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Abstract

Community detection is an important research topic for dempetwork analy-
sis. Modularity is probably the most popular measure ofteliisg quality for com-
munity detection. Unfortunately, modularity has a defacdiled the resolution limit,
which tends to make disappear small communities espedmlarge networks. Sev-
eral algorithms for community detection rely on communitgibns by considering
the modularity. We establish a fusion condition which aimpitevent wrong fusions
and alleviate the effect of the resolution limit. To verityet usefulness of the pro-
posed fusion condition, we implement it within the populaulain method that uses
intensively merging operations while optimizing the matity. We evaluate the re-
sulting method on LFR benchmark graphs and show that thevpeajfusion condition
strongly reduces the effect of the resolution limit. Thegmeed condition can also be
used in other algorithms that make community fusions.

Keywor ds: community detection, community fusion, modularity, resolution limit, complex
networks, heuristics

1. INTRODUCTION

Complex networks formed by human activity or observed in nature haviiviahtopo-
logical features that distinguish them from simpler networks, especially theserated by
random models [Newman, 2010]. Complex networks have wide applicatiaigdrse do-
mains like biology[[Guimera and Nunes Amaral, 2005, Ito et al., 2001], caitdiom mod-
eling [Durugbo et al., 2011], technological networks [Flake et al., PO@Xture analysis
and classificatior] [Backes et al., 2013], and web [Girvan and Newn#Z] 2 Given their
relevance, studies of common properties of these complex networks benomeand
more intense in recent years under the generic terrrooiplex network analysisOne
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of these remarkable properties is the presence of high density areaibedsas groups,
communities or modules [Newman, 2010] depending on the application. Infgrraa
community is defined as a set of network elements that are highly connectad thigh
group and weakly connected to the outside. The study of community streabgpares in-
tense research activities to visualize and understand the dynamics ofalatwlifferent
scales|[Didimo and Montecchiani, 2014, Gulbahce and Lehmann|[20G&)Bie, 2012].
Graph-based models and techniques are the dominant tools to the studypdéxoet-
works [Bulug et al., 2016] where a network element is designated bytexvgrode) and a
connection between two elements is represented by an edge (or ar@ simftiest form of
network analysis, each vertex is considered to belong to a single commumityyunities
being disjoint subsets of vertices. For a gr&pk- (V,E) with setV of nvertices and sef
of medges, we us® = {C;,C,, ...,Cy} to represent a partition or clustering of the vertices
of setV into communitie<C;. The community detection problem studied in this paper is to
find such a partition according to a given criterion, which is close to theergional graph
partitioning problem[[Benlic and Hao, 2013], but without knowing the nunubgroups.
There are a wide variety of quality measures for community detection
[Aldecoa and Marin, 2011, Ghosh and Lerman, 2010, Li et al.,|2008ngdXet al., 2016].
Among them, modularity introduced in 2004 [Newman and Girvan, 2004] isinrtée
most popular and most studied measure. €& a community and call an edge 'internal
edge’ if both its endpoints are @. Let|(C) be the number of internal edges@fd(C) be
the degree of community defined as the sum of the degrees of nodesibglto@. Then
the modularityQ(?) of partition? is given by:

_ 5 (1@ _(de)y’
Q(T)—C;p(m (Zm)> &

This global measure opens ways of using optimization algorithms to detect com-
munities. In other words, the problem of community detection comes down to dindin
a partition of the vertex se¥ of graph G such that the above modularity criterion is
maximized. However, this problem is NP-hafd [Brandes et al.,|2008] irergén To
handle large graphs, heuristics become indispensable and are indeetbriieant
approach to find approximate partitions [Blondeletal., 2008, Gach and24.2,

[Liu and Murata, 2010, [ Ll and Huang, 2009, Newman, 2004, Pons atagy, 2005,
[Rotta and Noack, 201[L, Schuetz and Caflisch, 2008]. Among the many asetboQ

optimization, approaches based on local search that moves vertices agesmemmu-
nities prove to be both effective and fast. One representative locethséauristic is
the well-known Louvain algorithm| [Blondel et al., 2008] that is based on &ievel

technique [[Benlic and Hao, 2011]. Compared to other methods, the Loulggrithm

offers an interesting compromise between solution quality and computing edcieith

a weak complexity o©(m) for sparse graphs.

Unfortunately, the modularity criterion suffers from an intrinsic drawhack
i.e., the resolution limit that is established by Fortunato and Barthemely in
2007 [Fortunato and Barthélemy, 2007]. The resolution limit states that eed&in con-
ditions, optimizing the modularity criterion makes small communities vanish especially in
large graphs with the presence of relative large communities (i.e., small comraiaritie
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\‘g Ring of 10 3-cliques
/' One clique per cluster
Q=0.65

,r" Ring of 10 3-cliques
! Two cliques per cluster
Q=0.675

Figure 1. lllustration of the resolution limit of modularity
[Fortunato and Barthélemy, 2007]. From a ring of 3-cliques connectepairs by a
single link, the natural clustering associates a community to each clique, letdimg
modularity value of about 0.65. However, modularity can be improved by contp
cligues by connected pairs while making some communities disappear.

'absorbed’ by large communities). This drawback is first demonstratezkmame cases

of cliques which are interconnected minimally, e.qg., a ring of cliques connéciears by

a single edge (see Fidl 1). In this case, if the graph is large enoughlighescof size
less than or equal t¢/m are merged with other cliques while they should be identified as
independent communities. This phenomenon is also observed in more Igatuations,
e.g., for random graphs [Lancichinetti et al., 2008, Lancichinetti amtliRato, 20009].

The Louvain algorithm{[Blondel et al., 2008] optimizes the modularity criteripof-
erating in two phases: a phase of building a clustering withvédreex moveKVM) proce-
dure [Schuetz and Caflisch, 2008], then a phase of consolidatiomohaoaities at higher
levels, similar to community fusions. By running the algorithm on graphs gtteveith
the LFR model[[Lancichinetti et al., 2008], the number of communities obtaiwed the
VM procedure is greater than the number of communities in the referendgosolthen
the number of communities becomes smaller after the second phase. Thisluiseosocme
small communities are merged together during the second phase when tlih i geeks
to optimize (maximize) the modularity criterion. This is the most obvious illustration of the
resolution limit. Although intrinsically optimizing modularity generates this default, we
can imagine that some community fusions are justified and necessary whils stiverd
be avoided. In this work, we will use the Louvain algorithm as our refeexigorithm.

The objective of this work is to establish a fusion condition (criterion) thatellone
to know whether two communities should be merged or not. From two commu@ides
C' and the subgrapBc ¢ induced byCUC/, the fusion conditior(C,C’) is true ifC and
C’ should be merged and false otherwise. Our intuitive idea is to base the fiesigion
on the modularity calculated for the partiti¢@,C’} in the subgrapiGc ¢

One first possibility is that the two communities must be put together (i.e., the fusion
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condition is true) if they separately are not two strong communities (i.e., their laritgtu
is low). Unfortunately, according to our experiments, there is no a signifisarrelation
between the value of modularity for the partitia®, C') and the correct decision to merge
C andC’ or not. In contrast, the parametric modula@y [Reichardt and Bornholdt, 2006]
reveals a greater correlation when the paramkisrclose to @5, which is the resolution
value at which the graph is partitioned. For this reason, we will elaboratiision condi-
tion by considering the parametric modularity (See Se€fioh 2.1.). The idea is shilbtd if
— the modularity between two separate communities is too high for a fusion, but wiigat

A put on thenull model[Molloy and Reed, 1995] part of the modularity formulation. With
A set to a value between 0 and 1, the internal edges score (first term afarid is more
or less important compared to the null model term, which is weighted by gagameter.

To assess the usefulness of the proposed fusion condition, we implemethirit the
very popular Louvain algorithm [Blondel et al., 2008] and carry oygegknents on graphs
generated by the LFR modél [Lancichinetti et al., 2008]. These graghsaaticularly ap-
propriate for our evaluation since the set of 'ideal’ communities is knowed#gch of these
graphs. By using the known communities as our reference, we are ablalt@mte pre-
cisely the clusterings obtained by the Louvain algorithm with and without thposex
fusion condition.

The paper is organized as follows. In Secfigh 2., we establish a shortfation of
the fusion condition with only one parameter, followed by a characterizatittregossible
values for this parameter (Sectibd 3.). Secfidn 4. is dedicated to the assesdrtie
proposed fusion condition. We discuss in Seckidn 5. the effect of fusiadition on the
@ resolution limit and conclude the paper in the last section.

2. FORMULATION OF THE FUSION CONDITION

2.1. General formula

Given two communitie€ andC’ of a clustering? of the graphG = (V,E), we introduce
the following notations and definitions which are useful for the descriptidheoproposed
fusion condition.

e Gco = (CUC/,Ecc): The subgraph oB induced by the vertex subsetUC’, where
Ecc is the edge set such thag o = {{u,v} e E:ue CUC’ andve CUC'}

e e= |Ec|: The cardinality ofEc o/
e d(v,S): The degree of a vertexin a subgrapls of G

e d(C,S): The community degree defined as the sum of degi¢es) of verticesv
belonging tcC, i.e.,d(C,S) = S ycd(V,S)

Then, the parametric modulari, (C,C’) of the clustering{C,C'} in the graphGe o
is given by [Reichardt and Bornholdt, 2006]:
1(C)+1(C") ,d(C,Gce)?+d(C,Gee)?
N _ X 3 R
Q(C.C) == A e ()
97

{B l Page (PS/TeX): 4/4, COMPOSITE @



W ‘ “ConditionalMerge*22Aug2017” —tg017/8/22 — 14:38 — page 5 — #5
97

A fusion condition for community detection with modularity 5

Parametek goes from 0 to potentially an infinite positive value. A special cage=dl,
corresponding to the standard modulafy= Q;.

The general idea of the fusion condition is to define a criterion that prolobitsi-
thorizes a merge between two communities. Our preliminary tests showed thgiba fu
condition based on the parametric modularity is relevant. The principle is taobgrtie
fusion if the parametric modularity exceeds a threshold to be fixed. For stacuf (a
threshold) between 0 and 1 inclusive, the fusion condiyyccy that we propose is
C defined as follows:

QAQ(C,C) <0 3)

This indicates that communitig® andC’ are allowed to be merged if the parameter
modularity for the clusteringC,C’} in the subgraplGc ¢ is strictly below the threshol6l.
Otherwise (i.e., iQ\(C,C’) > 8), C andC’ must not be merged.

This formulation requires two parametepsthe resolution ofQ and® the threshold,
and five variables!(C),1(C’),d(C,G¢c),d(C,Gc ), e To characterize the values 6f
we first need to reformulate the fusion condition by reducing the numbearaibles and
parameters.

2.2. Reformulation

Let dout(C) be the external degree of commun@y i.e., the number of edges having an
end point inC and the other outside. We hadéC) = 2I(C) + doyt(C) since ind(C), the
internal edges are counted twice. In the context of subgBGaph, edges counted ity (C)

@ necessarily connect a node@to a node inC’, thusdyu:(C) = dout(C') = 1(C,C’) which
is the number of edges betwe€randC’. We deduce three important relations which are
used below.
d(C,Gcc) =2I(C)+1(C,C)
{ d(C/, GC,C’) =2 (C/) +1 (C,C/) (4)
I(C)+1(C")+I(C,C)=e

As d(C,Gcc) =e+1(C) —1(C') andd(C',Gc ) = e—1(C) +1(C'), the parametric
modularity can be rewritten as:

ace) = O A et -1©)2+e-10) +1c)P)
1O +1E) A A
= —@(I(C)—I(C))Z—E (5)

This form only requires three variabld$C), | (C’) ande.
2.3. Formulation of 6
To bound®, we consider two extreme cases. The first case corresponds to thesitua
where communitie€ andC’ are not connected by an edge while the other case occurs when
one community has only one vertex. In both cases, we consjdee number of edges in
97

the subgraph induced WU C/, as a constant and we study all the possible variations of
[(C) andI(C’) between 0 ane.
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2.3.1. Upper bound of 6

Suppose that communiti€andC’ are not connected, i.€.(C,C’') = 0. By Eq. [4) we
havel (C) +1(C) = ¢, sol(C) —1(C) = 2I(C) — e. The parametric modularity of Eq[1(5)
becomes:

A A
/ _ A a2
_ —2AI(CP . 2AI(C)
= 2 T e T 1-A (6)
For a fixed value o, the modularity can be seen as a function @) defined on
{0,...,e}. This function is increasing on the inter@l..e/2] and decreasing ofe/2...€|.
Moreover, forl (C) = 0 andl (C) = e, Q\(C,C’') = 1— A. Thus we hav&, (C,C") > 1—A.
Under the given hypothesis(C,C’') = 0), the criterion must be unsatisfied and tRuand
C’ should never be merged. We must cho®sech thaQ, (C,C’) > 6 for two unconnected
communitieC andC'. This holds whe® < 1— A because in this cag@, (C,C') >1—A >
6.

2.3.2. Lower bound of 8

Now suppose that andC’ are connected communities, thy€,C’) > 0. By this hy-
pothesis, the two communities could be merged. Suppose also that one comsamity,
C/, contains only one vertex. Th@ has no internal edge, i.d(C’) = 0. It follows that
e=1(C)+1(C,C’) and, according to the first hypothedi&?) < e. The modularity used in
the fusion condition becomes:

/ A 2 I(C)
QCC) = —55lC%+ =~
As previously, the modularity can be seen as a function©f defined on{0,...,e}.
This function is strictly increasing with boundse/A for | (C) =0 and 1- A for I (C) =e. So
Q\(C,C") < 1— A and, with the hypothesi$C) < e, we haveQ, (C,C') < 1—A. According
to the second hypothesis ti@tcontains a single vertex, it is preferable not to forbid a fusion
betweerC andC’ and to base the fusion decision on the examination of the modularity gain.
It is possible that the single vertex 6f has to be irC with a justified gain of modularity.
Thus, the fusion condition has to be positive and we must ch®sgeh tha), (C,C’) < 6.
It is satisfied ifd > 1 — A because in this cas@, (C,C') <1—A < 6.

N | >

(7)

2.3.3. Valueof 6

Thanks to the hypothesis of connection betw€eandC’, we haved > 1 — A instead of
0 > 1—A. According to the bounds @, the only valid value i = 1— A. The fusion
condition becomes thus:

QA (C,C)<1—A withA>0 (8)
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The hypothesis of connection betwg2andC’ is not restrictive because in the case that
C andC’ are not connected by an edd&’) = esoQ,(C,C') = 1— A. By the fusion con-
dition, the fusion is correctly rejected, avoiding unnecessary fusiomigedions between
two communities sharing no links.

3. GENERAL STUDY

Our fusion condition now relies on a single parameterlt is important to study under
what conditions the fusion condition performs well and reduces eftdygtthe effect of the
resolution limit. The general idea is to use the fusion condition as a filter befataating
the modularity gain induced by a potential fusion between two communities.

We use in the following a formulation of the fusion condition witheumh the denomi-
nator:

(C)+1(C") A . A
— —@(I(C)—I(C))2—§<1—)\

2e(1(C)+1(C")) =A(1(C) = 1(C")2+ (A —2) < 0 (9)

3.1. Admissiblevaluesof A

We first examine the minimum value of the parametric modul&®jtyC,C’), based on Eq.
@). Letl(C) —1(C") = h, hranging from—eto e. The left term in Eq.[(9) becomes:

Q)\(C,C') =4el(C) —2eh—Ah? 4 (A — 2)&? (10)

For a constartt, this function ofl (C) is increasing, so its minimum is reached[f() =
0 and equals togh— Ah? + (A — 2)€&%. By varyingh from —e to 0 (under the condition
|(C) = 0, this is the range df), this term has two minimum: 0 fdr= —eand(A — 2)€? for
h = 0. The first minimum is irrelevant because the fusion condition should keyalfalse,
according to Eq.[{9). With the second minimum, the fusion condition could beotriysf
A < 2. This is an important bound farparameter.

3.2. Malformed communities

The weakest condition for the existence of a community [Hu et al.,|2008]nejthat the
community has at least twice internal edges of the edges shared with angatm@unity.
For the case of only two communiti€sandC/, this condition requires that &) and 2(C/)
be strictly greater thal(C,C/).

We focus on one of these communities, for insta@céhe other situation being sym-
metric. Two cases may arise inducing an expected behavior of the fusiditioa.

1. CommunityC is well formed: 2(C) > I(C,C’). The fusion condition must fully
operate independently of its value. At the extreme case, M@&') =1 (i.e.,C
andC’ are linked by a single edge), we can expect the fusion to be prohibited (se
Sectior{3.).
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2. CommunityC est malformed: BC) < I(C,C’). In this case, it is useless to prevent
the resolution limit because the fusion©@fandC'’ is a priori legitimate. The final
decision for the fusion relies on the modularity gain induced by the fusion.

We check now in which condition the fusion condition is always satisfied(€R<
I(C,C). Letl(C,C) =hI(C) with h> 2. Ase= (1+h)I(C) +1(C'), the fusion condition
is given jointly by the following three inequalities:

[(2A = 2)h+ ] (C)I(C) + [(A = 2)h* + (2A — 2)h]I (C¥ < O
[(2A — 2)h+ 4N (C') 4 [(A — 2)h? + (2A — 2)h]I(C) < O
[(2A —2)h+4N]I(C') < [(2—N)h?+ (2—2\)h]I(C) (11)

The fusion condition must be true for any positive value$(6f) and!l(C’). For that,
in the previous inequality,2A — 2)h+ 4\ must be negative an@ — A)h+ 2 — 2\ must be
positive.

The firstinequality is equivalent to< 4\ /(2—2\) if A > 1 orh>4A/(2—2N) if A < 1.
The first condition is impossible becausa@ if 1 then A /(2—2\) < 0, that requires < 0.
It remainsh > 4A/(2— 2\). By the same reasoning, bs> 2, the second condition is true
makingA such that 2> 4A\/(2—2)), i.e., A < 1/2 (compatible with the initial condition
A <1).

The second inequality is equivalenttto- (2\ —2) /(2—A) if A < 2 (the other possibility

is impossible because< 2 holds). By the same method, we obtair: 3/2.

@ Given these two joint inequalities\ (< 1/2 andA < 3/2), one must adopt the most
restrictive inequality (i.e.A < 1/2) in order for the fusion condition to operate and allow
a malformed community to pass the filter of the fusion condition and possibly to take p
in a fusion. Notice that the beatvalue for the fusion condition is unknown and will be
approximated experimentally in Sectioh 4..

4. EXPERIMENTATION

We have established the following fusion condition for two candidate commun@iesad

C’ can be merged ®, (C,C’) < 1— A holds for some & A < 1/2. The lower limit O forA is

trivial because the fusion condition is falsified fox 0. On the other hand, as discussed in

Sectior3.2., the upper limit of 1/2 implies that beyond this value a malformed community

can no more be merged with a neighboring community because of the fusiditicon

In other words, this value must not be exceeded if we want to authorizeisien of a

malformed community.

As shown in Sectiorls2. afd 3., the bounds B < 1/2 are sound since they have been

derived formally. However, the best (optimal) valué\afannot be determined theoretically.

In this section, we will carry out experiments to study the effect of the fusmndition

for community identification with various values of tileparameter. This allows us to

identify an approximate best value for the fusion condition. For this, we will tekt

with values going from O to 1 inclusive with a step of.Gnd observe their effects on the
97
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fusion condition. Using a range of values larger than ® < 1/2 also aims to study the
parameter within its theoretical bounds as well as some values around thesisb

Notice that we also consider the two special casesO andA = 1. If A =0, we have
Q) (C,C) < 1 and thus the fusion condition is trivially satisfied. On the other haidfL,
we haveQ; = Q, i.e., the fusion condition degenerates to the standard modularity. More-
over, the fusion condition becom€XC,C’) < 0, enabling very few fusions. In practice,
according to our observations with the Louvain algorithm, this later casespwnds to a
quasi lack of fusion in the second phase, i.e., the algorithm reduces t@ttex ynover
procedure (i.e., the first phase of the Louvain algorithm).

4.1. Testing thefusion condition within the Louvain algorithm

One of the fastest and most popular methods for modularity optimization is theimou
algorithm [Blondel et al., 2008]. Like other agglomerative methods, thisritfgo relies
on two operators that are applied in two phases, starting with a trivial dlugte@here each
vertex of the initial graph defines a community. In the first phase, eatéxisrexamined
and moved to another community if this move increases the modularity. This vertex mo
procedure is repeated until no modularity increase is possible. Then ir¢tbadsphase, a
coarsen grapls? is created where each vertex®f represents a community and two ver-
tices are linked by an edge if the corresponding communities are connétted.ouvain
algorithm repeats these two phases until no vertex can be moved in thedestrcgraph.

Since the Louvain algorithm operates on multi-level coarsen graphsyegex move
corresponds to a possible fusion of two communities. In other words, coitynfusion is
the key operation of the Louvain algorithm, making it very appropriate fopowpose of
assessing the usefulness of the proposed fusion condition.

For our experimentation, we implemented the fusion condition with an improved Lou
vain algorithm presented if [Gach and Hao, 2013]. Compared to the stabhdavain al-
gorithm, the improved version integrates a (third) uncoarsening phasé whiolds each
vertex (a composed community) of a coarsen graph into its composing communiters
the vertex move procedure is again applied to the uncoarsened grapthtr fmprove the
modularity. We use the fusion condition with this improved Louvain algorithm shah
during the second phase, each vertex move is first filtered by the fusimfition. Indeed,
in the coarsen graph, a vertex stands for a composite community from theysdevel.
The move of such a vertex is equivalent to a fusion between two communiteesal\this
improved Louvain algorithm 'Louvain’ while we call the algorithm integrating thsion
condition 'Louvain-CF’ (conditional fusion).

4.2. LFR benchmark graphs

As put forward in [[De Meo et al., 2013], testing an algorithm on real-lifewoeks is
problematic because neither the ground truth communities nor the featuressefriat-
works are known. For our tests, we need to consider a set of artificieihergted
networks with known structural properties being compliant with those existingal
networks. For this, we use graphs generated according to the LFR moesdnted
in [Lancichinetti et al., 2008]. The LFR model provides realistic complex osgta/ with
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power law distribution of vertex degree. Based on a few parameterssevine LFR model
to generate a wide variety of graph types with special characteristics likerdtwgh den-
sity, small or large range of community sizes, good or poor internal densignmmunities.
To generate a LFR graph we have to define:

1. nandm, numbers of vertices and edges&f
2. avg degandmax degaverage and maximum vertex degrees;

3. 3y andd; exponents of power law distribution of vertex degré@ @nd community
size Qc);

4. Y, the mixing parameter, which designates for each vertex, the fraction efdhmkred
with vertices in other communities (the vertex has the fractienuof its links with
other vertices of its community);

5. min|S| andmaxS| sizes of the smallest and largest community;

Other characteristics are automatically determined by the LFR generatonilikd egthe
lowest vertex degree aricthe number of communities.

Instead of generating many graphs with same parameters, we chooseacunsd|
number of 20 LFR graphs which represent different types of compdéwarks. Tabléll
summarizes the characteristics of the complexe networks covered by thkitssémces.

As shown in Tablgll, each graph is defined by 11 parameters among aviyjateg
minS| andmaxS| are the most important ones. These instances cover three large families
of graphs (networks).

e Graphs rather densa\g deg> 15) whose communities are not well defingox
0.5): #5#8 #11 #12 #15#16 #18;

e Graphs rather sparsayg deg< 10) whose communities are well defingd<{ 0.5):
#1 to #4, #T#9,#14 #17,;

e Graphs with large communities, average density and average belongrajmesde
to community (10> avg deg< 20,0.4 > u < 0.5): #1Q#13 #19 #20.

Graph #6 cannot be classified and does not belong to the above casetests show
this graph is easy to patrtition.

4.3. Experimental protocol

We implement the tested algorithm in Free Pascal and executed on a PC equitipa

Pentium Core i7. In the LFR model, a graph and its (optimal) solution (i.e., theclesst
tering) are generated together according to the fixed parameters. T@a@mplustering
from our algorithm and the reference solution, we use as our main indibatdlormalized
Mutual Information (NMI) [Ana and Jain, 2003], which is based on therimfation theory
and has proven its reliability in complex network applications [Danon et al5]200
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Table 1.The set of 20 LFR benchmark graphs with detailed parameters anactéiastics: graph identifica-
tion, number of vertices, number of edges, minimum, average andnmaaxdegree, number of communities
(k), lowest and largest community size, distribution exponent of vertgregep,) and community sizedc)
and mixing parametar (average fraction of external links for a vertex)

=y =3 I
s g % 3 o
© < d 3 IS s
O n m E z 1S k 1S E 3 & KL comments
#1 80 237 4 6 12 10 4 18 2 1 0.3
#2 1000 3353 3 7 30 32 3 100 2 1 0.3
#3 1000 3436 3 7 30 92 3 g 2| 2 0.4
#4 1000 5000 10 10 10 100 10 10 2 1 0.5 same degree for all ver-
tices, same size for all
communities
#5 1000 7625 7 15 51 32 15 80 2 1 0.6
#6 1000 7692 7 15 50 36 15 57 2 1 0.4  comparable to #5 but with
better definition of com-
munities
#7 5000 21911 5 9 100 50 10 328 3 1 0.5
#8 2000 29878 13 30 100 58 10 81 2 1 0.7
#9 10000 34742 3 7 30 906 2 30 2 2 0.4 comparable to #3, 10 times
bigger
#10 10000 76710 7 15 50 13 510 988 2 1 0.4  only large communities
#11 10000 77051 7 15 50 193 20 118 2 1 0.7
#12 5000 124908 29 50 100 65 20 182 2 1 0.8
#13 20000 146850 8 15 50 275 10 459 3 2 0.4
#14 50000 172854 3 7 30 984 4 200 2 2 0.3 low density with many
small communities
#15 8000 201088 34 50 100 85 57 534 3 1 0.8 very bad definition of
communities but high
density and none small
communities
#16 30000 219864 5 15 100 699 10 912 2 2 0.6 broad extent of commu-
nity size, many small com-
munities, bad definition of
communities
#17 50000 248663 6 10 50 1144 10 938 3 2 0.5 close to #16 but many ver-
tices have a small degree
#18 8000 320836 55 80 150 78 20 287 3 1 085
#19 50000 476468 7 19 100 1224 5 10371 2 2 0.5
#20 100000 977547 10 20 50 252 100 999 2 1 0.5
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Given two clustering solutionB and P/, the NMI indicator quantifies the similarity
between the two solutions based on the shared information. The NMI valich wéries
from O (totally different) to 1 (identical) is calculated as follows.

21 (P, )

NMl(T,?’):m

(12)

In this formula,l (?,?") = H(P) — H(P|P’) measures, according to the information theory,
how much we know abou?, knowing?’. For a given partitio®? = {C;,C;, ...,C«}, H(P)
=~ 3, %log(%) denotes the entropy appliedRo

In addition to the NMI global measure, we also observe three structuralatiods:
number of communitiek , size of the smallest communitgin|C;| and size of the largest
communitymaxC;|. Like many other algorithms, Louvain is sensitive to the order of pro-
cessing the vertices. To ensure a reliable comparison between the twithahgaiLouvain
and Louvain-CF), we generate 100 instances of each graph with amarebrdering of
vertices. For all presented tests, the quantity (NlmaxCi| andmin|C;|) associated with
a graph is the average of these values over these 100 instances.

4.4. Time complexity

In the best implementation of the Louvain algorithm, the valu&(6§ which represents
the number of edges within communi€/is recorded for each community and updated
incrementally. This allows the gain of a vertex move or a community merge to bdataltu

@ quickly, leading to a low complexit®(m) (m=nummber of edges) of the whole algorithm.
In the formulation[(b) of the fusion condition, there are only two variabl€3 and|(C’).
Therefore, the fusion condition can be evaluated in linear time and doeshange the
complexity of the Louvain algorithm with the fusion condition (i.e., alway©im)). In
practice, our tests confirm this observation and indicate an increasenef &% of the run
time when the fusion condition (with = 0.3) is used compared to the standard Louvain
algorithm QA = 0).

45. General results

Figure[2 shows the average NMI and average relative errors oeexé€cutions on all

graphs. For a clusterinfC;,C,, ...Ci} found by an execution, relative errors are computed

by the formula ’(value_found - expected_value) / expected_valughi®number of com-

munitiesk, the minimummin(|C;|) and maximunmax(|C;|) of community sizes. Thus a

perfect error rate is 0, a positive (negative) value indicates a too iglljsvalue according

to the reference solution.

About the relevance of the found clustering, measured by NMI, werebsemaximum

and positive effect of the fusion condition with= 0.3. Comparing to the Louvain algo-

rithm (A = 0), the increase of NMI is almost 0.1 far= 0.3. After this threshold, NMI

goes down but still remains above the NMI of Louvain. This observationnitned by a

best compromise between the number of communities and the minimum size on thal interv
97

[0.2,0.3] on A, near an ideal relative error of 0. The most significant effect is rvleseon
the minimum size going from a relative error of 7 fo= 0 to almost 0 foi in this interval.
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Figure 2. Influence of th& parameter on community range and NMI. Relative errors rep-
resent the relative distance between a value found by an algorithm aesheted value
from the reference solution. We indicate on the left x-axis the numberroframities k),

the size of the minimum communityn{n|C;|) and the size of the maximum community of
communities haxCi|). The NMI between a found clustering and the reference solution is
represented on the right x-axis. All represented values are angavevar 100 instances

of each of the 20 benchmark graphs. Note that O corresponds to a total permissive
criterion i.e., the classic Louvain algorithm, while= 1 corresponds to a lack of fusioni.e.,
an execution with only the first phase of Louvain.
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Figure 3. Comparison results based on NMI between the Louvain algorittimand with-
out the fusion condition. The box and whisker plot show distributions ofl lier the
100 instances for the 20 benchmark graphs. For each graph (indinagecblumn), the
white box plot (left) corresponds to the Louvain algorithm without the fusamdition and
the gray box plot (right) is for the Louvain version with the fusion conditibauvain-CF)
usingA = 0.285.

This demonstrates the positive effect of the fusion condition to reduceiodution limit
on the tested graphs.

A problem remains on large communities because although the relative eslighity
improved by the fusion condition, this error still remains around 2 (i.e., theesiggobmmu-
nity is, on average, 3 times bigger than the reference solution). The imptatano note
is that this under-performance is present from the fiestex-movephase of the Louvain
algorithm as evidenced by the result #o= 1. Errors on big communities can appear in
a clustering during the first phase, and the fusion condition is helpless inabésas we
discuss later in Sectidn 47..

4.6. Detailed results

We now explore detailed and structural results for each graph with ptgaimne: 0.285,
near the best approximate value found hére-(0.3), which represents an important value
as we discuss in this section.

From the detailed results presented on Hig. 3 we observe three situatimustia®
performance of the fusion condition:

1. No improvement with the same range of NMI for 2 graphs #10 and #15,

2. A significant but relative improvement with overlap distributions of NMI7agyraphs
#5, #7, #8, #11, #12, #18 and #20,
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3. Asignificant improvement with a tight distribution of NMI between 0.9 andritie
11 remaining graphs.

To explain the relatively small improvements on the 9 graphs (cases 1 and BRjgh-
light the fact that these graphs are generated with0.5, and thus have only weak com-
munities. As such, during the first phase of the Louvain algorithm, 'faulbg big) com-
munities are formed by moving vertices poorly attached to a community. Unfoelyna
the resolution limit occurs during this phase and the Louvain algorithm al@edwaay to
prevent the appearance of these 'faulty’ big communities. In Sectidn 4&revide more
discussions about this issue.

4.7. Structural results

In this section, we are interested in an analysis of the results from the s&iymbint of view
in terms of three indicators: the number of communities, the size of the minimal community
and the size of the maximal community (see Eig. 4). As we can observe easitypbt of
the graphs, the fusion condition helps improve the number of communities asa¢hef
the minimum community. For 14 graphs, the error on the number of communities istalmos
0, i.e., the algorithm with the fusion condition (Louvain-CF) finds the comeehber of
communities. For all graphs, the number found with the fusion condition is l{eltse to
0) than Louvain. Precisely, the relative error is between -0.61 (graphahd 0.55 (graph
#7) for Louvain-CF, while it is between -0.92 (graph #9) and -0.17g(lgré6) for Louvain.

On the second graphic of Fid] 4, concerning the minimum size of communities, we
@ observe clearly the bad effects of the resolution limit with Louvain (all sreme above 0,

10 graphs with an error greater than 2). Here again, the fusion conHiiiogs a very good

correction with almost no error for 13 graphs and an error rangesketvd.88 (graph #11)
and 0.50 (graph #9). Poor results with the fusion condition (graphs ##149#14, #16 and
#17) are due to a low density revealed by a relatively low average vestgned (see Table
(). However, the improvement over Louvain is remarkable because sonathanities stay
in the clustering thanks to the fusion condition.

The third graphic of Fig. 14 shows that the curve of the vertex mover proeds close
to the curve with the fusion condition. This is caused by the phenomenorilsessabove
such that large communities may be formed early in the algorithm, during thetimsep
The fusion condition is unable to break these too large communities. Despitetinisent,
we observe a good improvement with the fusion condition for graphs #244t346, #9
and #14, compared to Louvain. For all other graphs, except #17¢thdts are the same
between Louvain and Louvain-CF. Graph #17 is the only problematic doaghe fusion
condition with an average size of the largest community twice greater thanoforain,
which itself is twice greater than the reference size. Strangely, the fusiaition, which
is supposed to prevent some wrong fusions, produces a larger commuistglelicate to

give an explanation of this behavior, but we guess that the condition, proitebiting some
w wrong fusions, could promote other community fusions that lead to a veryobmgnzinity.
97

Note that the global performance on #17 graph, measured by an eékéigaround 0.967
(1 is the best possible value), is very good. We observe that the pratbleim community
concerns only one or two communities that contains well formed sub-commuaiigtsg
in the reference solution. This observation of an under-performaneaasrbat the fusion
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Relative error
Number of communities

""" vertex-mover

----- Louvain

Merge condition

Relative error Relative error
Minimum size of community Maximum size of community

Figure 4. Compared structural elements between vertex-move (i.e., Laufienphase),
Louvain and Louvain-CF. A radar graphic shows the average valee tlbe 100 instances,
for each graph in disk section. Structural values are measured onririgstéound after
the first phase of the Louvain algorithm (vertex-move), the second ahghase (Louvain)
and by the Louvain algorithm with the fusion condition (Louvain-CF). Fahezustering,
we measure the relative error (see Higy. 2) for the number of communitietharsizes of
the minimum and maximum communities.

condition is not an absolute condition for good fusions. An explorationi@falhchical
clusterings given by the algorithm could be necessary.

4.8. Inconsistency of solutions

Methods based on modularity also suffer from, in addition to the resolution linathan
problem, i.e., inconsistency of solutions. For the same graph, the scoresdofiarity
obtained by changing the examination order of the nodes can be veryediffeThese
differences generally affect the peripheral nodes whose belomgisgto a community is
uncertain, as shown in studies on stable community cpres [Seifi et all, 21L8yglomer-
ative algorithms like Louvain are sensitive to the examination order of nodkthas may
suffer from this inconsistency problem. This makes the interpretation oftdiga pro-
vided by the algorithm difficult and requires a more detailed analysis, fomgle through
the community cores. The fusion condition proposed in this work has thentdye of
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greatly alleviating this inconsistency problem because the fusion conditioces the pos-
sible combinations of merged communities and the number of really merged communities
However, the examination order of the nodes still impacts the outcomes ofvaibdiike
algorithm even with the fusion condition. To study the sensitivity of this impactcove
ducted an experiment on 20 real-life graphs including those uséd in [@®atRao, 2013]
with 20 runs of the standard Louvain algorithm (Louvain) and the Loumvgjarsghm with
the fusion condition (Louvain-CF), each run being based on a randoie examination or-
der. This leads to 20 different solutions for each graph and eachtalgoThen we made a
pairwised comparison and calculated the average NMI using th&é 26 380 comparison
scores for each graph. Finally, we summarize the calculation by the aviidyover the
20 graphs. Ideally, if the partitions are the same, then we have NMI = 1. Witlkdin, We
obtain an average NMI of.@68 while this value becomes8Y9 with the fusion condition
(A = 0.3), indicating a significant reduction in the inconsistency of solutions.

4.9. A casestudy on areal network

It is generally difficult to observe or measure the effect of a method ahgmaphs for
which ground truth solution is unknown [De Meo et al., 2013]. Yet, it is irgng to in-
vestigate some real networks. To show the positive effect of the fusindition on real
graphs, we chose to pletdoscollaboration graph containing 6,927 nodes and 11,850 edges
[Grossman, 2007]. The test we show here has no demonstration vahugsket covers only

a single run on a single instance, but it still allows to measure the positivdsttthe fu-

sion conditions. In Figurig 5, we show the distribution of the sizes communitigaioced in

the solutions obtained respectively by Louvain and Louvain-CF. Louiras 33 commu-
nities while Louvain-CF proposes more than 300 communities. The rangenohuaity
sizes is 16-705 for Louvain against 3-216 for Louvain-CF. The &glearly shows a power
law distribution of the community sizes with many small communities and very few large
ones.

We found, with artificial graphs, that poor communities identified by Louvegrela-
tively large compared to smaller communities and have especially a very loydérise
density of the subgraph forming a community is an interesting measure to tesggsrnal
cohesion of the community. This density must remain high (i.e., close to be a clitjile)
having few links with other neighboring communities. This requirement is ssgapto be
ensured in the Louvain algorithm by the modularity provided that the maximum liadtgtu
is not reached. In our tests, Louvain reaches a modularity valu€&®80 (probably close to
the maximum) against 6035 for Louvain-CF. As to the community densities, as shown in
Figure[®, they are much higher for Louvain-CF than for Louvain. Thééstjcommunity
density from Louvain-CF is nearly 13 times greater than that from Louvaiztb(against
0.0183). Similarly, the lowest density with Louvain-CF, characterizing in gdribe large
communities, is still 5 times larger compared to Louvain.

The fusion condition therefore significantly improves the community densitydyigh
ing much smaller communities, and consequently the internal coherence otttiiédl
communities. These communities probably make more sense to the user who caoygd me
some neighboring communities if needed. MoreoverAtparameter plays the role of cur-
sor to the desired size and cohesion of communities from O (the same bedmliouvain)
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Figure 5.  Distribution of the community sizes of solutions obtained by Louvaih an
Louvain-CF = 0.285) onerdoscollaboration graph|[ [Grossman, 2007].

and 1 (no merge, onlyertex-moveapplies).

5. RESOLUTIONLIMIT REVISITED

We now study the case where the fusion condition is false for two commug@itae®slC’
linked by only one edge. We hav&C,C') =1, i.e.,e=1(C) +I(C") + 1. Leth be a value
such thatl (C") = hI(C). Then from Eq. [(B), we obtain the condition where the fusion
condition becomes false:

(4N(C) + 2N —2)h+ 4N (C)? +4A —1)I(C) +A—2>0 (13)

The form of the left expression Bh+ B with A= 4\ (C) +2\ — 2 andB = 4\l (C)? +
4A-DI(C)+Ar—-2.

Without loss of generality, we consider the case wiikisethe smallest community, thus
h> 0. If h=0, the sign o is the sign of 2I(C) + 1)(2AI(C) + A — 2) by factorization,
i.e., the sign of 2AI(C) + A — 2) asl(C) + 1 is positive. Thus, assuming thats zero, the
fusion condition is false if2Al(C)+A —2) >0, i.e.,I(C) > 1/A —1/2.

Now if his increasing (by hypothesisjs positive), the functioMh-+ B remains positive
only if Ais positive, i.e.|(C) > 1/(2\) —1/2. This condition is already covered by the
previous onel(C) > 1/A —1/2, becaus@ > 0. Therefore, the fusion condition is false if
[(C) >1/A—1/2. Itis impossible to satisfy this condition for any valuexdbecausé(C)
has to be as much greaterlass close to zero. Practically, we must set a bolnsluch that
I(C) > K. Under that condition, the fusion 6fandC/, linked by only one edge, is forbidden
if A>2/(2K+1). A reasonable value fdf is 3, which requires\ > 2/7 ~ 0.285. This
value, which is theoretically obtained to prevent the resolution limit in an extrexse, ¢
confirms the experimental results (best behavior arduad.3, see Sectioris 415.-4.7.).

Page (PS/TeX): 18 /18, COMPOSITE @



|

& |

“ConditionalMerge*22Aug2017” —%17/8/22 — 14:38 — page 19 — #19

A fusion condition for community detection with modularity 19
Community number (log)
1 2 4 8 16 32 64 128 256 512

1.0000

0.5000

0.2500

\
0.1250 \= == =
0.0625 ==

0.0313 “\a

1. = = = Louvain-CF
0.0156 - "-.\ Louvain
0.0078 \ .

0.0039 \ \.

0.0020 \
0.0010 \\\

0.0005 \\\
0.0002

0.0001

Community density (log)

Figure 6. Distribution of the community densities of solutions obtained by Louwaith
Louvain-CF @ = 0.285) onerdoscollaboration graph|[ [Grossman, 2007].

Itis important to note thak is not necessarily a clique. In the worst case, the community
C with K edges could havK + 1 nodes of a degree no greater than 2 (the community is
a chain). The prohibition of any fusion @ is meaningless and probably wrong. An
algorithm implementing the fusion condition should be able to provide communities with
a strong density. Louvain is a good candidate because its first phatgcpsosome well
formed communities, unlike for instance the FastGreédy [Clauset et al] a@fstithm
that uses fusions at the beginning with very primitives communities.

6. PERSPECTIVES

We showed the effectiveness of the fusion condition to reduce thet eff¢ice resolution
limit in the Louvain algorithm. On the other hand, the detailed structural analjSe®
tion[4.7] shows that the algorithm equipped with the fusion condition caniiptaoid

the resolution limit. This is because for a sparse graph, large communitiediltdre s
formed by the vertex mover procedure (first phase of the Louvainitigoy. To further
alleviate the resolution limit, other solutions can be envisaged. First, we canymbdif
first phase of the Louvain algorithm (vertex mover) by using the parametoidularity
(instead of the standard modularity) to reduce the size of the communities. etbads
solution is based on the idea of breaking a large community into two (smaller) caommun
ties and then applying the fusion condition to know if these smaller communitiesdshou
really be merged. According to our preliminary tests, this method seems promi&@hg

it increases the time complexity of the algorithm that is no longer linear. Another p
sibility is to limit the size of communities when two communities are merged like some
recent studies [Ciglan and Ngrvag, 2010, Meyerhenke et al.] 26illy, it would be in-
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teresting to study the possibility of combining the fusion condition with other community
detection approaches like graph-based techniques. In any casesithe ¢ondition could

be beneficially applied to decide whether two communities could be merged venesueh

a decision is to be made.

7. CONCLUSION

Algorithms which optimize the modularity for community detection in complex networks
suffer from the resolution limit which tends to dissolve small communities in big.ones
Analyses of the well-known Louvain algorithm disclose that it makes wrarsijphs of
communities in the second phase of this algorithm.

We have established a fusion condition that helps decide if two communitielsidieou
merged. This condition uses the parametric modularitpmputed between two candidate
communities for fusion. Our theoretical study and computational assessirtartfusion
condition applied to Louvain show a significant reduction of the resolution liroitrad the
value 0.3 forA. The relevance of clustering, measured by NMI (from 0 bad to 1 p@yfec
goes from 0.77 for Louvain to 0.86 for Louvain with the fusion conditione Tmost im-
portant effect concerns small communities. The relative error on theobittee smallest
community goes from 7 to nearly 0.

This study shows that the fusion condition can alleviate the resolution limit by pro
ducing denser and more cohesive communities when it is combined with ameayglive
algorithm like Louvain. The fusion condition is effective only if communities to geeaire
well formed with a good density. In the Louvain algorithm, such communitiestaltedoir-
ing the first phase by the vertex mover procedure. As such, wromgnfsf communities
are avoided thanks to the fusion condition which is applied during the sqxt@s:. Notice
that if a cluster is already too big at the end of the Louvain algorithm, the protds only
be solved by a slit operation (not by a fusion operation). Such a situgijpeeas mostly in
sparse graphs which may contain some very large and loosely formed catesamere
the fusion condition alone will be helpless.

In this work, we have focused on the popular Louvain algorithm for thdysai the
fusion condition. It would be interesting to test the proposed fusion conditith other
agglomerative approaches to verify its effectiveness. More genetiadlyfusion condi-
tion could be used jointly with other community detection approaches as a filteciaede
whether two communities could be merged whenever one faces such amecisio
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