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Abstract

Given m elements and n subsets of elements, the maximum intersection of k-subsets
(kMIS) problem is to select k subsets of elements to maximize the number of el-
ements simultaneously covered by all of the selected subsets. As a general model,
kMIS can be used to formulate some practical problems including data privacy
control, community detection, and deoxyribonucleic acid microarray technology.
This paper presents an opposition-based learning memetic algorithm that integrates
opposition-based learning initialization, adaptive crossover, and solution-based tabu
search. Experimental results on 608 instances show that the algorithm competes
favorably with the state-of-the-art methods. The importance of the algorithmic
components is experimentally validated.
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1 Introduction

Given a set E = {e1, e2, ..., em} of m elements, a collection S = {s1, s2, ..., sn}
of n non-empty subsets of E, and an integer number k, the maximum in-
tersection of k-subsets (kMIS) problem [1] is to select a collection X of k
subsets from S to maximize the number of common elements from E. The
kMIS problem can be expressed formally as follows [1].

(kMIS) Maximize f0(X) = |
∩

si∈X
si| (1)

subject to |X| = k (2)
X ⊆ S (3)

Equation (1) (objective function) aims to maximize the number of common
elements covered by all of the selected subsets in X. Constraint (2) ensures
that exactly k subsets are selected in solution X. Constraint (3) requires that
the selected subsets must be from S.

The kMIS problem can also be modeled as a bipartite graph G = (S ∪E,A),
where E is the set of m elements, S is the collection of n non-empty subsets of
E, A is the set of edge {si, ej} in which ej ∈ si (i ∈ {1, ..., n}, j ∈ {1, ...,m}).
The density ofG is the number of |A| divided the number of |S|×|E| [2]. Figure
1(a) exemplifies a kMIS instance with E = {e1, e2, ..., e5}, S = {s1, s2, ..., s4},
A = {{s1, e1}, {s1, e2}, ..., {s4, e5}}, k = 3, and density = |A|/(|S| × |E|) =
0.65. Figure 1(b) depicts a candidate solution X = {s1, s3, s4} with an objec-
tive value f0(X) = |s1 ∩ s3 ∩ s4| = |{e3}| = 1, and highlights the selected
subsets, their common elements, and the edges between the selected sub-
sets and common elements in yellow. Figure 1(c) shows an optimal solution
X = {s1, s2, s3} with the maximum objective function f0(X) of 3.

KMIS was proven to be NP-hard and is known to be difficult to approximate
[3]. As a general model, kMIS can also be used to formulate some practical
problems related to data privacy control [1], community detection [4], and
DNA microarray technology [5]. For instance, a typical application of kMIS is
in recommender systems for musician group formation [6], where each musical
artist is related to several fans. Then the goal is to find k groups of musical
artists maximizing the number of fans to match a musical event or playlist.
By considering that E is the set of fans and S is composed of different groups
of musical artists, this practical problem is conveniently modeled by kMIS.

In this paper, we present the first opposition-based learning memetic algo-
rithm to solve kMIS with following contributions. First, the proposed algo-
rithm uses an opposition-based learning (OBL) population initialization by
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(a) An example of kMIS
G = (S ∪ E,A)

(b) A candidate solution
X = {s1, s3, s4}

(c) An optimal solution
X = {s1, s2, s3}

Fig. 1. An example of kMIS with a candidate solution and an optimal solution (the
selected subsets, their common elements, and the edges between the selected subsets
and common elements are in yellow)

simultaneously considering a candidate solution and its corresponding oppo-
site solution. Second, it integrates an adaptive procedure for dynamically se-
lecting a suitable crossover between two candidate crossovers. Third, it uses a
solution-based tabu search with a multi-swap neighborhood to effectively ex-
amine the search space, a hash-based approach to effectively decide the tabu
status of neighbor solutions and a fast neighborhood evaluation to shorten the
computation time.

We present 26 record-breaking best solutions on the benchmark instances,
which can be useful for future research on the problem.

The rest of the paper is structured as follows. Section 2 introduces an equiv-
alent problem of kMIS and reviews the literature for these two problems.
Section 3 illustrates the proposed algorithm. Section 4 presents the perfor-
mance comparison. Section 5 justifies the significance of the main ingredients
of the algorithm. In the last section summarizes this study and discusses the
future research prospects.

2 Preliminaries

This section introduces the minimum k-union problem (MkUP) which is equiv-
alent to kMIS and then provide a literature review.
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2.1 Equivalent problem of kMIS

According to [1], kMIS and the minimum k-union problem (MkUP) are two
“equivalent” problems. The MkUP is to select a collection X of k subsets from
S to minimize the union of elements uncovered by each selected subset. The
MkUP can be presented following [1].

(MkUP ) Minimize f(X) = |
∪

si∈X
(E \ si)| (4)

subject to |X| = k (5)
X ⊆ S (6)

Equation (4) (objective function) is the minimization of the union of ele-
ments uncovered by all of the selected subsets in X. As f0(X) + f(X) =
|∩si∈X si| + |

∪
si∈X(E \ si)| = m, in which m is the sum amount of elements

and fixed, minimizing f equals to maximizing f0 (Equation (1)). Constraint
(5) ensures that there are k subsets in solution X. Constraints (6) indicate
that the selected subsets must be from the n candidate subsets of S.

(a) An example of MkUP
Ḡ = (S ∪ E, Ā)

(b) A candidate solution
X = {s1, s3, s4}

(c) An optimal solution
X = {s1, s2, s3}

Fig. 2. An example of MkUP with a candidate solution and an optimal solution (the
selected subsets, uncovered elements of the selected subsets, and the edges between
the selected subsets and uncovered elements are in yellow)

The MkUP problem is modeled as a complement graph Ḡ = (S ∪ E, Ā)
to G, where E is the set of m elements and S is the collection of n non-
empty subsets of E like for kMIS, and Ā is the set of edges {si, ej}, where
ej /∈ si (i ∈ {1, ..., n}, j ∈ {1, ...,m}). Figure 2(a) is the corresponding
complement graph Ḡ = (S ∪ E, Ā) of G in Figure 1(a). Differently, Ā =
{{s1, e4}, ..., {s4, e4}}.Figure 2(b) shows a candidate solution X = {s1, s3, s4}
with an objective value of 4, i.e., f(X) = |(E \ s1) ∪ (E \ s3) ∪ (E \ s4)| =
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|{e1, e2, e4, e5}| = 4, where the selected subsets, the uncovered elements, and
the edges between the selected subsets and uncovered elements are highlighted
in yellow. Figure 2(c) exemplifies an optimal solution X = {s1, s2, s3} with
the minimum objective value f(X) of 2.

As shown in [1], any solution to MkUP is also the solution to kMIS. However,
the MkUP is more appealing than kMIS since we can evaluate the neighbor-
ing solutions using remove move operator, which is obtained by removing a
subset from current solution, in constant time O(1), while the neighborhood
evaluation requires O(k × n) for kMIS with the same move operator.

2.2 Literature review of kMIS and MkUP

We classify currently available algorithms for kMIS into exact and heuristic
algorithms.

Exact algorithms are known to guarantee the optimality of their obtained
solutions. Nussbaum et al. [5] stated that kMIS is solvable in polynomial time
for all convex bipartite graphs. Bogue et al. [6] presented two integer linear
programming models (MCLIQUE and MEDGE) and generated 360 real-world
instances (50 ≤ n ≤ 150 and 2 ≤ k ≤ 7). These 360 real-world instances,
which are also referred to as Lastfm instances in this paper, originated from
a music recommendation dataset 1 . Computational results showed that when
processed by CPLEX solvers, the MCLIQUE model was more efficient than the
model MEDGE, and optimally solved all the instances with n ≤ 150 and k ≤ 5.

Because of their high complexity, exact algorithms are unpractical for large
instances with k > 5. Specifically, as shown in [6], within the given time limit of
1800 seconds exact algorithms can only solve up to 96.6% of the instances with
k = 6 and 70% of the instances with k = 7. Therefore, heuristic algorithms
are adopted to obtain suboptimal solutions for large instances in acceptable
computation time.

Bogue et al. [6] introduced a reactive greedy randomized adaptive search pro-
cedure (Reactive-GRASP). The proposed algorithm integrates a greedy ran-
domized initialization phase, a local search phase with the swap operator, and
a path-relinking phase. Their results showed that for the 360 real-world in-
stances, their algorithm could obtain 94% optimal solutions in less than 7
seconds in average, which was much faster than the time required by CPLEX
solvers to process the MCLIQUE and MEDGE.

Dias et al. [7] introduced a reactive variable neighborhood search (Reactive-

1 https://www.last.fm/
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VNS) that adopts an initial constructive phase and iterates between a local
search phase and a shaking phase. The constructive phase adopts greedy re-
move and a path-relinking procedure to create an initial solution. The local
search phase randomly removes 0.3× k subsets from the current solution and
greedily inserts the same number of subsets to the solution. The shaking phase
randomly removes some subsets, whose number is adaptively chosen from
[1, k], and then inserts the same number of subsets to the solution through a
greedy randomized strategy. The authors generated 238 new random instances
(32 ≤ n ≤ 300 and 7 ≤ k ≤ 266). Experimental results on these random in-
stances showed that compared with Reactive-GRASP, Reactive-VNS obtained
30 better, 196 equal and 12 worse results.

Casado et al. [8] presented a greedy randomized adaptive search procedure
(GRASP) that incorporates a greedy randomized initialization phase and a
tabu search phase. The initialization phase iteratively inserts the best subset
from half of random unselected subsets to the current solution. Then, the tabu
search phase deploys a swap operator and the first improvement approach
to improve each solution generated by the constructive phase. Experiments
showed that compared with Reactive-VNS, GRASP obtained 20 better, 208
equal and 10 worse results on the 238 random instances proposed in [7].

Therefore, Reactive-GRASP, Reactive-VNS and GRASP are the most ad-
vanced existing heuristic algorithms for tackling kMIS. They are used as com-
parative algorithms for this study.

For MkUP, the equivalent problem of kMIS, there are only three approxi-
mation algorithms with theoretically guaranteed performance, but without
showing practical results. Chlamtác et al. [9] presented an approximation algo-
rithm with a guaranteed approximation ratio of O(

√
n), in which n is the sum

amount of subsets. Similarly, Yonatan [10] proposed an O(
√
n)-approximation.

Later, Chlamtác et al. [11] achieved an algorithm with an approximation guar-
antee of O(n1/4) and proved that for some dense and random graphs there is no
polynomial-time algorithm that can approximate MkUP better than O(n1/4).

Table 1 sums up the algorithms studied in this section. Column 1 indicates the
authors of the literature. Column 2 shows the algorithm name of the corre-
sponding literature. Column 3 gives the move operators used by an algorithm
when it is applicable, where “-” indicates that no search operator is used. Col-
umn 4 indicates the problems solved by the corresponding algorithms. Column
5 gives the category of instances on which an algorithm has been tested.
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Table 1
Representative exact, heuristic and approximation algorithms for kMIS and MkUP.

Literature Algorithm name Operators Problem solved Instance

Exact algorithms

Bogue et al. [6] MCLIQUE and MEDGE - kMIS 360 real-world

Heuristic algorithms

Bogue et al. [6] Reactive-GRASP swap kMIS 360 real-world

Dias et al. [7] Reactive-VNS remove, insert kMIS 238 random

Casado et al. [8] GRASP swap kMIS 238 random

Approximation algorithms

Chlamtác et al. [9] O(
√
n)-approximation - MkUP -

Yonatan [10] O(
√
n)-approximation - MkUP -

Chlamtác et al. [11] O(n1/4)-approximation - MkUP -

2.3 Literature review of OBL

OBL was originally proposed as a machine intelligence scheme and applied in
reinforcement learning [12]. The main idea of OBL is to consider a candidate
solution and its corresponding opposite solution simultaneously. According
to [13] and [14], OBL is a rapidly growing research field in which various
theoretical models and technical methods have been studied to solve complex
optimization problems.

Zhou et al. [15] proposed an opposition-based memetic search to solve the max-
imum diversity problem, which uses opposite solutions during population ini-
tialization and local optimization. Ventresca et al. [16] proposed a population-
based incremental learning algorithm for the traveling salesman problem,
which uses opposite solutions in the population update procedure to improve
the population diversification. Zhang et al. [17] proposed an opposition-based
ant colony optimization algorithm for the traveling salesman problem, in
which the opposite solution of the local optimal solution is used to update the
pheromone in each iteration. Rahnamayan et al. [18] proposed an opposition-
based differential evolution algorithm for solving constrained minimization
problems, which constructs opposite solutions in the population initialization
procedure. Lei et al. [19] proposed a quasi-opposition-based imperialist com-
petition algorithm for solving the I-beam design problem, the speed reducer
design problem, and the car side impact design problem, where opposite solu-
tions are used for both population initialization and population update. Yildiz
et al. [20] presented a dynamic opposition-based flow direction optimization
method for solving several problems, in which opposite solutions are used
to update the population. Mehta et al. [21] introduced the generalized normal
distribution algorithm based on elite opposition-based learning for solving me-
chanical engineering design problems, where the opposite solution generated
from the best elite solution is used to update the population.
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In summary, the OBL method is widely applied to routing problems and
engineering design problems. In this paper, we present an OBL method for 0-
1 optimization problems, which can be adapted to related binary problems. On
the other hand, existing OBL algorithms usually randomly generate opposite
solutions in population initialization or update procedures, while our OBL
strategy designs a greedy randomized approach to generate opposite solutions.

2.4 Research gaps and objectives

According to the reported results, there are few practical algorithms that
can effectively solve kMIS and MkUP. The exact algorithms in [6] could not
obtain optimal solutions on large instances due to the inevitable exponential
time complexity. The heuristic algorithms in [7,8] lacked stability on large
instances with n ≥ 160 and k ≥ 91.

Furthermore, the recent heuristic algorithms for kMIS are based on either
GRASP or VNS, while the powerful population-based memetic framework
has not been studied for solving the problem. In fact, memetic algorithms are
known to have excellent performance for several related problems [22,23]. In
addition, recent research on improving search algorithms through opposition-
based learning memetic techniques has achieved top performances for several
difficult binary optimization problems [15,24]. Finally, the local search pro-
cedures of existing algorithms are based on the classic swap operator, while
ignoring other move operators. Therefore, we strive here to advance the state
of the art for this problem by designing a new hybrid algorithm combining
the opposition-based learning memetic algorithm framework using two adap-
tively applied crossover operators and an effective local search using an original
multi-swap operator and its fast evaluation technique.

3 Opposition-based learning memetic algorithm

Algorithm 1 illustrates the opposition-based learning memetic algorithm (OBLMA)
for solving MkUP. OBLMA begins with a collection of diversified elite solu-
tions that are achieved by the OBL initialization procedure (line 1). During
each generation, the adaptive crossover procedure (line 5) selects, according
to the probability learning technique, a crossover operator to generate an off-
spring solution from two parent solutions. Subsequently, the solution-based
tabu search procedure (line 6) is activated to improve the offspring. Finally,
the diversity-based pool updating strategy (line 10) is used to update the pop-
ulation with the improved offspring. This process continues until the stopping
condition (e.g., a time limit) is satisfied (lines 4-11).
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Algorithm 1 The main framework of the OBLMA algorithm for solving
MkUP
Input: Instance Ḡ = (S ∪ E, Ā), population size p, greediness ratio ϵ, depth of

solution-based tabu search ω1, ω2 weighting coefficient β, hash vectors Hk with
a length of L (k = 1, 2, 3); hash functions hk (k = 1, 2, 3)

Output: The recorded best solution X∗

1: P = {X1, X2, ..., Xp} ← OBL_Initialization(Ḡ, p, ϵ, ω1,Hk, hk)
/*Construct initial population*/

2: X∗ ← argmin{f(Xi)|i = 1, 2, ..., p} /*Initialize the best solution X∗*/
3: Initialize the crossover probability γ
4: while Stopping condition is not satisfied do
5: X ← Adaptive_Crossover(Ḡ, P, γ) /*Generate offspring X*/
6: X ← Solution_Based_Tabu_Search(Ḡ,X, ω2,Hk, hk) /*Improve offspring

X*/
7: if f(X) < f(X∗) then
8: X∗ ← X /*Update the recorded best solution X∗*/
9: end if
10: (P, γ)← DiversityBased_Pool_Updating(P,X, β, γ)

/*Update the population P and the crossover probability γ*/
11: end while
12: return X∗

3.1 OBL population initialization

The OBL population initialization constructs a population P with p diverse
and high quality solutions. Different from the previous initialization in local
search[6–8], our OBL initialization procedure design a novel greedy construc-
tion strategy and integrate an OBL strategy. The OBL strategy was firstly
proposed as a machine intelligence scheme for reinforcement learning [12].

In detail, the OBL initialization procedure (Algorithm 2) firstly constructs
a pair of solutions, that is, a greedy solution X and its opposite solution
X̂. These two solutions are then improved by the solution-based tabu search
procedure described in Section 3.3. Finally, the better one of the two improved
solutions X i is inserted into the population P (lines 6-7). This procedure
repeats until the population contains p distinct solutions (lines 2-8).

Our novel greedy construction strategy build a greedy solutionX by iteratively
inserting subsets from S. Specifically, each iteration inserts the subset si ∈
S\X with the minimum incremental objective value into X with a probability
of ϵ; otherwise, inserts a random subset si ∈ S \X into X with a probability
of 1 − ϵ. The construction procedure of X stops when there are k subsets in
X.

There are two cases for the construction of the opposite solution X̂: (1) if
k < n

2
, X̂ is constructed by iteratively inserting one subset si ∈ S \ X into
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Algorithm 2 OBL population initialization
Input: Instance Ḡ = (S ∪ E, Ā), population size p, greediness ratio ϵ, depth of

solution-based tabu search ω1, hash vectors Hk with a length of L (k = 1, 2, 3);
hash functions hk (k = 1, 2, 3)

Output: Initial population P
1: P ← ∅
2: for i← 1 to p do
3: Construct a candidate solution X and its opposite solution X̂ by greedy

randomized construction procedure
4: X ← Solution_Based_Tabu_Search(Ḡ,X, ω1,Hk, hk)
5: X̂ ← Solution_Based_Tabu_Search(Ḡ, X̂, ω1,Hk, hk)
6: Xi ← argmin{f(X), f(X̂)} /* Identify the better solution Xi */
7: P ← P ∪ {Xi} /* Add Xi into the population P */
8: end for
9: return P = {X1, X2, ..., Xp}

X̂ following the greedy randomized construction strategy until there are k
subsets in X̂; (2) if k ≥ n

2
, all subsets of S \ X are firstly inserted into X̂,

and then subsets from X are iteratively inserted into X̂ following the greedy
randomized construction strategy until there are k subsets in X̂.

Figure 3 illustrates these two cases on an instance with S = {s1, s2, ..., s8}:
1) k < n

2
, suppose k = 3 as shown in Figure 3(a); 2) k ≥ n

2
, suppose k = 5

as shown in Figure 3(b). In Figure 3(a), suppose that the greedy solution
X = {s1, s2, s4} is given, the opposite solution X̂ is generated by iteratively
inserting three subsets of S \ X, for example {s3, s5, s8}, according to the
greedy randomized construction strategy. In Figure 3(b), suppose that the
greedy solution X = {s1, s3, s4, s5, s8} is given, the opposite solution X̂ is
constructed by firstly inserting all subsets of S \X, i.e., {s2, s6, s7}, and then
iteratively inserting subsets of X (in the example {s1, s4}) according to the
greedy randomized construction strategy until the size of X̂ equals k.

(a) The first case with k < n
2 , k = 3 (b) The second case with k ≥ n

2 , k = 5

Fig. 3. The two cases of construction of the opposite solutions
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3.2 Crossovers and applications

Crossover operators are crucial for population-based memetic approaches.
They have to transmit meaningful characteristics from parents to offspring
and guarantee offspring diversity at the same time [25]. Parents can pass on
their different characteristics by means of different crossovers to maintain off-
spring performance and diversity. Moreover, particular characteristics may
be needed by different problem instances, or one instance at different search
stages. Consequently, there is no single crossover operator that can fit all in-
stances or all search stages. Thus, adaptively applying an ensemble of crossover
operators during the search is an interesting approach, as shown in [26–28].

3.2.1 Crossovers operators

The backbone approach has led to some successful crossovers for subset selec-
tion problems [29,15]. We employ the backbone idea in designing our crossovers
for MkUP since MkUP is also a typical subset selection problem. In our
case, both the tradition backbone-based crossover and a new OBL backbone
crossover are used to generate diverse offspring, which are selected according
to a probabilistic learning technique.

Backbone-based crossover [25,29]: This operator generates an offspring in
three steps. First, we identify the backbone between two parents Xa and Xb,
i.e., X = Xa ∩ Xb. Second, the partial offspring is formed by inheriting the
backbone. Finally, the partial offspring X is successively repaired by using
a greedy approach, which alternatively inserts a subset si ∈ S \ X with the
minimum objective value f(X ∪ {si}) until the size of X reaches k. Figure 4
exemplifies how the backbone-based crossover operator works. The example
takes an instance of 8 subsets, and operates with two parent solutions Xa and
Xb. Firstly, the backbone {s1, s6} between Xa and Xb is identified. Secondly,
the partial offspring X is generated by inheriting the backbone subsets. Fi-
nally, the partial solution is completed by alternatively inserting subsets with
the minimum incremental objective value from S \X (subsets s2 and s7).

OBL backbone crossover: Similar to backbone-based crossover, the OBL
backbone crossover also constructs its offspring in three steps. Firstly, the
opposite backbone is identified, which consists of the subsets not in any parent,
i.e., S \ {Xa ∪Xb}. Second, a partial solution X is obtained by inheriting the
opposite backbone. Finally, if k < n

2
, the subset si ∈ S \X with the minimum

objective value f(X ∪ si) is iteratively inserted into the partial offspring X
until the size of X equals to k; otherwise, subsets si ∈ X with the minimum
objective value f(X \ {si}) are iteratively removed from X until the size
of X equals to k. Figure 5 illustrates the OBL backbone crossover. Firstly,
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the opposite backbone {s5, s8} between Xa and Xb is identified. Secondly,
the partial offspring X is built by conserving the opposite backbone subsets.
Finally, the partial solution is completed by alternatively inserting subsets
with the minimum incremental objective value from S \X (subsets s3 and s7).

Fig. 4. Example of the backbone-based crossover with parents Xa = {s1, s2, s4, s6},
Xb = {s1, s3, s6, s7}, and k = 4

Fig. 5. Example of the OBL backbone crossover with parents Xa = {s1, s2, s4, s6},
Xb = {s1, s3, s6, s7}, and k = 4

3.2.2 Learning-based adaptive crossover

Each generation of the algorithm chooses one type of crossovers with a learning-
based strategy [30]. Specifically, we generate rand which is a random number
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between 0 and 1. If rand less than the value of learning-based crossover prob-
ability γ, the backbone-based crossover is chosen (lines 2-3); otherwise, the
OBL backbone crossover is chosen (lines 4-5).

Algorithm 3 Learning-based adaptive crossover
Input: Instance Ḡ = (S ∪ E, Ā), the population P , the learning-based crossover

probability γ
Output: Offspring X
1: Randomly select two parent solutions Xa and Xb from P
2: if rand(0, 1) < γ then
3: X ← BackboneBased_Crossover(Xa, Xb)
4: else
5: X ← OBL_BackboneCrossover(Xa, Xb)
6: end if
7: return X

The learning-based updating of γ is described in the Section 3.4. Specifically,
the value of γ will adaptively rise if the backbone-based crossover operator is
chosen and the resulting offspring is incorporated into the population. Other-
wise, γ will adaptively reduce. It is expected to select more suitable crossover
at each generation of the algorithm by using the adaptively learned probabil-
ities to create promising offspring solutions.

3.3 Solution-based tabu search

Solution-based tabu search (SBTS) has recently shown great performances on
challenging optimization problems including the multidemand multidimen-
sional knapsack problem [31], the obnoxious p-median problem [32], and the
set-union knapsack problem [33]. Compared to attribute-based tabu search,
SBTS can eliminate the difficulty of tuning the tabu tenure and ensuring
stronger search intensification.

Algorithm 4 shows the framework of our proposed SBTS procedure. Beginning
with the initial solution X (as indicated at line 1), SBTS first sets up the hash
vectors (as shown at line 4) It then proceeds into a loop that runs until no
improved solution is found for a given number of iterations (encompassed by
lines 6-16). In each loop iteration, SBTS identifies the best admissible neigh-
boring solution X ′ within the multi-swap neighborhood (explained below) and
adopts it as the new current solution (lines 7-8). It subsequently updates the
hash vectors (line 9), potentially updates the best recorded solution Xbest, and
adjusts the counter for the number of consecutive non-improvement (ranging
from lines 10-15). The search stops if there is no update to the best solution
found for ω2 consecutive iterations, where ω2 represents the search depth of
SBTS.
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Algorithm 4 Solution-based tabu search
Input: Instance Ḡ = (S ∪ E, Ā), input solution X, search depth ω2, hash vectors

Hr of length L, r = 1, 2, 3; hash functions hr, r = 1, 2, 3
Output: The best solution Xbest found during the search
1: Xbest ← X /* Initialize the best solution Xbest of solution-based tabu search

*/
2: non_improve← 0 /* Indicate the continuous iterations where Xbest is not

updated */
3: for i← 0 to L− 1 do
4: H1[i]← 0,H2[i]← 0,H3[i]← 0 /* Initialize the hash vectors */
5: end for
6: while non_improve ≤ ω2 do
7: Find a best neighbor solution X ′ that is not simultaneously forbidden by the

hash vectors (i.e., tabu lists) H1, H2, and H3 from the current neighborhood
N(X)

8: X ← X ′

9: H1[h1(X)]← 1,H2[h2(X)]← 1,H3[h3(X)]← 1 /* Update the hash vectors
with X */

10: if f(X) < f(Xbest) then
11: Xbest ← X
12: non_improve← 0
13: else
14: non_improve← non_improve+ 1
15: end if
16: end while
17: return Xbest

Multi-Swap Operator: For local optimization, [6] and [8] adopt the tradi-
tional swap operator to examine the search space. The swap operator combines
two consecutive moves, i.e., removing a selected subset from the solution and
inserting another subset into the solution. However, according to the exper-
imental results, it may happen that the remove phase does not decrease the
objective value since the elements which are not covered by a removed subset
are also not covered by other subsets in local optimal solutions. To overcome
this obstacle, [7] tries to randomly remove a fixed number of subsets and then
greedily insert the same number of subsets into the solution.

In this study, we present a new multi-swap operator that always considers the
objective variation and determines the suitable number of swapped subsets
according to the current solution. Specifically, the multi-swap operator con-
sists two phases. The first phase iteratively removes subsets from X with the
minimum incremental objective value (Equation (8)) until the current solution
is improved. Then, subsets with the minimum incremental objective value are
iteratively inserted to X (ties are broken randomly) until the number of the
subsets in X equals k.
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Neighborhood structure: The neighborhood N contains all possible solu-
tions generated by adopting “multi-swap” to X.

N(X) = {X ⊕multi - swap(R, I) : R ⊂ S, I ⊂ S,R ∩ I = ∅, |R| = |I|} (7)

where R be the set of subsets to be removed, I the set of subsets to be inserted,
and multi - swap(R, I) designates the operation that removes the subsets of
R from X and inserts the subsets of I to X. The size of N is bounded by
O(k × n).

Fast Neighborhood Evaluation Technique: The multi-swap operator is
a combination of several remove operations and several insert operations. The
incremental objective value (also called move gain, denoted by ∆f) after ap-
plying multi - swap(R, I) can be calculated by the sum of incremental evalu-
ation values of removing all subsets in R and incremental evaluation values
of inserting all subsets in I. To efficiently compute the incremental evaluation
value (∆f) of removing a subset or inserting a subset, we maintain a vector
δ of size n in which δ[i] (1 ≤ i ≤ n) records ∆f of removing or inserting si.
The vector δ is initialized as below:

δ[i] =

 |{ej ∈ si : |Uj ∩X| = 0}|, si /∈ X

−|{ej ∈ si : |Uj ∩X| = 1}|, si ∈ X
(8)

where ej is an element of the subset si, and Uj is the set of the subsets not
covering ej.

Once a subset is removed or inserted, δ is updated as follows.

1) For the removed subset si (or the inserted subset si), δ[i] = −δ[i].

2) If subset si is removed from X, the value δ[d] of each other subset sd (d ̸= i)
is updated by,

δ[d] =


δ[d] + 1, if |X ∩ Uj| = 1 and sd ∈ Uj

δ[d]− 1, if |X ∩ Uj| = 2 and sd ∈ X ∩ Uj

δ[d], otherwise

(9)

where ej is an element that does not belong to the subset si, and Uj is the set
of the subsets not covering ej.

3) If subset si is inserted to X, the value δ[d] of each other subset sd (d ̸= i)
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is updated by,

δ[d] =


δ[d]− 1, if |X ∩ Uj| = 0 and sd ∈ Uj

δ[d] + 1, if |X ∩ Uj| = 1 and sd ∈ X ∩ Uj

δ[d], otherwise

(10)

where ej is an element that does not belong to the subset si, and Uj is the set
of the subsets not covering ej.

The worst time complexity of updating δ is O(mn).

Tabu list management strategy using hash functions: SBTS utilizes a
tabu list mechanism to avoid revisiting any previously encountered solutions
during the search process. Specifically, we use the solution-based tabu strategy
which adopts three binary hash vectors H1, H2, and H3 of length L, where
each hash vector Hr is associated to a hash function hr. The hash functions
serve to assign a solution to an index within Hr (r = 1, 2, 3).

Based on Hr and hr (r = 1, 2, 3), we define the following rule to decide the
status of a candidate solution X. If H1(h1(X)) ∨ H2(h2(X)) ∨ H3(h3(X)) =
1, then X is classified as already seen and will not be considered further.
Otherwise, X is classified as a non-tabu solution.

Let X = (x1, x2, ..., xn) be a candidate solution such that the xi = 1 if subset
si ∈ S is selected, xi = 0 otherwise. Then the hash values hr (r = 1, 2, 3) are
given by:

hr(X) = (
n∑

i=1

⌊iξr⌋ × xi) mod L (11)

where ξr (r = 1, 2, 3) is a parameter and L is the length of hash vectors which
is determined to be 108 based on empirical experimentation.

Given a solution X, its status (i.e., tabu or non-tabu) can be determined in
O(1) according to Equation (11).

Figure 6 illustrates the hash-based tabu list management strategy. According
to Equation (11), applying the hash functions to the given solution X gives
the hash values h1(X) = 1, h2(X) = 5 and h3(X) = 2. Checking these val-
ues implies that X is a prohibited solution since H1(h1(X)) ∧ H2(h2(X)) ∧
H3(h3(X)) = H1[1] ∧H2[5] ∧H3[2] = 1.
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Fig. 6. An example of the hash-based tabu list management strategy

3.4 Diversity-based pool updating

We use a diversity-based population updating procedure (see Algorithm 5)
to manage the insertion of each offspring solution X into the population P .
Firstly, the offspring X is added to the population (line 2). Secondly, the
goodness score of each solution in P is computed according to Equation (12)
(line 3). Thirdly, the worst solution Xworst according to the goodness score is
identified and removed from P (lines 4-5). Finally, the crossover probability γ
is updated according to Equation (13) (line 7).

Algorithm 5 Diversity-based pool updating
Input: Population P , improved offspringX, weighting coefficient β, crossover prob-

ability γ
Output: Updated population P , updated crossover probability γ
1: /*Update the population P*/
2: P ← P ∪ {X}
3: Calculate Score(Xi) of each Xi ∈ P according to Equation (12)
4: Xworst ← argmin{Score(Xi)|Xi ∈ P}
5: P ← P \ {Xworst}
6: /*Update the crossover probability γ*/
7: Update γ by Equation (13)
8: return (P, γ)

Calculate goodness score Score. We calculate the goodness score Score(X i)
of a solution X i as below [34,35]:

Score(X i) = β × fmax − f(X i)

fmax − fmin

+ (1− β)× D(X i)−Dmin

Dmax −Dmin

(12)

where fmax and fmin designate respectively the maximum and minimum objec-
tive value of the individuals in the population,D(X i) = Min{distance(X i, Xj) :
Xj ∈ P,Xb ̸= X i} is the distance between individual X i and population,
distance(X i, Xj) stands for the Hamming distance between X i and Xj, Dmax
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and Dmin are respectively the maximum and minimum Hamming distance
between an individual and the population. The parameter β is tuned to 0.8
based on empirical test.

Update the crossover probability γ. When the population is updated
with an offspring, the crossover probability γ is updated using a probability
learning method (Equation (13)), inspired by [28,36].

γ =
50 + q1

100 + q1 + q2
(13)

where q1 refers to the number of times the population is updated with an
improved offspring from the backbone-based crossover and q2 refers to the
number of times the population is updated with improved offspring from the
OBL backbone-based crossover. The increase of q1 will equally increase both
the numerator and denominator of Equation (13), which will increase the
crossover probability γ and decrease the selection probability of the other
(not applied) crossover.

3.5 Computational complexity

The complexity of the population initialization procedure is restricted by
O(k×m×n), where k is the given integer number of the selected subsets, m is
the number of elements in E, and n is the number of subsets in S. The main
loop of the OBLMA algorithm consists of three procedures: crossover, the
solution-based tabu search, and pool updating procedure. The first requires
time O(k×m×n), the second needs O(T ×k×m×n), and the last procedure
can be accomplished in O(p2×n), where T is the number of iterations of tabu
search, p is the population size. Therefore, one iteration of the main loop of
the OBLMA algorithm requires O(T × k ×m× n) time.

4 Computational assessment and comparative analysis

In this section, we present detailed experimental results and assessment of
the proposed OBLMA algorithm on 360 real-world instances generated in this
study, 238 random instances initially tested in [7] and 10 large real-world
instances from the KONECT repository [37].
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4.1 Benchmark instances

These instances are organized into three categories.

1. Lastfm (360 real-world instances): The instances of the first category
come from a music recommendation dataset 2 , were firstly proposed in [6],
but the source instances were not available. We generated the new instances
named Lastfm** following the same method in [6] with different random
seed. The optimal solutions of all new generated instances cannot be ob-
tained by the CPLEX solver (as in Section 4.2). The k values are within
{2, 3, 4, 5, 6, 7} following [6]. Each instance has m ∈ [965, 985] elements,
n ∈ [50, 150] subsets, and a density within [0.355, 0.491].

2. Random (238 random instances): The second category introduced in
[7] consists of 238 random instances generated following the graph models
in [38], among which the optimal values of 180 instances are known. The
names of these instances are in the form of classe**. These instances are
featured by the number of elements m within [32, 300], the number of sub-
sets n within [32, 300], the density within [0.499, 0.991], and the value of k
within [7, 266].

3. KONECT (10 large real-world instances): The third category is com-
posed of 10 instances from the KONECT repository [37], and their opti-
mal solutions are unknown. The KONECT repository contains hundreds
of networks from diversified real-life applications, such as rating networks,
affiliation networks, and interaction networks. The selected instances are
derived from movie rating networks, and with movielens** in their names.
Each instance is characterized by the number of elementsm ∈ {1682, 3706},
the number of subsets n ∈ {943, 6040}, the density within [0.045, 0.063],
and the value of k within {10, 20, 30, 40, 50}. For five instances, m(n) =
1682(943), and for the other five instances, m(n) = 3706(6040). Each k
value corresponds to two different instances in this category, and m takes
1682 for five of them and 3706 for the others.

These instances can be accessed at https://github.com/sunseu2022/kMIS.

4.2 Experimental protocol

The OBLMA algorithm is coded in C++ 3 and compiled by the g++ compiler
with the -O3 option.

2 http://ocelma.net/MusicRecommendationDataset/lastfm-1K.html
3 The source code of the OBLMA algorithm will be publicly available at
https://github.com/sunseu2022/kMIS with the publication of the paper.
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Parameters: OBLMA requires 8 parameters, including the population size
p, the greediness ratio ϵ, the search depth of OBL population initialization ω1,
the search depth of solution-based tabu search ω2, the parameters ξ1, ξ2 and
ξ3 used in the hash function, and weighting coefficient β. The automatic pa-
rameter tuning package “irace” was employed to calibrate these parameters.
For each parameter, a set of candidate values was first determined by pre-
liminary experiments and presented in the fourth column of Table 2. For the
tuning experiment, the maximum number of executions (tuning budget) used
by Irace is set to 2,000 to choose one elite configuration as the final setting.
We measured execution quality based on the number of the best objective val-
ues (fbest) achieved on 24 representative, difficult instances, for which the best
objective values (fbest) cannot be consistently reached. The elite configuration
returned by irace is shown in the last column (Final value) of Table 2. These
final parameter values are used in all experiments reported in the following
sections and can be considered to form the default parameter setting of our
algorithm.

Table 2
Parameter settings of the OBLMA algorithm
Parameters Section Description Candidate values Final value

p 3.1 Population size {5, 10, 15, 20, 25} 15

ϵ 3.1 Greediness ratio of initialization {0.5, 0.6, 0.7, 0.8, 0.9} 0.7

ω1 3.1 Search depth of OBL population initialization {20, 40, 60, 80, 100} 40

ω2 3.3 Search depth of local search {100, 500, 1000, 1500, 2000} 1000

ξ1 3.3 Parameter in the first hash function {1.1, 1.2, 1.3, 1.4, 1.5} 1.2

ξ2 3.3 Parameter in the second hash function {1.3, 1.4, 1.5, 1.6, 1.7} 1.6

ξ3 3.3 Parameter in the third hash function {1.7, 1.8, 1.9, 2.0, 2.1} 2.0

β 3.4 Weighting coefficient of pool updating {0.5, 0.6, 0.7, 0.8, 0.9} 0.8

Reference algorithms: Four state-of-the-art kMIS algorithms are taken
as references to evaluate the OBLMA algorithm, including CPLEX solver
(CPLEX), Reactive-GRASP [6], Reactive-VNS [7], and GRASP [8].

We run last three reference algorithms (named as Re-Reactive-GRASP, Re-
Reactive-VNS and Re-GRASP) using the codes provided by [7] and [8], and
followed the calibrated parameter settings provided in corresponding papers.

1) The CPLEX solver (CPLEX): We present an integer linear programming
model (see Appendix A) and solve it based on the CPLEX solver (version
12.8) under the time limit of 1 hour for each instance.
2) Re-Reactive-GRASP [6]: The Reactive-GRASP algorithm was firstly pro-
posed in [6], but the source code were not available. [7] re-implemented the
Reactive-GRASP algorithm (Re-Reactive-GRASP), and we adopt its code in
this paper. The code is written in C++ and compiled by the g++ compiler
with the -O3 option.
3) Re-Reactive-VNS [7]: We run the source code of Reactive-VNS provided in
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[7] (Re-Reactive-VNS). The code is also written in C++ and compiled by the
g++ compiler with the -O3 option.
4) Re-GRASP [8]: We run the source code of GRASP provided in [7] (Re-
GRASP). The code is written in Java.

Stopping conditions: All experiments are conducted on an Intel (R) Core
(TM) 2 Duo CPU T7700 2.40GHz processor with 2GB of RAM. Following
[6–8], we run all algorithms 10 times to solve each instance.

The reference algorithms in [6–8] have different stopping conditions (using
a maximum allowed number of iterations, a maximum allowed time limit),
and can obtain the best results for most instances (80%) within 60 seconds.
Therefore, the stopping condition of all algorithms for one run is a time limit
of 60 seconds for all instances.

4.3 Comparative study

This section shows summarized comparison results on the three set of bench-
mark instances. The detailed results for each instance are available at https://
github.com/sunseu2022/kMIS, and the optimal values are indicated by aster-
isks “*”.

4.3.1 Computational results on the 360 real-world instances

Table 3 shows the comparative results of OBLMA against the reference al-
gorithms on the 360 real-world instances,in terms of the best result fbest,
the worst result fworst, and the average result favg over 10 runs. Recalled
that no optimal solutions can be obtained by CPLEX. The first column in-
dicates the name of the two compared algorithms and the second column
states the performance indicators. Columns 3/4/5 respectively indicate the
number of instances where OBLMA obtains better/equal/worse results com-
pared to each reference algorithm. The last column shows the p-values from
the non-parametric Friedman tests, where NA means that the same results
were obtained by the compared algorithms. p-values smaller than 0.05 are
highlighted in bold to remind significant differences.

Table 3 shows that judging from the lower bounds (LB), OBLMA obtained
notably 24 better and 336 equal results against the exact algorithm (CPLEX)
(row 1). Besides, OBLMA achieved equal results for all 360 instances against
Re-Reactive-GRASP, Re-Reactive-VNS and Re-GRASP in terms of fbest, fworst,
and favg.
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Table 3
Summary of the comparison between OBLMA and the four reference algorithms on
the real-world instances (360 instances)

Algorithm pair Indicator Better Equal Worse p-value

OBLMA vs. CPLEX fbest/LB 24 336 0 9.63E-07

OBLMA vs. Re-Reactive-GRASP fbest 0 360 0 NA

fworst 0 360 0 NA

favg 0 360 0 NA

OBLMA vs. Re-Reactive-VNS fbest 0 360 0 NA

fworst 0 360 0 NA

favg 0 360 0 NA

OBLMA vs. Re-GRASP fbest 0 360 0 NA

fworst 0 360 0 NA

favg 0 360 0 NA

4.3.2 Computational results on the 238 random instances

The comparative outcomes between OBLMA and the reference algorithms on
the 238 random instances are summarized in Table 4 with the same informa-
tion as in the last section.
Table 4
Summary of the comparison between OBLMA and four reference algorithms on 238
random instances

Algorithm pair Indicator Better Equal Worse p-value

OBLMA vs. CPLEX fbest/LB 41 197 0 1.52E-10

OBLMA vs. Re-Reactive-GRASP fbest 61 177 0 5.71E-15
fworst 93 145 0 5.23E-22
favg 93 145 0 5.23E-22

OBLMA vs. Re-Reactive-VNS fbest 38 200 0 7.07E-10
fworst 47 191 0 7.10E-12
favg 50 188 0 1.54E-12

OBLMA vs. Re-GRASP fbest 28 210 0 1.21E-07
fworst 39 199 0 4.24E-10
favg 42 196 0 9.12E-11

According to Table 4 and detailed results on the website 4 , OBLMA achieved
41 much better and 197 equal lower bounds (including 180 known optimal re-
sults) against CPLEX solver. Furthermore, OBLMA outperformed Re-Reactive-
GRASP, Re-Reactive-VNS and Re-GRASP. Specifically, in terms of fbest,
OBLMA dominated Re-Reactive-GRASP (with 61 better and 177 equal re-
sults), Re-Reactive-VNS (with 38 better and 200 equal results) and Re-GRASP
(with 28 better and 210 equal results). In terms of fworst, OBLMA out-
performed reference algorithms Re-Reactive-GRASP/Re-Reactive-VNS/Re-
GRASP by obtaining respectively 93/47/39 better results, and 145/191/199

4 https://github.com/sunseu2022/kMIS
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equal results. In terms of favg, the dominance of OBLMA was even more evi-
dent by obtaining respectively 93/50/42 better results, and 145/188/196 equal
results against Re-Reactive-GRASP/Re-Reactive-VNS/Re-GRASP. Accord-
ing to the non-parametric Friedman tests, small p-values (<< 0.05) implies
statistically significant differences between OBLMA and its competitors.

4.3.3 Computational results on the 10 large real-world instances

Table 5 summarized the comparative outcomes of OBLMA against the refer-
ence algorithms on the 10 large real-world instances.

Table 5
Summary of the comparison between OBLMA and four reference algorithms on the
10 large real-world instances

Algorithm pair Indicator Better Equal Worse p-value

OBLMA vs. CPLEX fbest/LB 9 1 0 2.70E-03

OBLMA vs. Re-Reactive-GRASP fbest 9 1 0 2.70E-03
fworst 10 0 0 1.60E-03
favg 10 0 0 1.60E-03

OBLMA vs. Re-Reactive-VNS fbest 3 7 0 8.33E-02

fworst 5 5 0 2.53E-02
favg 5 5 0 2.53E-02

OBLMA vs. Re-GRASP fbest 3 7 0 8.33E-02

fworst 8 2 0 4.70E-03
favg 8 2 0 4.70E-03

Table 5 reveals that OBLMA performed remarkably on these very large in-
stances, for which no optimal solutions can be obtained by CPLEX. Compared
to CPLEX, OBLMA achieved 9 better and 1 equal lower bounds. Besides, in
terms of fbest, OBLMA dominated Re-Reactive-GRASP (with 9 better and 1
equal results), Re-Reactive-VNS (with 3 better and 7 equal results), and Re-
GRASP (with 3 better and 7 equal results). In terms of fworst, OBLMA out-
performed reference algorithms Re-Reactive-GRASP/Re-Reactive-VNS/Re-
GRASP by obtaining respectively 10/5/8 better results and 0/5/2 equal re-
sults. The comparative results in terms of favg are same to those in terms
of fworst. The p-values of 2.70E-03 for OBLMA vs. CPLEX and OBLMA vs.
Re-Reactive-GRASP validate the dominance of OBLMA over these methods
in terms of fbest. Besides, the small p-values (< 0.05) also imply that our worst
and average results differ significantly from those of the reference algorithms.

Specifically for this section, OBLMA matched the 360 best results among the
360 real-world instances, hold 24 best results among the 238 random instances,
obtained 2 best results among the 10 large real-world instances, and matched
the remaining best results, including 180 known optimal results.

23



4.3.4 The comparison with performance profiles

We present performance profiles [39] to visually illustrate how each algorithm
performs, based on fbest and favg. To compare the performance of a set of
algorithms W on a set of instances Q, we use Qw(τ) as the performance
function of each algorithm w to indicate the percentage of instances whose
performance ratios are less than τ as follows,

Qw(τ) =
|{q ∈ Q|αw,q ≤ τ}|

|Q|
(14)

where performance ratio αw,q =
max{fw,q:w∈W }

fw,q
, fw,q is the fbest or favg value

of instance q of Q got by algorithm w of W , and τ is a threshold set for the
performance ratio.

(a) Performance in terms of fbest (b) Performance in terms of favg

Fig. 7. The performance of OBLMA and four reference algorithms on all 608 bench-
mark instances.

Figure 7 shows the performance of OBLMA and four reference algorithms on
all 608 benchmark instances, where the X-axis means the threshold τ and
the Y -axis means the performance function Qw(τ). The value Qw(τ) is the
proportion of best known results that algorithm w can achieve by scaling its
results by τ times. When τ = 1, the value on the Y -axis corresponds to the
proportion of instances where algorithm w achieves the best value of the set
W of compared algorithms.

Figure 7 demonstrates the much better performance of OBLMA on the 608
instances against the reference algorithms. Specifically, when τ = 1, in terms
of fbest, OBLMA could reach 100% best fbest values on all these instances, but
CPLEX and Re-Reactive-GRASP failed on around 10%, and Re-Reactive-
VNS and Re-GRASP failed on around 5%. In terms of favg, OBLMA reached
100% best values, while reference algorithms failed on at least 8% of the in-
stances. When τ = 1.5, all algorithms could reach at least 98% best fbest values
and best favg values.
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4.3.5 Time-to-target analysis

The time-to-target analysis [40,41] aims to assess the computing capabil-
ity of OBLMA and the reference algorithms. We compare the required
time for OBLMA and the reference algorithms to reach a given objec-
tive value. This experiment is tested on four out of the 24 representative
instances (classe_5_140_140, classe_7_240_240, classe_7_280_224, and
classe_8_280_224). The given objective values of these four instances were
set to 10, 38, 54 and 14, respectively. OBLMA and the reference algorithms are
run 100 times independently with the default experimental settings. Termina-
tion of each run occurred immediately upon achieving the specified objective
values. Corresponding running time was recorded as the output of the test.
Figure 8 illustrates the time-to-target analysis results of OBLMA and the ref-
erence algorithms. The X-axis and Y -axis represent the running time and
the cumulative probability of reaching the designated objectives, respectively.

(a) classe_5_140_140 (b) classe_7_240_240

(c) classe_7_280_224 (d) classe_8_280_224

Fig. 8. Time-to-target analysis of OBLMA and the reference algorithms

Figure 8 reveals that the time-to-target lines of OBLMA are almost strictly
above those of the reference algorithms, indicating that OBLMA can reach
the given objective values with a much higher cumulative probability. Besides,
the analysis again validated the competitiveness of OBLMA in computing
capability.
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5 Analysis

The core elements of the OBLMA consist of the OBL strategy, the adap-
tive crossover mechanism, and the multi-swap neighborhood technique. In
this analysis, we examine their impact on the OBLMA’s effectiveness. The
subsequent evaluation adhered to the same experimental setup and time con-
straints as detailed in Section 4.2. The detailed results of these experiments
are available at https://github.com/sunseu2022/kMIS.

5.1 Impacts of OBL strategy

To assess the influences of OBL mechanism on population diversity, we com-
pare OBLMA with its variant MA on the minimum and average distances
of individuals in the population. MA stands for the OBLMA without OBL
strategy in the population initialization and crossover procedure, which gen-
erates two greedy solutions with the greedy randomized construction strat-
egy and employs only the backbone-based crossover, as opposed to OBLMA
which generates the greedy solution along with its opposite solution and in-
corporates the OBL backbone crossover.

Figure 9 shows the results of the comparison between OBLMA and its variant
MA in terms of the best results fbest and the average results favg. The X-axis
indicates the instances which are numbered following the alphabetic order.
The Y -axis presents the gap between fbest (favg) and the best value (the
average value) of new lower bound the NLBbest (NLBavg) from OBLMA, as
shown in Section 4.3, i.e., gap = NLBbest−fbest

NLBbest
× 100% for Figure 9(a) and

gap = NLBavg−favg
NLBavg

× 100% for Figure 9(b).

(a) Comparison in terms of fbest (b) Comparison in terms of favg

Fig. 9. Comparison of OBLMA with its variant MA.

We observe from Figure 9 that OBLMA exhibits a superior performance in
terms of the best results and the average results. Specifically, compared with
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the variant MA, OBLMA obtains 2(12) better results and 22(12) equal results
in terms of fbest(favg). This indicates the usefulness of the OBL strategy for
solving the MkUP under the population-based search.

To complete this experiment, Figure 10 shows the percentage of opposite so-
lutions kept in the population during initialization. The X-axis presents the
instances, which are numbered in alphabetic order and the Y -axis indicates
the percentage of the opposite solutions kept in the population. The results
show that, in 18 out of the 24 instances, about 5% of the opposite solutions
are retained in the population. This indicates that only the most promising
opposite solutions are preserved, favoring a balance between exploration and
exploitation.

Fig. 10. The proportions of opposite solutions kept in initialization procedure.

5.2 Impacts of the adaptive crossover mechanism

To analyze the effectiveness of the adaptive crossover mechanism, we imple-
ment a variant OBLMA-Random, where the learning-based adaptive crossover
is replaced by a random crossover.

Figure 11 shows the comparison results between OBLMA and its variant
OBLMA-Random using 30 seconds as the stopping condition. Specifically,
compared with OBLMA-Random, OBLMA obtains better fbest values for one
instance out of the 24 instances, better favg values for 8 instances, and equal
results for the remaining instances respectively. The reason for the small dif-
ference in terms of the fbest in the comparison is that the multi-swap operator
can significantly improve the value of fbest. Since OBLM-Random adopts the
multi-swap operator in the SBTS procedure, it can also obtain an excellent re-
sult in terms of fbest. However, OBLMA dominates OBLMA-Random in terms
of favg, which means the adaptive crossover mechanism improves the stability
and robustness of the algorithm.

To understand the changes of crossover rate parameter γ during the search,
we present the variation of γ within a running time of 30 seconds on 24 repre-
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sentative instances in Figure 12. Each colored curve represents the variation
of γ of one instance. The X-axis shows the running time in seconds and the
Y -axis indicates the value of γ. The results of Figure 12 show that the values
of γ display some large fluctuations within the first 15 seconds, and tend to
achieve stable convergence afterward except for two instances. That means
that the adaptive crossover procedure of OBLMA dynamically adjusted the γ
such that a suitable diversification-intensification balance can be reached for
most of the instances.

(a) Comparison in terms of fbest (b) Comparison in terms of favg

Fig. 11. Comparison of OBLMA with its variant OBLMA-Random.

Fig. 12. Variation of the crossover probability γ of OBLMA on 24 representative
instances as a function of running time.

5.3 Impacts of the multi-swap neighborhood

As explained in Section 3.3, OBLMA applies the multi-swap operator in the
solution-based tabu search. To justify its merits, a variant of OBLMA, called
OBLMA-Swap, is created for comparison. OBLMA-Swap employs the swap
operator that exchanges a subset from X with a subset from S \X to generate
neighbor solutions.

Figure 13 exhibits the comparitive results of OBLMA and OBLMA-Swap in
terms of best and average results (over 10 runs). Specifically, in terms of
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(a) Comparison in terms of fbest (b) Comparison in terms of favg

Fig. 13. Comparison of OBLMA with its variants OBLMA-Swap

fbest, OBLMA dominates OBLMA-Swap by obtaining 14 better and 10 equal
results. As for favg, OBLMA performs better by obtaining 23 better and 1
equal results. This indicates that the multi-swap neighborhood guarantees the
high performance of OBLMA.

6 Conclusions

The maximum intersection of k-subsets problem (kMIS) is widely applicable
in many fields, but difficult to solve due to its NP-hard nature. For this end,
we presented in this work an opposition-based learning memetic algorithm
that features several complementary search components including an OBL
population initialization to construct promising starting population, an adap-
tive crossover procedure to produce promising offspring, a solution-based tabu
search to effectively inspect candidate solution exploration, and a diversity-
based pool updating to maintain a healthy population.

We conducted a performance evaluation of our proposed algorithm on a set of
608 instances, comparing it with the state-of-the-art algorithms. The compara-
tive results demonstrated that our algorithm excelled, identifying 26 new lower
bounds and achieving the current best results for the remaining instances.
Specifically, OBLMA obtains 74 better lower bounds than CPLEX, 70 better
results than Re-Reactive-GRASP, 41 better results than Re-Reactive-VNS,
and 31 better results than Re-GRASP. Besides, the benefits of the learning-
driven strategy and the solution-based tabu search were also investigated.

Several directions can be followed by coming research. First, investigating
exact and approximate approaches would help to narrow the gap between the
stated and the optimal solutions. Second, different operators from those in this
study can be explored to improve the search performance further. Finally, it
could be interesting to test the proposed approach on other related problems,
such as the knapsack problem [42], the maximum diversity problem [43], and
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the non-unicost set covering problem [44].
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A ILP (integer linear programming) for MkUP

We utilized the 0-1 ILP model in Section 4 for the computations in MkUP,
and here are details about it. The model covers following variables:

• X = {x1, x2, ..., xn} is taken as a candidate solution.
• xi ∈ {0, 1} as a binary decision variable that equal to 1 only when subset
si is selected; 0 otherwise.
• yj ∈ {0, 1} as a binary logical variable that equal to 1 only when element

ej is uncovered by one of the selected subsets; 0 otherwise.
• V as a binary matrix specifying the relationship between the elements and

subsets so that vij = 1 if subset si uncovers element ej; otherwise, vij = 0.

Then, the following ILP model for the MkUP is formed:

f(X) = min
m∑
j=1

yj (A.1)

n∑
i=1

xi = k (A.2)
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n∑
i=1

vijxi ≤ yj,∀j ∈ {1, ...,m} (A.3)

xi, yj ∈ {0, 1},∀i ∈ {1, ..., n},∀j ∈ {1, ...,m} (A.4)

The objective function (A.1) is to minimize the union of elements uncovered by
each selected subset in X. Constraint (A.2) ensures that there are k selected
subsets. Constraint (A.3) enforces that an element is in the union if one of
the subsets that uncovers it is selected. Constraint (A.4) stipulates the binary
nature for variables xi and yj.
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