.1
E4HOb 4 0 150 0.1636890708 0.1636890708 0.1636890708 10/10 0.00 805.5
E6HO 6 0 150 0.0725873025 0.0725873025 0.0725873025 10/10 0.00 921.9
E9H2 9 2 150 0.2333481422 0.2333481422 0.2333481422 10/10 0.00 2878.0
E11HO 11 0 150 0.2628105627 0.2628104872 0.2628102971 7/10 1.15E-07 5247.1
E12HOa 12 0 150 0.3730487798 0.3730484422 0.3730454043 9/10 1.01E-06 4207.5
E12HO0b 12 0 150 0.2783387066 0.2783387066 0.2783387066 10/10 0.00 1504.2
E12H2 12 2 150 0.2636360626 0.2636360626 0.2636360626 10/10 0.00 1512.0
E18HO 18 0 150 0.4800573753 0.4800534988 0.4800437063 1/10 5.02E-06 4397.4
E20H1 20 1 150 0.2508905275 0.2508892317 0.2508853392 2/10 1.68E-06 4907.4
E20H2 20 2 150 0.3929380796 0.3929380796 0.3929380796 10/10 0.00 1000.7
E23H1 23 1 150 0.2425858370 0.2425856154 0.2425853361 2/10 1.79E-07 5166.3
E27H1 27 1 150 0.2930756336 0.2930447613 0.2929186640 7/10 5.24E-05 4199.4
E44H1 44 1 150 0.3253697234 0.3253657613 0.3253339089 2/10 1.06E-05 4159.2
E59H1 59 1 150 0.0126021266 0.0125992932 0.0125955719 1/10 1.58E-06 6371.8
E4HOa 4 0 200 0.0366127989 0.0366083653 0.0365930121 3/10 7.69E-06 8538.4
E4HOb 4 0 200 0.1429882126 0.1429882126 0.1429882126 10/10 0.00 4186.0
E6HO 6 0 200 0.0636129856 0.0636129856 0.0636129856 10/10 0.00 7224.2
E9H2 9 2 200 0.2051780567 0.2051759042 0.2051720545 1/10 1.85E-06 8318.8
E11HO 11 0 200 0.2300479293 0.2300479293 0.2300479293 10/10 0.00 1821.3
E12HO0a 12 0 200 0.3303513838 0.3303506670 0.3303497622 5/10 7.63E-07 4106.0
E12HOb 12 0 200 0.2397150046 0.2397147555 0.2397145332 3/10 1.81E-07 7345.3
E12H2 12 2 200 0.2334870331 0.2334801734 0.2334692402 1/10 7.44E-06 10673.5
E18HO 18 0 200 0.4191458163 0.4190839637 0.4189449983 2/10 6.27E-05 12150.4
E20H1 20 1 200 0.2172791061 0.2172676640 0.2172289079 1/10 1.42E-05 10461.0
E20H2 20 2 200 0.3447056183 0.3446855508 0.3446820377 1/10 6.79E-06 9201.7
E23H1 23 1 200 0.2102037845 0.2101661510 0.2101431359 1/10 1.99E-05 11331.5
E27H1 27 1 200 0.2595897715 0.2595486576 0.2595101870 1/10 3.16E-05 9821.7
E44H1 44 1 200 0.2816788437 0.2815233736 0.2814098733 1/10 7.34E-05 12057.6
E59H1 59 1 200 0.0111178733 0.0111156356 0.0111114885 1/10 1.72E-06 10219.1
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Table 2 Computational results of the TSGO algorithm on 45 complicated instances with boundary constraints.

Instance TSGO (This work)

Container |E| |H| P Rpest Raug Ruyorst SR o time(s)
E101H2 101 2 100 0.5131508522 0.5131508522 0.5131508522 10/10 0.00 1397.0
E101H3 101 3 100 0.7238846144 0.7238775278 0.7238753902 2/10 3.65E-06 2268.4
E106H3 106 3 100 0.6039167191 0.6039165094 0.6039146219 9/10 6.29E-07 1982.0
E106H5 106 5 100 0.5332531100 0.5331975141 0.5331581027 1/10 2.55E-05 2813.1
E107H3 107 3 100 1.1937852368 1.1937852368 1.1937852368 10/10 0.00 690.6
E120H3 120 3 100 0.8773789961 0.8773533279 0.8773503983 1/10 8.56E-06 1495.2
E172H4 172 4 100 0.4001953141 0.4001905629 0.4001790263 5/10 6.44E-06 2856.6
E193H1 193 1 100 0.8969499567 0.8966769264 0.8963631269 1/10 1.95E-04 2435.9
E196H5 196 5 100 0.4756223520 0.4756214961 0.4756137936 9/10 2.57TE-06 1817.9
E203H3 203 3 100 0.2964789245 0.2957012517 0.2950784493 1/10 3.95E-04 3460.3
E60H1 60 1 100 0.1389364842 0.1389224366 0.1389060989 3/10 1.20E-05 2364.9
E81H3 81 3 100 0.4596304590 0.4596270833 0.4596199620 5/10 3.63E-06 2565.6
E82H3 82 3 100 0.4239299929 0.4239299929 0.4239299929 10/10 0.00 1585.3
E84H3 84 3 100 0.4320481250 0.4320481250 0.4320481250 10/10 0.00 1163.4
E93H4 93 4 100 0.5936444451 0.5936093706 0.5935254279 1/10 4.51E-05 2503.9
E101H2 101 2 150 0.4246301877 0.4245517063 0.4244364627 1/10 6.42E-05 5233.0
E101H3 101 3 150 0.6022981927 0.6022931886 0.6022903843 1/10 2.51E-06 5311.9
E106H3 106 3 150 0.4996758005 0.4995933394 0.4994616507 1/10 7.46E-05 6205.4
E106H5 106 5 150 0.4444091109 0.4443309623 0.4442520370 1/10 4.18E-05 5681.8
E107H3 107 3 150 0.9872881106 0.9872064963 0.9870158687 1/10 8.05E-05 5813.1
E120H3 120 3 150 0.7306445570 0.7306432422 0.7306324040 8/10 3.62E-06 5624.6
E172H4 172 4 150 0.3332646035 0.3331663193 0.3330925105 1/10 4.18E-05 5907.3
E193H1 193 1 150 0.7409137632 0.7404794296 0.7389815314 1/10 5.26E-04 6926.1
E196H5 196 5 150 0.3997206613 0.3995365485 0.3988107216 1/10 2.65E-04 6546.5
E203H3 203 3 150 0.2512178335 0.2500754648 0.2483444155 1/10 9.41E-04 6987.4
E60H1 60 1 150 0.1151505241 0.1151269139 0.1151106888 1/10 1.08E-05 5677.9
E81H3 81 3 150 0.3802766660 0.3802496299 0.3801959565 1/10 2.89E-05 5473.0
E82H3 82 3 150 0.3490791105 0.3490722172 0.3490514816 2/10 9.80E-06 5087.5
E84H3 84 3 150 0.3579871420 0.3579385074 0.3577198430 3/10 8.18E-05 5645.2
E93H4 93 4 150 0.4948698733 0.4948247350 0.4947154867 1/10 4.19E-05 6173.2
E101H2 101 2 200 0.3708266880 0.3708085633 0.3708000494 2/10 1.01E-05 9235.6
E101H3 101 3 200 0.5271473970 0.5270959759 0.5268497538 1/10 9.64E-05 11894.7
E106H3 106 3 200 0.4384167531 0.4383871870 0.4383279802 1/10 2.87E-05 11821.2
E106H5 106 5 200 0.3910559351 0.3910204812 0.3909799396 1/10 2.56E-05 11785.9
E107H3 107 3 200 0.8601603145 0.8600083142 0.8597126848 1/10 1.69E-04 11456.7
E120H3 120 3 200 0.6352456666 0.6351595315 0.6350429648 1/10 5.28E-05 12337.9
E172H4 172 4 200 0.2938264340 0.2935365465 0.2933340360 1/10 1.54E-04 12277.3
E193H1 193 1 200 0.6497271655 0.6495499522 0.6494284771 1/10 1.19E-04 10798.2
E196H5 196 5 200 0.3532967101 0.3532569447 0.3531768106 1/10 3.09E-05 10726.4
E203H3 203 3 200 0.2233159947 0.2232194868 0.2231246243 1/10 5.38E-05 12856.2
E60H1 60 1 200 0.1002674230 0.1002478734 0.1002322688 1/10 1.02E-05 8220.7
E81H3 81 3 200 0.3322827528 0.3321969424 0.3321376262 1/10 4.86E-05 11181.5
E82H3 82 3 200 0.3045495631 0.3044844759 0.3044037274 1/10 4.26E-05 9352.3
E84H3 84 3 200 0.3144135487 0.3143854408 0.3143467468 1/10 2.24E-05 12855.1
E93H4 93 4 200 0.4323742595 0.4322075414 0.4318942208 1/10 1.55E-04 12831.8

This section reports the detailed computational results of the TSGO, BH* and MBH*
algorithms for the continuous p-dispersion problem with the boundary constraints (i.e.,
the equal circle packing problem). Tables 1-2 give the detailed computational results of
the TSGO respectively for two sets of instances, where the first set contains 60 relatively
simple instances and the second set contains 45 complicated instances. Tables 3—4 give
the results of the BH* algorithm, and Tables 5-6 give the results of the MBH* algorithm.

The first three columns of the tables respectively indicate the names of container, the
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Table 3 Computational results of the BH* algorithm on 60 simple instances with boundary constraints.

Instance Basin-hopping
Container |E| |H| P Rpest Rauvg Ruworst SR o time(s)
E4HOa 4 0 50 0.0713771039 0.0713771039 0.0713771039 10/10 0.00 5.3
E4HOb 4 0 50 0.2721671717 0.2721671717 0.2721671717 10/10 0.00 9.4
E6HO 6 0 50 0.1226935182 0.1226935182 0.1226935182 10/10 0.00 2.9
E9H2 9 2 50 0.3686157489 0.3634125564 0.3572806998 1/10 2.87E-03 27.1
E11HO 11 0 50 0.4368343737 0.4357490250 0.4337620103 1/10 1.02E-03 40.7
E12HO0a 12 0 50 0.6225798476 0.6225642581 0.6225027784 5/10 2.43E-05 29.4
E12HOb 12 0 50 0.4620855791 0.4619205142 0.4618509975 2/10 8.77E-05 29.4
E12H2 12 2 50 0.4448612715 0.4448604939 0.4448597163 1/10 3.48E-07 13.0
E18HO 18 0 50 0.7877071509 0.7877071509 0.7877071509 10/10 0.00 14.0
E20H1 20 1 50 0.4137431060 0.4137379287 0.4137333919 4/10 4.31E-06 18.3
E20H2 20 2 50 0.6402224988 0.6402224988 0.6402224988 10/10 0.00 20.2
E23H1 23 1 50 0.4005485124 0.4005485124 0.4005485124 10/10 0.00 9.0
E27H1 27 1 50 0.4844567507 0.4843452715 0.4840050329 7/10 1.81E-04 23.8
E44H1 44 1 50 0.5345742337 0.5344076418 0.5342642960 1/10 1.14E-04 36.2
E59H1 59 1 50 0.0199320353 0.0198443767 0.0197552772 1/10 3.95E-05 31.0
E4HOa 4 0 100 0.0514010718 0.0514010668 0.0514010216 9/10 1.51E-08 125.1
E4HOb 4 0 100 0.1978021937 0.1978021937 0.1978021937 10/10 0.00 72.1
E6HO 6 0 100 0.0882825264 0.0882825264 0.0882825264 10/10 0.00 161.3
E9H2 9 2 100 0.2801620820 0.2801620820 0.2801620820 10/10 0.00 788.2
E11HO 11 0 100 0.3181468932 0.3181468837 0.3181468775 4/10 7.70E-09 130.2
E12HOa 12 0 100 0.4517241097 0.4517241097 0.4517241097 10/10 0.00 934.5
E12HO0b 12 0 100 0.3361308135 0.3361308135 0.3361308135 10/10 0.00 85.4
E12H2 12 2 100 0.3172501921 0.3172493170 0.3172472749 7/10 1.34E-06 1551.5
E18HO 18 0 100 0.5761713874 0.5761713874 0.5761713874 10/10 0.00 964.0
E20H1 20 1 100 0.2989547054 0.2989526815 0.2989506483 5/10 2.02E-06 1710.7
E20H2 20 2 100 0.4733830176 0.4733823640 0.4733801150 4/10 8.23E-07 708.5
E23H1 23 1 100 0.2896330498 0.2896299959 0.2896216366 4/10 4.48E-06 1791.0
E27H1 27 1 100 0.3541756870 0.3541756870 0.3541756870 10/10 0.00 216.2
E44H1 44 1 100 0.3907223295 0.3907223295 0.3907223295 10/10 0.00 1224.5
E59H1 59 1 100 0.0150349633 0.0150334227 0.0150292503 2/10 2.30E-06 2278.6
E4HOa 4 0 150 0.0421454577 0.0421453491 0.0421453344 1/10 3.69E-08 916.6
E4HOb 4 0 150 0.1636890708 0.1636890465 0.1636890405 2/10 1.21E-08 1177.0
E6HO 6 0 150 0.0725873025 0.0725872801 0.0725870787 9/10 6.72E-08 2162.5
E9H2 9 2 150 0.2333481422 0.2333137881 0.2332328075 2/10 3.81E-05 3948.0
E11HO 11 0 150 0.2628105627 0.2628082575 0.2627995664 3/10 3.67E-06 3421.3
E12HOa 12 0 150 0.3730487798 0.3730279634 0.3729689162 4/10 2.90E-05 3376.0
E12HOb 12 0 150 0.2783387066 0.2783385307 0.2783382260 4/10 2.02E-07 633.7
E12H2 12 2 150 0.2636360626 0.2636357700 0.2636338518 3/10 6.67E-07 2423.6
E18HO 18 0 150 0.4800548333 0.4800409940 0.4800160364 1/10 1.07E-05 4243.1
E20H1 20 1 150 0.2508850879 0.2508718500 0.2508473809 1/10 1.25E-05 3255.3
E20H2 20 2 150 0.3929380796 0.3929376328 0.3929355544 5/10 7.30E-07 2080.1
E23H1 23 1 150 0.2425848102 0.2425745664 0.2425624936 1/10 7.22E-06 3129.5
E27H1 27 1 150 0.2930400468 0.2929020446 0.2928217394 1/10 6.80E-05 2688.1
E44H1 44 1 150 0.3253694621 0.3253445564 0.3253234180 1/10 2.05E-05 3134.0
E59H1 59 1 150 0.0126020291 0.0125991512 0.0125946799 1/10 1.95E-06 4814.0
E4HOa 4 0 200 0.0366127743 0.0366045964 0.0365929910 1/10 9.47E-06 7416.6
E4HOb 4 0 200 0.1429882126 0.1429867411 0.1429851295 2/10 1.24E-06 7355.0
E6HO 6 0 200 0.0636129856 0.0636129785 0.0636129592 7/10 1.09E-08 4370.0
E9H2 9 2 200 0.2051749126 0.2051581717 0.2051371586 1/10 1.18E-05 7671.1
E11HO 11 0 200 0.2300479293 0.2300475234 0.2300462181 7/10 6.35E-07 6865.2
E12HOa 12 0 200 0.3303497674 0.3303312676 0.3303044960 1/10 1.62E-05 10572.9
E12HO0b 12 0 200 0.2397150105 0.2397144563 0.2397141176 1/10 2.51E-07 1550.0
E12H2 12 2 200 0.2334882838 0.2334860073 0.2334799229 1/10 2.15E-06 6242.4
E18HO 18 0 200 0.4190034532 0.4188462333 0.4186487620 1/10 1.05E-04 9323.8
E20H1 20 1 200 0.2172626068 0.2172200262 0.2171481115 1/10 4.02E-05 5994.6
E20H2 20 2 200 0.3446792546 0.3446675117 0.3446425598 1/10 1.04E-05 7744.7
E23H1 23 1 200 0.2101428378 0.2101305311 0.2101131861 1/10 1.02E-05 5201.6
E27H1 27 1 200 0.2595897715 0.2595276865 0.2593957750 1/10 5.92E-05 6017.7
E44H1 44 1 200 0.2813674161 0.2812891330 0.2811962338 1/10 5.41E-05 8308.3
E59H1 59 1 200 0.0111175198 0.0111155130 0.0111133976 1/10 1.32E-06 10174.0
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Table 4 Computational results of the BH* algorithm on 45 complicated instances with boundary constraints.
Instance Basin-hopping
Container |E| |H| P Rpest Rauvg Ruyorst SR o time(s)
E101H2 101 2 100 0.5131508522 0.5131462111 0.5131387318 1/10 3.47E-06 1608.6
E101H3 101 3 100 0.7236466019 0.7233832936 0.7231338721 1/10 1.52E-04 2331.5
E106H3 106 3 100 0.6039146219 0.6037780899 0.6033798239 2/10 1.44E-04 2398.2
E106H5 106 5 100 0.5322579826 0.5308443285 0.5296996479 1/10 7.64E-04 2148.6
E107H3 107 3 100 1.1937852368 1.1937852368 1.1937852368 10/10 0.00 1042.3
E120H3 120 3 100 0.8773504855 0.8772410287 0.8768077425 4/10 2.17E-04 1791.1
E172H4 172 4 100 0.4001953141 0.4001810712 0.4001767418 1/10 5.19E-06 1477.4
E193H1 193 1 100 0.8960463038 0.8953314693 0.8941600123 1/10 4.98E-04 1892.2
E196H5 196 5 100 0.4727866982 0.4709323222 0.4705322320 1/10 8.08E-04 1672.7
E203H3 203 3 100 0.2954793213 0.2932913997 0.2920748608 1/10 1.10E-03 1477.2
E60H1 60 1 100 0.1389364842 0.1389127305 0.1388932970 1/10 1.16E-05 1934.4
E81H3 81 3 100 0.4596181712 0.4595817333 0.4595293464 1/10 2.85E-05 2180.0
E82H3 82 3 100 0.4239063629 0.4238394299 0.4237861413 1/10 3.33E-05 2403.8
E84H3 84 3 100 0.4320481250 0.4320481250 0.4320481250 10/10 0.00 1026.5
E93H4 93 4 100 0.5936319873 0.5934827880 0.5931926460 1/10 1.33E-04 2473.0
E101H2 101 2 150 0.4246039525 0.4245003932 0.4244055027 1/10 7.00E-05 2861.5
E101H3 101 3 150 0.6022903843 0.6022903843 0.6022903843 10/10 0.00 3008.7
E106H3 106 3 150 0.4994823977 0.4994604604 0.4994208894 2/10 1.61E-05 5303.1
E106H5 106 5 150 0.4443063213 0.4441837084 0.4439883475 1/10 9.66E-05 4432.4
E107H3 107 3 150 0.9872584433 0.9871599470 0.9870806370 1/10 7.38E-05 4702.7
E120H3 120 3 150 0.7306445570 0.7306208580 0.7305410419 1/10 4.00E-05 4428.5
E172H4 172 4 150 0.3331491441 0.3330541489 0.3328827019 1/10 8.96E-05 4090.3
E193H1 193 1 150 0.7408977499 0.7406671323 0.7405158861 1/10 1.35E-04 5038.0
E196H5 196 5 150 0.3973150431 0.3955168408 0.3942261920 1/10 1.10E-03 4484.6
E203H3 203 3 150 0.2501434557 0.2495857093 0.2483444155 1/10 5.47E-04 3406.5
E60H1 60 1 150 0.1151603319 0.1151416702 0.1151321382 1/10 9.08E-06 3730.0
E81H3 81 3 150 0.3801972735 0.3801341086 0.3800693193 1/10 3.25E-05 3938.4
E82H3 82 3 150 0.3490790239 0.3490590187 0.3490261268 1/10 2.36E-05 2994.9
E84H3 84 3 150 0.3579755298 0.3578167382 0.3576707261 1/10 1.13E-04 5167.9
E93H4 93 4 150 0.4948046173 0.4947339911 0.4946839366 1/10 3.93E-05 4609.4
E101H2 101 2 200 0.3707706478 0.3706979030 0.3706596653 1/10 3.69E-05 10336.5
E101H3 101 3 200 0.5271335274 0.5268565459 0.5266142702 1/10 1.93E-04 9959.2
E106H3 106 3 200 0.4384135384 0.4383338932 0.4381814371 1/10 7.91E-05 11577.4
E106H5 106 5 200 0.3909836192 0.3909032381 0.3907981109 1/10 6.78E-05 10181.3
E107H3 107 3 200 0.8600500229 0.8598515845 0.8597461859 1/10 8.64E-05 10511.7
E120H3 120 3 200 0.6352015578 0.6349999088 0.6348730430 1/10 9.62E-05 9001.6
E172H4 172 4 200 0.2937985244 0.2936556747 0.2935399283 1/10 9.97E-05 10240.2
E193H1 193 1 200 0.6495304786 0.6493698892 0.6492518575 1/10 9.08E-05 9288.5
E196H5 196 5 200 0.3528640237 0.3526929504 0.3523534104 1/10 1.48E-04 9264.2
E203H3 203 3 200 0.2218022505 0.2214404497 0.2211647640 1/10 1.55E-04 9203.5
E60H1 60 1 200 0.1002412092 0.1002173527 0.1002054011 1/10 1.11E-05 9291.7
E81H3 81 3 200 0.3321541887 0.3320943976 0.3319899467 1/10 4.92E-05 6834.4
E82H3 82 3 200 0.3045767624 0.3044992578 0.3044429049 1/10 3.96E-05 9037.4
E84H3 84 3 200 0.3144020791 0.3143300047 0.3141287446 1/10 8.86E-05 11028.9
E93H4 93 4 200 0.4321912739 0.4320001139 0.4317981134 1/10 1.11E-04 9814.6

numbers of edges of polygonal container and the numbers of holes in the region, and the

fourth column gives the size of problem (p). The results of the corresponding algorithm

are given in columns 5-10, including the best objective value (Rpest) over 10 independent

runs, the average objective value (Rq.4), the worst objective value (Ryorst), the success rate

(SR) of obtaining the best objective value Ry, the standard deviation of objective values

obtained (o), and the average running time in seconds to obtain its final result (time(s))

for each run of the algorithm. In addition, Fig. 5 gives the geometrical configurations of

best solutions found in this work for 9 representative instances.
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Table 5 Computational results of the MBH"* algorithm on 60 simple instances with boundary constraints.

Instance MBH
Container |E| |H| P Rpest Raug Ruyorst SR o time(s)
E4HOa 4 0 50 0.0713771039 0.0713771039 0.0713771039 10/10 0.00 4.0
E4HOb 4 0 50 0.2721671717 0.2721671717 0.2721671717 10/10 0.00 5.4
E6HO 6 0 50 0.1226935182 0.1226935182 0.1226935182 10/10 0.00 4.0
E9H2 9 2 50 0.3656662863 0.3616720252 0.3566548400 1/10 2.61E-03 33.0
E11HO 11 0 50 0.4368343737 0.4365780965 0.4357715132 4/10 3.38E-04 30.4
E12HOa 12 0 50 0.6225798476 0.6225763213 0.6225445849 9/10 1.06E-05 31.7
E12HOb 12 0 50 0.4620855791 0.4618933105 0.4618376288 1/10 7.26E-05 24.3
E12H2 12 2 50 0.4448612715 0.4448608827 0.4448604939 5/10 3.89E-07 23.3
E18HO 18 0 50 0.7877071509 0.7877071509 0.7877071509 10/10 0.00 13.3
E20H1 20 1 50 0.4137431060 0.4137363551 0.4137333919 2/10 3.50E-06 16.9
E20H2 20 2 50 0.6402224988 0.6401546638 0.6395449671 8/10 2.03E-04 20.8
E23H1 23 1 50 0.4005485124 0.4005485124 0.4005485124 10/10 0.00 7.4
E27H1 27 1 50 0.4840050329 0.4840050329 0.4840050329 10/10 0.00 15.6
E44H1 44 1 50 0.5345665428 0.5342859578 0.5336099632 1/10 2.53E-04 36.3
E59H1 59 1 50 0.0198678555 0.0198127987 0.0197552311 1/10 4.44E-05 27.6
E4HOa 4 0 100 0.0514010718 0.0514010718 0.0514010718 10/10 0.00 231.4
E4HOb 4 0 100 0.1978021937 0.1978021937 0.1978021937 10/10 0.00 185.6
E6HO 6 0 100 0.0882825264 0.0882825264 0.0882825264 10/10 0.00 92.0
E9H2 9 2 100 0.2801620820 0.2798302518 0.2794630634 3/10 2.46E-04 2941.1
E11HO 11 0 100 0.3181468932 0.3181468853 0.3181468775 5/10 7.86E-09 276.7
E12HOa 12 0 100 0.4517241097 0.4517241097 0.4517241097 10/10 0.00 1200.6
E12HOb 12 0 100 0.3361308135 0.3361308135 0.3361308135 10/10 0.00 142.0
E12H2 12 2 100 0.3172501921 0.3172501921 0.3172501921 10/10 0.00 776.9
E18HO 18 0 100 0.5761713874 0.5761713874 0.5761713874 10/10 0.00 613.8
E20H1 20 1 100 0.2989547054 0.2989547054 0.2989547054 10/10 0.00 1544.6
E20H2 20 2 100 0.4733830079 0.4733827279 0.4733822983 6/10 3.51E-07 260.8
E23H1 23 1 100 0.2896330498 0.2896324594 0.2896271455 9/10 1.77E-06 1667.7
E27H1 27 1 100 0.3541756870 0.3541756870 0.3541756870 10/10 0.00 335.6
E44H1 44 1 100 0.3907223295 0.3907223295 0.3907223295 10/10 0.00 1066.9
E59H1 59 1 100 0.0150349633 0.0150349542 0.0150349406 6/10 1.11E-08 2077.0
E4HOa 4 0 150 0.0421454577 0.0421453491 0.0421453344 1/10 3.69E-08 1682.5
E4HOb 4 0 150 0.1636890405 0.1636890405 0.1636890405 10/10 0.00 1699.7
E6HO 6 0 150 0.0725873025 0.0725873025 0.0725873025 10/10 0.00 2177.9
E9H2 9 2 150 0.2333481422 0.2332790355 0.2331292927 3/10 7.44E-05 5324.0
E11HO 11 0 150 0.2628105627 0.2627997871 0.2627777167 1/10 1.32E-05 5268.9
E12HOa 12 0 150 0.3730487798 0.3730429057 0.3730115372 7/10 1.18E-05 4578.3
E12HOb 12 0 150 0.2783387066 0.2783384399 0.2783381591 2/10 1.90E-07 2081.5
E12H2 12 2 150 0.2636360626 0.2636228471 0.2635727378 3/10 2.14E-05 4563.1
E18HO 18 0 150 0.4800569423 0.4800544890 0.4800446523 1/10 3.51E-06 3928.7
E20H1 20 1 150 0.2508904348 0.2508899440 0.2508875776 2/10 8.04E-07 3335.0
E20H2 20 2 150 0.3929380796 0.3929379824 0.3929375939 8/10 1.94E-07 2313.4
E23H1 23 1 150 0.2425853555 0.2425802538 0.2425499672 1/10 1.05E-05 4884.8
E27H1 27 1 150 0.2930778541 0.2929866807 0.2928857460 1/10 7.59E-05 5448.3
E44H1 44 1 150 0.3253697234 0.3253641926 0.3253337514 1/10 1.04E-05 4020.1
E59H1 59 1 150 0.0126004282 0.0125977296 0.0125942582 1/10 2.10E-06 4983.6
E4HOa 4 0 200 0.0366127127 0.0365977879 0.0365837617 1/10 9.78E-06 9329.6
E4HOb 4 0 200 0.1429882126 0.1429880516 0.1429879687 3/10 1.06E-07 7036.3
E6HO 6 0 200 0.0636129856 0.0636129789 0.0636129632 7/10 1.03E-08 7340.8
E9H2 9 2 200 0.2051734607 0.2050920008 0.2050184327 1/10 5.92E-05 9089.7
E11HO 11 0 200 0.2300479269 0.2300465204 0.2300354350 8/10 3.73E-06 10117.1
E12HOa 12 0 200 0.3303513835 0.3303323760 0.3302731613 1/10 2.88E-05 13302.0
E12HO0b 12 0 200 0.2397149858 0.2397146114 0.2397142110 1/10 2.28E-07 2692.9
E12H2 12 2 200 0.2334869495 0.2334026236 0.2333424972 1/10 5.24E-05 9666.0
E18HO 18 0 200 0.4191417996 0.4190123862 0.4188161775 1/10 1.02E-04 11804.2
E20H1 20 1 200 0.2172697806 0.2172338832 0.2171686562 1/10 2.89E-05 13046.0
E20H2 20 2 200 0.3447052767 0.3446854835 0.3446778800 1/10 7.39E-06 9545.9
E23H1 23 1 200 0.2102077787 0.2101637466 0.2101163560 1/10 2.99E-05 11021.2
E27H1 27 1 200 0.2595897715 0.2595432008 0.2594498405 5/10 4.95E-05 10223.3
E44H1 44 1 200 0.2814511662 0.2814024292 0.2813687533 1/10 2.66E-05 10452.3
E59H1 59 1 200 0.0111161222 0.0111136582 0.0111100607 1/10 1.76 E-06 10668.5
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Table 6 Computational results of the MBH™ algorithm on 45 complicated instances with boundary constraints.
Instance MBH
Container |E| |H| P Rpest Rauvg Ruyworst SR o time(s)
E101H2 101 2 100 0.5131508522 0.5131375011 0.5130322996 3/10 3.51E-05 2676.4
E101H3 101 3 100 0.7238754116 0.7237614097 0.7235120559 1/10 1.54E-04 2611.4
E106H3 106 3 100 0.6039167191 0.6038959925 0.6037136472 7/10 6.08E-05 2397.7
E106H5 106 5 100 0.5328329107 0.5323526847 0.5312126077 1/10 5.06E-04 2869.1
E107H3 107 3 100 1.1937852368 1.1937852368 1.1937852368 10/10 0.00 604.6
E120H3 120 3 100 0.8773504855 0.8772947645 0.8768077425 6/10 1.62E-04 1857.0
E172H4 172 4 100 0.3970925656 0.3954351442 0.3916029705 1/10 1.78E-03 2578.8
E193H1 193 1 100 0.8970410179 0.8964794893 0.8961972146 1/10 2.77E-04 2572.5
E196H5 196 5 100 0.4652219431 0.4595169179 0.4543347868 1/10 3.38E-03 1804.4
E203H3 203 3 100 0.2892741421 0.2862528842 0.2818039493 1/10 2.37E-03 3476.9
E60H1 60 1 100 0.1389366502 0.1389155735 0.1389001085 1/10 1.30E-05 2501.5
E81H3 81 3 100 0.4596304590 0.4596304590 0.4596304590 10/10 0.00 2083.2
E82H3 82 3 100 0.4239299929 0.4239298328 0.4239291923 8/10 3.20E-07 1403.5
E84H3 84 3 100 0.4320481250 0.4320481250 0.4320481250 10/10 0.00 1145.2
E93H4 93 4 100 0.5936386605 0.5936305684 0.5936202818 1/10 4.78E-06 2722.0
E101H2 101 2 150 0.4246094078 0.4244980399 0.4244080511 1/10 6.59E-05 5945.0
E101H3 101 3 150 0.6022967719 0.6022689505 0.6020687695 2/10 6.68E-05 5440.3
E106H3 106 3 150 0.4996271982 0.4992973653 0.4983357367 1/10 3.45E-04 6155.2
E106H5 106 5 150 0.4444220001 0.4442980251 0.4442403628 1/10 6.28E-05 6090.1
E107H3 107 3 150 0.9872061372 0.9871103817 0.9869386607 1/10 7.77TE-05 5692.9
E120H3 120 3 150 0.7306445568 0.7303939124 0.7299580764 2/10 2.72E-04 5945.4
E172H4 172 4 150 0.3331649258 0.3331410341 0.3330710559 2/10 2.55E-05 5954.0
E193H1 193 1 150 0.7409843995 0.7405549328 0.7400004318 1/10 2.59E-04 6112.8
E196H5 196 5 150 0.3971790864 0.3959672532 0.3929897609 1/10 1.29E-03 6055.5
E203H3 203 3 150 0.2483444155 0.2473432994 0.2449480525 3/10 1.08E-03 5544.1
E60H1 60 1 150 0.1151655673 0.1151512904 0.1151400557 1/10 6.82E-06 4639.9
E81H3 81 3 150 0.3802772848 0.3802365212 0.3801608921 1/10 3.94E-05 4912.3
E82H3 82 3 150 0.3490480371 0.3490358746 0.3490324492 2/10 6.08E-06 4886.6
E84H3 84 3 150 0.3579715432 0.3578566666 0.3577256969 1/10 9.31E-05 5453.8
E93H4 93 4 150 0.4949205191 0.4948543190 0.4947966163 1/10 4.22E-05 6143.9
E101H2 101 2 200 0.3708004504 0.3706963168 0.3705426420 1/10 9.21E-05 12444.9
E101H3 101 3 200 0.5268009361 0.5265542452 0.5262630474 1/10 1.91E-04 11027.1
E106H3 106 3 200 0.4384076393 0.4382993999 0.4380720423 1/10 9.62E-05 12067.6
E106H5 106 5 200 0.3909721826 0.3908447285 0.3907593101 1/10 6.44E-05 13431.8
E107H3 107 3 200 0.8601675879 0.8600649578 0.8597594956 1/10 1.32E-04 11941.6
E120H3 120 3 200 0.6352180420 0.6351366779 0.6349540662 1/10 7.72E-05 11122.8
E172H4 172 4 200 0.2938115968 0.2935779286 0.2933022486 1/10 1.77E-04 12560.0
E193H1 193 1 200 0.6496346640 0.6494441862 0.6493282527 1/10 7.93E-05 11664.1
E196H5 196 5 200 0.3532782171 0.3529051796 0.3524081717 1/10 2.09E-04 12676.7
E203H3 203 3 200 0.2230280767 0.2218444831 0.2213785287 1/10 5.53E-04 11169.2
E60H1 60 1 200 0.1002605523 0.1002302451 0.1002059940 1/10 1.44E-05 11051.1
E81H3 81 3 200 0.3322738793 0.3321386094 0.3320064877 1/10 7.22B-05 12811.5
E82H3 82 3 200 0.3045651214 0.3044837034 0.3044114861 1/10 4.78E-05 11140.6
E84H3 84 3 200 0.3143943149 0.3142707651 0.3141422594 1/10 8.67E-05 11265.4
E93H4 93 4 200 0.4321330929 0.4318109785 0.4315437465 1/10 1.82E-04 12904.3

3. Detailed computational results on the continuous p-dispersion
problem without boundary constraint

This section reports the detailed computational results of TSGO, BH* and MBH* for the

continuous p-dispersion problem without boundary constraint (i.e., the point arrangement

problem). The results of the TSGO algorithm are summarized in Tables 7-8 respectively for

two sets of benchmark instances, where the symbols are the same as in the previous tables.

The results of the BH* algorithm are summarized in Tables 9-10, and the results of the

MBH* algorithm are summarized in Tables 11-12. In addition, Fig. 6 gives the geometrical

configurations of best solutions found in this work for 9 representative instances.
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Table 7 Computational results of the TSGO algorithm on 30 simple instances without boundary constraint.

Instance TSGO (This work)
Contamer [E] AT 7 Dioet Davg Doorar SR 5 Timels)
E4HOa 4 0 50 0.1664988509 0.1664988509 0.1664988509 10/10 0.00 180.5
E4HOb 4 0 50 0.7232436230 0.7232436230 0.7232436230 10/10 0.00 739.5
E6HO 6 0 50 0.2933786207 0.2933780098 0.2933779419 1/10 1.02E-07 19.1
E9H2 9 2 50 1.1252199453 1.1252199453 1.1252199453 10/10 0.00 901.6
E11HO 11 0 50 1.1330657353 1.1330657353 1.1330657353 10/10 0.00 1013.1
E12HOa 12 0 50 1.6364303754 1.6364303754 1.6364303754 10/10 0.00 616.7
E12HOb 12 0 50 1.1512460802 1.1512460802 1.1512460802 10/10 0.00 1116.5
E12H2 12 2 50 1.2090410970 1.2090410970 1.2090410970 10/10 0.00 779.9
E18HO 18 0 50 2.2664436736 2.2664436736 2.2664436736 10/10 0.00 1068.9
E20H1 20 1 50 1.1494074146 1.1492486621 1.1478238181 7/10 2.37E-04 1488.1
E20H2 20 2 50 1.7642062877 1.7642062866 1.7642062831 10/10 0.00 460.2
E23H1 23 1 50 1.0945028103 1.0944875530 1.0943526665 7/10 2.25E-05 2122.1
E27H1 27 1 50 1.3363883975 1.3363490513 1.3359949361 9/10 5.90E-05 1020.2
E44H1 44 1 50 1.4231184848 1.4231165211 1.4231119392 7/10 1.50E-06 1865.9
E59H1 59 1 50 0.0625365968 0.0625045164 0.0624105491 1/10 1.78E-05 1706.7
E4HOa 4 0 100 0.1145682248 0.1145670435 0.1145631122 2/10 8.87E-07 5158.0
E4HOb 4 0 100 0.4826373801 0.4826359562 0.4826303355 5/10 1.03E-06 4267.0
E6HO 6 0 100 0.1998574281 0.1998568131 0.1998543437 8/10 6.17E-07 5872.6
E9H2 9 2 100 0.7511278062 0.7505626930 0.7496910108 1/10 2.22E-04 8439.7
E11HO 11 0 100 0.7656953424 0.7656381539 0.7655095383 1/10 2.59E-05 5744.0
E12HOa 12 0 100 1.1078034265 1.1077925638 1.1076947990 9/10 1.63E-05 8483.8
E12HOb 12 0 100 0.7755043306 0.7754471255 0.7754149644 2/10 1.88E-05 3320.2
E12H2 12 2 100 0.8146928310 0.8145986367 0.8142894851 3/10 7.75E-05 6330.5
E18HO0 18 0 100 1.4928956213 1.4920205838 1.4906975757 1/10 3.49E-04 8936.5
E20H1 20 1 100 0.7640895485 0.7638340934 0.7634178672 1/10 9.61E-05 8420.7
E20H2 20 2 100 1.1842695666 1.1842567749 1.1842401334 2/10 5.13E-06 6673.3
E23H1 23 1 100 0.7211499167 0.7207608891 0.7202295349 2/10 1.74E-04 7346.7
E27H1 27 1 100 0.9088386700 0.9087282509 0.9079030060 4/10 1.38E-04 7385.1
E44H1 44 1 100 0.9656074713 0.9649732229 0.9635173694 1/10 3.46E-04 10796.5
E59H1 59 1 100 0.0424207994 0.0423973095 0.0423371213 1/10 1.33E-05 7539.1

Table 8 Computational results of the TSGO algorithm on 45 complicated instances without boundary

constraint.
Instance TSGO (This work)
Container [F] [H] P Dpest Davg Dworst SR o time(s)
E101H2 101 2 50 1.9296611433 1.9290832147 1.9260122914 6/10 5.64E-04 2716.6
E101H3 101 3 50 2.7597012147 2.7583284264 2.7500455113 8/10 1.51E-03 1522.4
E106H3 106 3 50 2.2785596163 2.2757095844 2.2735971160 1/10 9.59E-04 2635.2
E106H5 106 5 50 2.1503429086 2.1495595896 2.1482859621 4/10 3.47E-04 2788.9
E107H3 107 3 50 4.3776888646 4.3764749744 4.3676150769 7/10 1.49E-03 2774.0
E120H3 120 3 50 3.3711157887 3.3707419523 3.3688833673 5/10 3.22E-04 2084.6
E172H4 172 4 50 1.6083403888 1.6079020027 1.6062504085 5/10 3.43E-04 2573.1
E193H1 193 1 50 3.4931672197 3.4849529684 3.4732117898 1/10 2.68E-03 1422.9
E196H5 196 5 50 2.1525660024 2.1420151416 2.1257351904 1/10 4.21E-03 3887.8
E203H3 203 3 50 1.2963445060 1.2950615485 1.2913780638 3/10 7.32E-04 2812.4
E60H1 60 1 50 0.5509805177 0.5509709816 0.5509397844 6/10 7.91E-06 1875.4
E81H3 81 3 50 1.6902021702 1.6900946298 1.6898437021 7/10 8.21E-05 2245.0
E82H3 82 3 50 1.5477286761 1.5464949834 1.5433672155 1/10 7.17TE-04 2686.8
E84H3 84 3 50 1.6205855793 1.6205050592 1.6201584144 5/10 7.57TE-05 2096.3
E93H4 93 4 50 2.4096068833 2.4057504187 2.3995648727 2/10 1.73E-03 2549.6
E101H2 101 2 100 1.2833642210 1.2822230393 1.2811424026 1/10 3.34E-04 10678.4
E101H3 101 3 100 1.8527605603 1.8496615212 1.8473991377 1/10 9.04E-04 10525.8
E106H3 106 3 100 1.5397160821 1.5382859065 1.5367187289 1/10 4.45E-04 10505.0
E106H5 106 5 100 1.4471430022 1.4460133622 1.4435874200 1/10 6.64E-04 9858.7
E107H3 107 3 100 2.9423829506 2.9397676542 2.9356166933 1/10 1.17E-03 9959.0
E120H3 120 3 100 2.2581001199 2.2535581665 2.2504824507 1/10 1.11E-03 11658.0
E172H4 172 4 100 1.0759548576 1.0736695957 1.0710510662 1/10 8.86E-04 12042.6
E193H1 193 1 100 2.3343111553 2.3287152398 2.3192866300 2/10 2.53E-03 7972.2
E196H5 196 5 100 1.4209052194 1.4128738037 1.4083978659 1/10 1.62E-03 12567.9
E203H3 203 3 100 0.8557972355 0.8544934583 0.8525183466 1/10 4.62E-04 7296.4
E60H1 60 1 100 0.3582993202 0.3580180655 0.3577563662 1/10 8.46E-05 7573.0
E81H3 81 3 100 1.1485321215 1.1479214956 1.1469500706 1/10 2.45E-04 4950.3
E82H3 82 3 100 1.0474228732 1.0471543246 1.0470037558 1/10 6.41E-05 8110.2
E84H3 84 3 100 1.0871845694 1.0863459158 1.0841220576 1/10 4.42E-04 10003.2
E93H4 93 4 100 1.5937588256 1.5930971364 1.5900537773 1/10 5.18E-04 12201.4
E101H2 101 2 150 1.0175701224 1.0163457379 1.0153537781 1/10 3.85E-04 24165.8
E101H3 101 3 150 1.4758619447 1.4748651219 1.4739416150 1/10 3.29E-04 19676.8
E106H3 106 3 150 1.2316898249 1.2296099299 1.2267879837 1/10 7.42E-04 20253.7
E106H5 106 5 150 1.1389649453 1.1373346074 1.1361706108 1/10 4.24E-04 14919.8
E107H3 107 3 150 2.3574562564 2.3532942920 2.3477191885 1/10 1.51E-03 23193.7
E120H3 120 3 150 1.8007023797 1.7959811597 1.7913526206 1/10 1.25E-03 24401.7
E172H4 172 4 150 0.8516701412 0.8510752628 0.8504897298 1/10 1.76 E-04 22075.5
E193H1 193 1 150 1.8630694963 1.8562745973 1.8529781995 1/10 1.81E-03 25078.5
E196H5 196 5 150 1.1096389040 1.1045592005 1.0996482711 1/10 1.47E-03 26994.1
E203H3 203 3 150 0.6828531990 0.6802848226 0.6787715690 1/10 5.62E-04 12261.9
E60H1 60 1 150 0.2829748122 0.2827246206 0.2825256834 1/10 5.87E-05 23385.7
E81H3 81 3 150 0.9163973051 0.9149487359 0.9134319129 1/10 3.98E-04 22917.4
E82H3 82 3 150 0.8321274553 0.8314888335 0.8307940763 1/10 1.76 E-04 22437.6
E84H3 84 3 150 0.8629057017 0.8620988622 0.8609983138 1/10 3.14E-04 21476.5
E93H4 93 4 150 1.2604568525 1.2595900730 1.2577228575 1/10 4.25E-04 19305.2




Lai, Lin, Hao and Wu: Solving the CpDP problems in a non-convex multiply-connected region

Article submitted to INFORMS Journal on Computing; manuscript no. JOC-2023-03-OA-0089

15

Table 9 Computational results of the BH* algorithm on 30 simple instances without boundary constraint.
Instance Basin-hopping

Container [E] T[H[ p Dyest Davg Dworst SR o time(s)
B4H0a 4 0 50 0.1664988509 0.1664988509 0.1664988509 10/10 _ 0.00 235.0
E4HOb 4 0 50 0.7232436230 0.7232436230 0.7232436230 10/10  0.00 1409.8
E6HO 6 0 50 0.2933779419 0.2933779419 0.2933779419 10/10  0.00 36.4
E9H2 9 2 50 1.1252199453 1.1250991089 1.1241573407 8/10 1.58E-04 1762.4
E11HO 110 50 1.1330657353 1.1330162295 1.1328182064 8/10 4.95E-05 1060.2
E12H0a 12 0 50 1.6364303754 1.6364303754 1.6364303754 10/10  0.00 1467.9
E12HO0b 12 0 50 1.1512460802 1.1512460802 1.1512460802 10/10  0.00 244.7
E12H2 12 2 50 1.2090410970 1.2089809516 1.2089357034 4/10 2.47E-05 1317.2
E18HO 18 0 50 2.2664436736 2.2664388856 2.2664277138 7/10 3.66E-06 880.0
E20H1 20 1 50 1.1494074146 1.1487617666 1.1474782420 6/10 4.03E-04 999.7
E20H2 20 2 50 1.7642062858 1.7640056517 1.7638036026 5/10 1.00E-04 1178.0
E23H1 23 1 50 1.0945028103 1.0944768737 1.0943314661 7/10 2.75E-05 771.0
E27H1 4 1 50 1.3363883975 1.3353178683 1.3341503446 2/10 3.76E-04 1600.3
E44H1 27 1 50 1.4231184848 1.4229226152 1.4226789226 2/10 7.20E-05 1711.4
E59H1 59 1 50 0.0625113933 0.0624453409 0.0623820199 1/10 2.30E-05 2104.1
E4H0a 4 0 100 0.1145681001 0.1145662184 0.1145628786 2/10 8.41E-07 5491.1
E4HOb 4 0 100 0.4826373801 0.4826356082 0.4826285040 7/10 1.58E-06 5426.4
E6HO 6 0 100 0.1998574337 0.1998560311 0.1998543373 4/10 7.06E-07 4811.3
E9H2 9 2 100 0.7494661035 0.7478403599 0.7460060656 1/10 5.88E-04 8130.4
E11HO 110 100 0.7655396868 0.7652491178 0.7648781012 1/10 1.19E-04 5013.9
E12H0a 12 0 100 1.1078034265 1.1077982675 1.1077640795 7/10 5.86E-06 5830.0
E12HO0b 12 0 100 0.7755043144 0.7754464078 0.7751726491 2/10 4.76E-05 5436.0
E12H2 12 2 100 0.8146928310 0.8143454056 0.8138911318 2/10 1.61E-04 5445.7
E18HO 18 0 100 1.4913313807 1.4902461911 1.4881580646 1/10 5.01E-04 4922.2
E20H1 20 1 100 0.7639769482 0.7636734678 0.7630778453 1/10 1.33E-04 4749.2
E20H2 20 2 100 1.1842551290 1.1829491272 1.1806416366 1/10 6.61E-04 6246.5
E23H1 23 1 100 0.7209507423 0.7196800678 0.7186048229 1/10 3.35E-04 7233.2
BE27H1 27 1 100 0.9087618011 0.9063990417 0.9049753033 1/10 5.31E-04 7206.3
E44H1 4 1 100 0.9655365849 0.9633779411 0.9626444341 1/10 4.36E-04 10230.6
E59H1 59 1 100 0.0424090996 0.0423971176 0.0423592941 1/10 8.59E-06 5309.8

Table 10 Computational results of the BH" algorithm on 45 complicated instances without boundary

constraint.
Instance Basin-hopping

Container [E] [H] D Dpest Davg Doworst SR o time(s)
B101H2 01 2 50 1.9294792183 17373305150 0.9582699256 T/10 T.66E-01 3576.2
E101H3 101 3 50 2.7597012147 2.7579227475 2.7542749209 6/10 1.10E-03 1911.0
E106H3 106 3 50 2.2760303651 22721291472 2.2656263048 1/10 1.77E-03 1953.8
E106H5 106 5 50 2.1492581495 2.1474806367 2.1443049302 2/10 9.70E-04 2444.3
E107H3 107 3 50 4.3776888646 4.3744222239 4.3665051231 1/10 1.99E-03 2741.0
E120H3 120 3 50 3.3713160251 3.3694128674 3.3688833673 1/10 4.61E-04 2240.0
E172H4 172 4 50 1.6086033153 1.6073993775 1.6058290113 1/10 4.27E-04 2078.2
E193H1 193 1 50 3.4885688530 3.4809669506 3.4737344936 1/10 1.92E-03 1918.0
E196H5 196 5 50 2.1462437211 2.1393500463 2.1258826241 1/10 3.13E-03 2780.3
E203H3 203 3 50 1.2947250241 1.2907711108 1.2829250186 2/10 1.69E-03 2705.9
E60H1 60 1 50 0.5509805177 0.5509455932 0.5508558364 1/10 1.89E-05 1672.9
E81H3 81 3 50 1.6902021702 1.6895559247 1.6879125148 3/10 3.77E-04 2550.2
E82H3 82 3 50 1.5476779639 1.5460645514 1.5432248699 1/10 8.69E-04 2304.9
E84H3 84 3 50 1.6205855793 1.6202744664 1.6199020060 1/10 9.71E-05 2591.9
E93H4 93 4 50 2.4057626982 2.4038957388 2.3985438152 4/10 1.45E-03 2567.8
E101H2 101 2 100 1.2840210583 1.2816485778 1.2806627457 1/10 4.69E-04 10487.4
E101H3 101 3 100 1.8474917504 1.8454387326 1.8427915595 1/10 6.82E-04 9669.7
E106H3 106 3 100 1.5368444673 1.5336969076 1.5314968823 1/10 7.95E-04 7813.6
E106H5 106 5 100 1.4471249445 1.4448386089 1.4406016680 1/10 1.07E-03 8291.4
E107H3 107 3 100 2.9391747678 2.9367746053 2.9334389332 1/10 1.02E-03 7076.3
E120H3 120 3 100 2.2566551682 2.2527411251 2.2471432621 1/10 1.62E-03 8783.9
E172H4 172 4 100 1.0758381251 1.0727718180 1.0704585715 1/10 7.98E-04 10689.5
E193H1 193 1 100 2.3254402936 2.3205631956 2.3149865899 1/10 1.47E-03 9249.4
E196H5 196 5 100 1.4098783673 1.4065769102 1.4037875223 1/10 8.40E-04 10447.4
E203H3 203 3 100 0.8522060778 0.8507183234 0.8489127720 1/10 5.47E-04 5676.0
E60H1 60 1 100 0.3582299427 0.3577676480 0.3571829765 1/10 1.42E-04 7899.8
E81H3 81 3 100 1.1482805892 1.1472277187 1.1441207090 1/10 6.45E-04 3039.9
E82H3 82 3 100 1.0473915944 1.0469480201 1.0458872171 1/10 1.85E-04 2793.5
E84H3 84 3 100 1.0869889031 1.0853519460 1.0841252819 1/10 4.57E-04 8166.1
E93H4 93 4 100 1.5934017314 1.5916298296 1.5899418976 1/10 5.19E-04 7782.2
E101H2 101 2 150 1.0166314840 1.0127636545 0.9996473509 1/10 2.28E-03 22759.0
E101H3 101 3 150 1.4749399669 1.4733512716 1.4693714428 1/10 1.06E-03 7479.9
E106H3 106 3 150 1.2301928882 1.2272249098 1.2247890921 1/10 9.08E-04 10787.9
E106H5 106 5 150 1.1379054440 1.1370513922 1.1363740161 1/10 2.74E-04 12795.7
E107H3 107 3 150 2.3545859328 2.3507354789 2.3482549453 1/10 1.14E-03 19836.0
E120H3 120 3 150 1.7957563567 1.7927535594 1.7881833987 1/10 1.22E-03 18717.6
E172H4 172 4 150 0.8524978245 0.8508764111 0.8487578335 1/10 6.11E-04 21729.9
E193H1 193 1 150 1.8619806126 1.8540394316 1.8453921476 1/10 2.69E-03 23883.0
E196H5 196 5 150 1.1085450824 1.1015314163 1.0944318454 1/10 2.24E-03 22917.5
E203H3 203 3 150 0.6798294129 0.6776296256 0.6765371099 1/10 4.46E-04 11821.8
E60H1 60 1 150 0.2827053641 0.2824164724 0.2822220188 1/10 7.09E-05 14629.7
E81H3 81 3 150 0.9151500861 0.9131879749 0.9121142852 1/10 5.03E-04 15451.9
E82H3 82 3 150 0.8314206381 0.8310173646 0.8303719556 1/10 1.64E-04 16126.1
E84H3 84 3 150 0.8630536076 0.8620981076 0.8612198615 1/10 3.20E-04 17433.8
E93H4 93 4 150 1.2604775170 1.2587040149 1.2561608210 1/10 5.68E-04 13075.9
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Table 11  Computational results of the MBH™ algorithm on 30 relatively simple instances without boundary

constraint.

Instance Basin-hopping
Container [FE] [H] p Dpest Davg Duworst SR o time(s)
E4HOa 4 0 50 0.1664988509 0.1664988509 0.1664988509 10/10 0.00 491.2
E4HOb 4 0 50 0.7232436230 0.7232436230 0.7232436230 10/10 0.00 662.8
E6HO 6 0 50 0.2933779419 0.2933779419 0.2933779419 10/10 0.00 49.5
E9H2 9 2 50 1.1252199453 1.1252199453 1.1252199453 10/10 0.00 841.0
E11HO 11 0 50 1.1330657353 1.1330657353 1.1330657353 10/10 0.00 967.4
E12HOa 12 0 50 1.6364303754 1.6364303754 1.6364303754 10/10 0.00 666.3
E12HOb 12 0 50 1.1512460802 1.1512460802 1.1512460802 10/10 0.00 488.7
E12H2 12 2 50 1.2090410970 1.2090410970 1.2090410970 10/10 0.00 1373.8
E18HO 18 0 50 2.2664436736 2.2664436736 2.2664436736 10/10 0.00 532.7
E20H1 20 1 50 1.1494074146 1.1483431535 1.1475611405 2/10 2.83E-04 1862.2
E20H2 20 2 50 1.7642062920 1.7642062866 1.7642062834 8/10 1.21E-08 381.2
E23H1 23 1 50 1.0945028103 1.0943600422 1.0932145191 8/10 1.92E-04 1985.0
E27H1 27 1 50 1.3363883975 1.3363490513 1.3359949361 9/10 5.90E-05 1938.3
E44H1 44 1 50 1.4231184848 1.4230690380 1.4229607184 3/10 3.49E-05 1990.1
E59H1 59 1 50 0.0625365968 0.0624835536 0.0624554522 1/10 1.61E-05 1866.9
E4HOa 4 0 100 0.1145682248 0.1145671956 0.1145640931 2/10 6.61E-07 6166.4
E4HOb 4 0 100 0.4826373801 0.4826179302 0.4825356355 4/10 1.75E-05 7812.4
E6HO [§ 0 100 0.1998574216 0.1997843134 0.1991362773 5/10 1.08E-04 8935.3
E9H2 9 2 100 0.7511238475 0.7502858249 0.7492433888 1/10 2.57E-04 11835.5
E11HO 11 0 100 0.7656897992 0.7655114064 0.7649914495 1/10 9.52E-05 6899.5
E12HO0a 12 0 100 1.1078034265 1.1077723402 1.1075502010 6/10 3.75E-05 9443.9
E12HOb 12 0 100 0.7755043105 0.7754653422 0.7754149644 3/10 1.78E-05 7972.2
E12H2 12 2 100 0.8146928235 0.8146115427 0.8142894851 5/10 7.22E-05 5162.5
E18HO 18 0 100 1.4935027529 1.4928152147 1.4904918591 1/10 4.46E-04 9056.9
E20H1 59 1 100 0.7638994850 0.7636264998 0.7630640975 1/10 1.18E-04 6597.8
E20H2 20 1 100 1.1842672680 1.1842389685 1.1841346694 1/10 1.80E-05 5169.2
E23H1 20 2 100 0.7211250210 0.7205693410 0.7200443848 1/10 1.66E-04 8966.1
E27H1 23 1 100 0.9088386862 0.9077689522 0.9067437064 1/10 4.04E-04 8322.5
E44H1 44 1 100 0.9655319844 0.9643480822 0.9628066562 1/10 4.84E-04 10325.3
E59H1 27 1 100 0.0424419006 0.0423749032 0.0421698750 1/10 3.72E-05 6288.4

Table 12 Computational results of the MBH™* algorithm on 45 complicated instances without boundary

constraint.
Instance Basin-hopping
Container [E] [H] p Dyest Davg Dworst SR o time(s)
E101H2 101 2 50 1.9296611433 1.9293080575 1.9279676174 5/10 2.57E-04 3019.1
E101H3 101 3 50 2.7597012147 2.7528616370 2.7451484943 3/10 2.86E-03 1982.8
E106H3 106 3 50 2.2785596163 2.2753498323 2.2712160749 1/10 1.16E-03 2144.3
E106H5 106 5 50 2.1503429086 2.1495254107 2.1490434210 3/10 2.72E-04 2619.3
E107H3 107 3 50 4.3776888646 4.3763245600 4.3650783757 8/10 1.88E-03 1951.4
E120H3 120 3 50 3.3713160251 3.3707797719 3.3690613268 1/10 3.04E-04 2321.8
E172H4 172 4 50 1.6083403888 1.6080920152 1.6078112251 4/10 1.19E-04 2604.7
E193H1 193 1 50 3.4930481925 3.4828879612 3.4690733136 1/10 3.40E-03 2139.2
E196H5 196 5 50 2.1458081483 2.1359675846 2.1126245719 1/10 4.32E-03 3044.0
E203H3 203 3 50 1.2963445060 1.2944729939 1.2881415582 4/10 1.26E-03 2854.5
E60H1 60 1 50 0.5509805177 0.5508626165 0.5506094089 2/10 6.40E-05 2174.6
E81H3 81 3 50 1.6902021702 1.6900255476 1.6895113479 6/10 1.17E-04 1541.5
E82H3 82 3 50 1.5477194735 1.5455161767 1.5429605308 1/10 9.53E-04 2494.9
E84H3 84 3 50 1.6205855793 1.6202793679 1.6200263765 2/10 1.01E-04 2228.8
E93H4 93 4 50 2.4087452204 2.4047430949 2.3975061928 1/10 1.49E-03 2178.3
E101H2 101 2 100 1.2839958467 1.2822682646 1.2803151948 1/10 4.82E-04 9696.0
E101H3 101 3 100 1.8517629108 1.8493839200 1.8468545093 1/10 8.89E-04 9336.4
E106H3 106 3 100 1.5389609812 1.5373017679 1.5355478145 1/10 5.62E-04 8820.2
E106H5 106 5 100 1.4471430022 1.4449916914 1.4422214241 1/10 9.16E-04 9055.9
E107H3 107 3 100 2.9422207363 2.9394661810 2.9367264776 1/10 8.60E-04 8926.1
E120H3 120 3 100 2.2585254097 2.2548931409 2.2511126934 1/10 1.23E-03 12440.1
E172H4 172 4 100 1.0767384436 1.0749063077 1.0727082268 1/10 5.74E-04 9578.5
E193H1 193 1 100 2.3343111553 2.3295235036 2.3214644932 2/10 1.97E-03 7944.6
E196H5 196 5 100 1.4138861609 1.4103438073 1.4065984035 1/10 1.23E-03 10583.1
E203H3 203 3 100 0.8564731696 0.8539301996 0.8521302869 1/10 6.78E-04 5641.0
E60H1 60 1 100 0.3582466332 0.3578719449 0.3572269441 1/10 1.39E-04 11181.3
E81H3 81 3 100 1.1485277749 1.1471834164 1.1455728502 1/10 4.88E-04 6745.9
E82H3 82 3 100 1.0474433895 1.0470108082 1.0464577206 2/10 1.59E-04 5507.8
E84H3 84 3 100 1.0872842260 1.0860224488 1.0830364389 1/10 5.83E-04 9933.0
E93H4 93 4 100 1.5939701632 1.5925545584 1.5911251813 1/10 5.50E-04 11966.2
E101H2 101 2 150 1.0155772115 1.0143834682 1.0128444937 1/10 4.04E-04 21128.3
E101H3 101 3 150 1.4759039711 1.4737548666 1.4681973948 1/10 1.03E-03 16911.7
E106H3 106 3 150 1.2307360530 1.2276956567 1.2250162675 1/10 7.08E-04 15194.5
E106H5 106 5 150 1.1372298361 1.1364212055 1.1347835054 1/10 3.69E-04 19205.7
E107H3 107 3 150 2.3577371747 2.3531119086 2.3472667062 1/10 1.61E-03 21671.7
E120H3 120 3 150 1.7975153377 1.7955887570 1.7924087476 1/10 7.07E-04 20227.9
E172H4 172 4 150 0.8525962904 0.8509029887 0.8494290019 1/10 4.90E-04 17591.8
E193H1 193 1 150 1.8620687888 1.8561542253 1.8499537490 1/10 2.10E-03 20907.5
E196H5 196 5 150 1.1096023844 1.1007478968 1.0851449447 1/10 3.46E-03 21476.2
E203H3 203 3 150 0.6801848429 0.6786975696 0.6774633897 1/10 4.19E-04 19141.6
E60H1 60 1 150 0.2828959343 0.2826403084 0.2823869775 1/10 6.12E-05 22588.3
E81H3 81 3 150 0.9155216189 0.9141138269 0.9134880776 1/10 2.96E-04 21073.8
E82H3 82 3 150 0.8324378837 0.8314429821 0.8305306328 1/10 2.79E-04 18772.3
E84H3 84 3 150 0.8629312866 0.8618367930 0.8607773850 1/10 3.75E-04 23571.1
E93H4 93 4 150 1.2601949020 1.2588156611 1.2567688378 1/10 5.40E-04 22484.4
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(a) E12H0a for p =150

(e) E93H4 for p =200 (f) E82H3 for p =200

(g) E107H3 for p =200 (h) E172H4 for p =200 (i) E196H5 for p =200
Figure 5 Best configurations found in this work for other representative instances, where the circles are colored

according to their number of neighbors.
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(b) E81H3 for p =100 (c) E18HO for p =100

(d) E20H2 for p =100 (e) E23H1 for p=100 (f) E11HO for p =100

(g) E82H3 for p =100 (h) E106H5 for p =150 (i) E172H4 for p =100

Figure 6 Best configurations found in this work for other representative instances, where two points are connected

by a dotted line if the distance between them equals the minimum distance found Dy.;.
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