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Abstract

The minmax multiple traveling salesman problem involves minimizing the costs
of a longest tour among a set of tours. The problem is of great practical interest
because it can be used to formulate several real-life applications. To solve this com-
putationally challenging problem, we propose a learning-driven iterated local search
approach that combines an effective local search procedure to find high-quality lo-
cal optimal solutions and a multi-armed bandit algorithm to select removal and
insertion operators to escape local optimal traps. Extensive experiments on 77 com-
monly used benchmark instances show that the algorithm achieves excellent results
in terms of solution quality and running time. In particular, it achieves 32 new best
results (improved upper bounds) and matches the best-known results for 35 other
instances. Additional experiments shed light on the understanding of the algorithm’s
constituent elements. Multi-armed bandit selection can be used advantageously in
other multi-operator local search algorithms.

Keywords: Traveling salesman; Minmax; [terated local search; Multi-armed bandit;
Learning-driven search.

1 Introduction

The minmax multiple traveling salesman problem (minmax mTSP) is formu-
lated within a complete, undirected graph G = (V,€), where V = {vg} UN
is the set of vertices, with the vertex vy serving as the depot and N =
{v1,v9,++ ,v,} being the set of cities, while £ represents the set of edges.
Each edge e;; € £ is associated with a cost ¢;; (or distance) and the edge

* Corresponding author.
Email addresses: pengfeihe606@gmail.com (Pengfei He),
jin-kao.hao@univ-angers.fr (Jin-Kao Hao), jinhuixia®@seu.edu.cn (Jinhui

Xia).

Preprint submitted to Journal 29 August 2025



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

v;,v;, v € V. Given a set of salesmen M = {1,2,--- ,m}, the minmax mTSP
aims to find m mutually exclusive Hamiltonian tours (also called routes) such
that each tour that starts and ends at the depot vy must visit at least one
city, and each city must be visited exactly once. The objective of the minmax
mTSP is to minimize the costs of a longest tour among the m tours.

costs satisfy the triangle inequality such that c;; + cjr > c¢;; for all distinct

The minmax mTSP, proposed by Franca et al. [1], has a number of practical
applications, where it is necessary to make a fair and equitable distribution of
workloads.Common applications encompass optimizing two-dimensional laser
cutting paths [2], elaborating multiple robot spot welding paths [3], and en-
hancing patrol and delivery services [d]. Despite its relevance, the minmax
mTSP has received much less attention than its counterpart, the minsum
mTSP, which focuses on minimizing the cumulative travel cost over m tours.
It is worth noting that He and Hao [6] showed that transforming the minsum
mTSP into the classical traveling salesman problem (TSP) [6] can effectively
solve the problem using state-of-the-art TSP algorithms. However, the situa-
tion is quite different when it comes to the minmax mTSP. Due to its inher-
ent strong NP-hardness, solving the minmax mTSP remains a computational
challenge.

The goal of this work is to improve the state of the art in solving the minmax
mTSP by introducing a learning-guided heuristic approach to solving large
instances more effectively. Thanks to this algorithm, we report 32 new upper
bounds out of 77 minmax mTSP benchmark instances in the literature. The
main contributions are summarized as follows.

e The proposed multi-armed bandit guided iterated local search (MILS) con-
sists of several complementary search components. The local search proce-
dure uses the best-improvement strategy to explore multiple neighborhoods
to attain high-quality local optimal solutions. To ensure continuous diversifi-
cation to visit different regions of the search space, MILS uses a probabilistic
criterion to accept new local optimal solutions. To escape from the basin of
attraction of deep local optima, MILS applies a learning-driven perturbation
(based on removal and insertion operators) to decide on the most appro-
priate operators to perturb the given solution. In addition, MILS benefits
from an effective TSP heuristic algorithm for single route optimization.

e We thoroughly evaluate the performance of the proposed algorithm on the
77 widely used benchmark instances including 41 small and medium in-
stances (set S) [7,8,5,9] and 36 large instances (set L) [5,9]. The algorithm
finds 32 new upper bounds on challenging instances. This demonstrates its
competitiveness and effectiveness in solving the minmax mTSP. Addition-
ally, we perform experiments to gain insight into the role of the algorithm’s
key components.
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The rest of the paper is organized as follows. Section B provides a literature
review. Section B presents the proposed algorithm. Section B shows an exper-
imental comparison with state-of-the-art methods in the literature. Section B
presents additional experiments to analyze the main components of the algo-
rithm. Section B concludes with perspectives.

2 Literature review

This section reviews the most representative algorithms for the minmax mTSP,
as well as learning assisted techniques for solving routing problems. For a
comprehensive presentation of the existing studies, the reader is referred to
dedicated surveys [0,

Among the most representative recent studies for the minmax mTSP, Karab-
ulut et al. [I2] presented an evolution strategy approach for the mTSP with
minsum and minmax objectives where they used a self-adaptive Ruin and
Recreate heuristic to generate new solutions, which are improved by a local
search procedure. This algorithm showed competitive results. He and Hao [5]
presented a hybrid search with neighborhood reduction (HSNR) where a ded-
icated strategy is used to streamline the neighborhood search by eliminating
non-promising candidate solutions. Zheng et al. []] introduced an iterated two-
stage heuristic algorithm (ITSHA), characterized by a special random greedy
initialization procedure and an adaptive variable neighborhood search. Mah-
moudinazlou and Kwon [[7] developed a hybrid genetic algorithm (HGA) with
a novel crossover operator and a self-adaptive random local search component.
The hybrid approach makes a significant contribution to the problem-solving
landscape. He and Hao [9] proposed a memetic algorithm (MA) to solve the
minmax mTSP with single and multiple depots. This algorithm incorporates
a generalized edge assembly crossover, an efficient variable neighborhood de-
scent, and a post-optimization phase. MA demonstrated superior performance
compared to state-of-the-art algorithms.

These approaches were successful on a variety of benchmark instances. How-
ever, there is room for improvement in their results on large instances. For
example, although the MA algorithm of [9] achieved excellent results on large
instances, it takes longer to do so. Furthermore, existing algorithms use a local
search procedure based on the first-improvement strategy instead of the best-
improvement strategy, even though the latter performs well for several routing
problems [3,14,15]. Therefore, it is motivating to know if a local search pro-
cedure with the best-improvement strategy can contribute to effectively solve
the minmax mTSP.

Moreover, local search for routing problems usually uses multiple perturba-
tion operators based on removal and insertion to escape local optima traps.
When multiple perturbation operators are available, a selection strategy is
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needed to decide which perturbation operator to apply next. An example is
the adaptive layer of the popular adaptive large neighborhood search (ALNS)
framework, which uses the roulette wheel method to select the next operator
based on the continuously updated probabilities associated with the candidate
operators [16]. More recently, machine learning techniques have also been used
to select perturbation operators. For example, Kallestad et al. [I7] used deep
reinforcement learning within the ALNS framework for this purpose. Unlike
the adaptive layer method, which only considers the past performance of the
operators for future selection, the learning agent considers additional infor-
mation from the search process, such as the difference in objective values
between iterations, to make better decisions. Unlike most ALNS algorithms,
which require to select a single destroy and a single repair operator per itera-
tion, hyper-heuristic (HH) algorithms must determine a sequence of low-level
heuristics used in each iteration. To address this challenge, Lagos and Pereira
(8] proposed a multi-armed bandit (MAB) framework to guide the selection
process. The approach integrates Thompson sampling and exponential weights
for exploration and exploitation, enabling online parameter learning. Empir-
ical results demonstrate that the MAB-based strategy significantly enhances
solution quality for the studied routing problem.

In this work, we present an effective iterated local search with a multi-armed
bandit technique for better solving the minmax mTSP. The algorithm uses
the multi-armed bandit method to select perturbation operators based on
information collected during the search process. This is the first application
of MAB to the minmax mTSP. Additionally, MILS employs an effective local
search procedure based on the best-improvement strategy to explore a set
of neighborhoods. Experimental results on benchmark instances allow us to
demonstrate the significance and relevance of the learning-driven operator
selection technique and the best-improvement local search strategy.

3 Multi-armed bandit-driven iterated local search

The proposed MILS algorithm for the minmax mTSP follows the general ap-
proach of iterated local search [I9], and iterates three main phases: local op-
tima exploration (Section B2), probabilistic solution acceptance (Section B33),
and local optima escaping (Section B4).

As illustrated in Algorithm [, the algorithm starts with an initial solution
built with a greedy randomized heuristic (Section Bl). The solution is then
improved to attain a local optimal solution during the local optima exploration
phase, which uses an efficient best-improvement local search procedure with
multiple neighborhoods (Section B=2). The local optima exploration phase
also includes a single tour improvement procedure, which is triggered under
certain conditions and is based on a state-of-the-art TSP heuristic (Section
B=272). The improved local optimal solution is then submitted to the proba-
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bilistic solution acceptance criterion to decide whether to accept it as the new
current solution. This is followed by the local optima escaping phase to get
rid of the current local optimum trap and lead the search to a new search re-
gion. For this purpose, the local optima exploration phase perturbs the current
solution by a learning-driven removal-and-insertion procedure with MAB to
generate a new solution for the next round of the search. Finally, if the search
is considered to have sufficiently explored the current search region (indicated
by the condition Iter > I,,,, where Iter is the iteration number of the algo-
rithm and 1,,,, is a parameter), the algorithm starts its next search round by
creating a fresh initial solution using the greedy randomized heuristic. The al-
gorithm stops and returns the global best solution ¢* when the predetermined
stopping condition is met, such as reaching a cutoff time limit or a specified
number of iterations.

3.1 Initial solution

MILS uses the following greedy randomized heuristic to build an initial solu-
tion which consists of m tours.

(1) Initiate m tours, where each tour starts at the depot vy and includes a
randomly chosen city;

(2) Identify the shortest tour » among the m tours under construction; let v
be the last city of tour r. If there is more than one shortest tour, select
one at random;

(3) Identify the city u among the a nearest cities of v (see Section B-21) such
that city u causes the least increase in length;

(4) Insert the city u into the tour r after v;

(5) Repeat Steps (2) to (4) until all cities are assigned to routes.

With this greedy randomized initialization procedure, we can obtain an initial
solution. The time complexity of the algorithm is bounded by O(n x «).

3.2 Local optima exploration

The local optima exploration phase is a key search component within the
MILS algorithm. Specifically, it includes a local search with multiple neigh-
borhoods, which are exploited using the best-improvement strategy to explore
local optimal solutions, and a single tour improvement procedure using the
state-of-the-art TSP heuristic EAX-TSP [20] to improve each individual tour.
In particular, due to the time-consuming nature of EAX-TSP, the single tour
improvement procedure is applied only to an elite solution ¢ when it updates
the global best solution ¢* (i.e., f(v) < f(¥*)).



Algorithm 1: Main framework of the MILS algorithm

Input: Instance I, parameter I,,,q.;
Output: The best solution ¢* found;
1 begin
2 ¢ = GreedyRandom(I); /* ¢ represents the current solution,
Section BTN */
3 ¢+ ¢; /* ¢ is the local optimal solution of the current
round of the search */
4 @* < p; /* ¢* is the global best solution found so far */
5 Iter<— 0; /* Iteration counter */
while Stopping condition is not met do
/* Local optima exploration x/
7 ¢ < LocalSearch(yp); /* Improve the current solution, Section
B2 */
if f() < f(4") then
@ « SingleTourImprove(y); /* Further improve each elite
solution, Section B2 2 */
10 end
/* Probabilistic solution acceptance */
11 <@, p*> « AcceptStrategy(p, ¢, ¢*); /* Section B3 */
/* Local optima escaping */
12 D < MAB(D);R <~ MAB(R); /* Select removal and insertion
operators with multi-armed bandit, Section B4 2 x/
13 ¢ < Perturb(¢’, D, R); /* Perturb the current solution,
Section B—Z—1 */
/* Restarting */
14 if Iter > I,,,, then
15 ¢ = GreedyRandom(I); /* Create a new initial solution */
16 O+ @; Tter + 0;
17 else
18 ‘ Iter < Iter + 1;
19 end
20 end
21 return ¢*;
22 end
s 3.2.1 Local search

16 The local search procedure uses the best-improvement strategy to exploit
17 multiple neighborhoods generated by ten neighborhood operators (also called
168 move operators), which are explored by variable neighborhood descent [Z1].
19 Note that these move operators have been widely used in various routing

1o problems.

in Let vertex v € V be an a-nearest neighbor of city u € A/, where a (o < |N|)
2 is the granularity threshold that restricts the search to nearby vertices. Let
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r(u) and r(v) denote two tours which visit vertices u and v, respectively.
Additionally, let x and y represent the successors of u in r(u) and v in r(v),
respectively. Then the ten neighborhood operators are defined as follows.

e MI: city u is removed from r(u) and inserted into r(v) after vertex v.

e M2: Two consecutive cities u and x are removed from r(u) and inserted into
r(v) after vertex v.

e M3: Two consecutive cities u,z are removed from r(u) and placed before

vertex v in the reverse ordre z, u.

M4: Interchange the position of city x and city v.

M5: Interchange two consecutive cities u, x and city v.

M6: Interchange two consecutive cities u, x and two consecutive cities v, y.

MT7: Two consecutive cities u,z are selected. The reversed cities x,u are

swapped with two consecutive cities v, y.

e MS: This is the 2-opt operator, which replaces edges (u,z) and (v,y) by
(u,v) and (z,y) if r(u) = r(v).

e MO: This is the 2-opt* operator where r(u) # r(v). As shown in Fig. 0 (left),
two edges (u,x) and (v,y) are replaced by two new edges (u,y) and (v, x).

e M10: This is the other 2-opt™ operator where r(u) # r(v). As shown in Fig.
0 (right), two edges (u,x) and (v,y) are removed and two new edges (u,v)
and (x,y) are added to form two new routes.

u X

1w —O O—

r(v) 40 Oﬁ

v

) :.i:I Ij; m:
r(v)
Fig. 1. Tllustration of 2-opt*.

Due to the granularity threshold rule, the search is restricted to the nearest
a vertices. Thus, the computational complexity of each of the ten operators
is bounded by O(n x «). Unlike the two state-of-the-art algorithms, HSNR
(6] and MA [9], the cross-exchange operator is excluded from MILS duo to
its relatively high computational cost compared to the ten move operators we
used. Furthermore, inspired by the concept of don’t look bits [22], we have in-
corporated this acceleration technique to speed up our neighborhood searches
by filtering out unpromising neighborhood solutions.

The local search procedure explores local optimal solutions with the best-
improvement strategy by considering these neighborhoods in the listed order.
In Section B, we also examine the first-improvement strategy, which is an-
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other popular neighborhood exploitation strategy largely used in the context
of minimizing the total travel cost (the minsum objective) for various routing
problems [23,13,04,15]. Indeed, although no significant differences have been
observed between these two strategies for the minsum objective, little is known
regarding the behavior of these two strategies for minmax problems like the
minmax mTSP. In Section B, we partially fill this gap by reporting exper-
imental evidence to show that the best-improvement strategy dominates the
first-improvement strategy for the minmax objective.

3.2.2  Single tour improvement

In addition to the aforementioned local search procedure, the local optima ex-
ploration also includes a single tour improvement procedure to further improve
each new elite solution. For this, the single tour improvement procedure uses
the edge assembly crossover designed for the TSP (EAX-TSP)? to minimize
each individual tour of the solution. Specifically, for each tour, its cities are
submitted to EAX-TSP, which then optimizes the order of these cities and
returns a new tour. After EAX-TSP is finished, its final solution is given to
the local search procedure, which can possibly lead to further improvement
by exchanging cities between tours.

Finally, since EAX-TSP is time consuming, we apply it only to high-quality
elite solutions, which are typically reached when the algorithm has searched
long enough. Specifically, the single tour improvement procedure is only trig-
gered when the underlying solution (@) updates the global best solution ¢*
(f(¢) < f(¢*)) and the number of iterations reaches a threshold Iy eshoia
(empirically set to Iipreshora = 1000).

3.8 Probabilistic acceptance and stopping criterion

Let ¢ be the solution from the local optima exploration phase, and let ¢ be
the current local optimal solution. We use a probabilistic acceptance criterion
to decide whether ¢ is accepted to update ¢’. The decision to incorporate ¢
into the subsequent trajectory of the search process follows the acceptance
criterion of simulated annealing [23,24]. As shown in Algorithm B, within each
iteration of MILS, if the solution ¢ is better than the global best solution
©* (f(p) < f(¢*)), ¢ is accepted. Consequently, both ¢* and the current
local optimal solution ¢" undergo corresponding updates. However, if f(p*) <
fle) < f(¢'), only the current local optimal solution ¢’ receives an update.
In the event that f(p) > f(¢'), the acceptance of the solution ¢ depends on
a probability determined by e /T where Af = f(p) — f(¢') and T is the
temperature parameter, which is tuned according to Eqs. () and (2). The
initial temperature 7j is determined by Eq. (B), where ¢;,;; is the given initial

1 The code of EAX-TSP is available at: https://github.com/sugia/GA-for-TSP
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solution, w is a parameter set to 0.35 following [16] and paceept is a probability
parameter to accept candidate solutions. The final temperature Ty over I,
iterations is set to 0.0001 empirically.

Algorithm 2: Acceptance criterion

Input: Solution ¢ from the local optima exploration procedure, current local
optimal solution ¢’, global best solution ¢*;

Output: <¢/, p*>;
begin
Af < fle) = f(¥);
if f(y) < f(¢") then

| ot
else if f(¢) < f(¢') then

| &
else if e=2//T > random(0,1) then

¢ < ; /* Accept  as new current local optimal solution,
otherwise refuse . */

return <y¢',p*>;

10 end
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3.4 Local optima escaping

When the local optima exploration procedure stagnates, the search is trapped
in a deep local optimum. To escape the current basin of attraction and explore
alternative neighboring search regions, the local optima escaping procedure is
triggered to perturb the current solution ¢’. To this end, we use a set of removal
operators (D) and a set of insertion operators (R) to modify the solution ¢’
by selectively removing and then reinserting some cities. Specifically, a pair
of removal and insertion operators is chosen from the sets D and R during
each iteration. The selection can be performed randomly or using the roulette-
wheel strategy as in [6]. Here, we adopt a multi-armed bandit algorithm to
intelligently identify the appropriate removal and insertion operators.

3.4.1 Removal and insertion operators

We use five removal operators: Shaw remowval, Random removal, C'ross remowal,
Worst removal and Information removal. Each removal operator removes |l X
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n| cities and keeps them in a set S, where [ (0 <1 < 1) is a parameter called
the length of perturbation.

(1)

Shaw removal. The operator removes [l X n] cities based on a given
criterion, such as geographic location [25]. Specifically, a random city
v; is selected and & = {v;}. Then the distance between v; and each
remaining city in the set A\ S is computed. The distances are then
used to sort the remaining cities in ascending order in the list £. To
introduce randomness into the selection of cities to remove, a parameter
denoted as y (where v > 1) is used. Then, given a random number y from
random(0, 1), |y” * |L£|]th city (u;) in the list £ is selected and removed
from the solution and added in the set S (S < S U {u;}). The newly
selected city u; is used to select the next city according to the above
procedure. The operation continues until |[ X n| cities are successfully
identified and selected for removal.

Random removal. The operator randomly selects |l x n| cities, removes
them from the solution ¢, and keeps them in set S.

Cross removal. The operator focuses on removing cities that are close
to each other and visited by different tours. In fact, cities with close co-
ordinates, assigned to different tours, have an increased probability of
being reassigned. The reassignment serves as a means of perturbing the
solution, making it easier for the algorithm to escape local optima. Specif-
ically, for each city v;, the operator incrementally counts the number of
neighboring cities in its vicinity, denoted by «, that are visited by alterna-
tive tours. Consequently, if a majority of a city’s neighbors are actually
served by different tours, it becomes more likely that this city will be
moved to increase the chances of escaping local optima trap. Thus, cities
are stored and sorted in £ according to the number of neighbors visited
by alternative tours. Similar to Shaw remowval, we also use a parameter =y
to introduce randomness into the selection of cities.

Worst removal. The objective of the operator is to identify and remove
cities that contribute to a significant increase in the total travel cost along
the tour. The operator first calculates for each city the potential reduction
in travel costs that would result from removing it from the solution. These
computed values are then used to sort the cities in descending order L,
based on the magnitude of these reductions. Similar to Shaw removal,
the selection of cities to remove involves an element of randomization,
moderated by a deterministic parameter . The parameter controls the
degree of randomization in the selection of the 'worst’ city to remove from
the solution.

Information Removal. It is a well-established observation that high-quality
solutions to routing problems often exhibit structural proximity to the op-
timal solution, sharing a significant number of common edges with them
[[d]. In particular, these solutions tend to exhibit recurring sequences
of consecutive visits, commonly referred to as patterns, which are typ-

10
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ically not actively explored during the standard local search procedure
[26]. Consequently, if some cities are frequently involved in neighborhood
operators, this tendency may be advantageous in allowing MILS to es-
cape local optima. To take advantage of this insight, a statistical analysis
is performed during the local search procedure to track the frequency
with which each city is involved in the neighborhood operators. Then,
all cities are ordered in £ in descending order based on their involve-
ment frequency. Like Worst removal, the selection of cities for removal
also uses the parameter v to control the randomness of the selection. The
procedure terminates when a specified number of |l x n] cities have been
successfully removed.

s After the application of the removal operators, the removed cities (retained in
the set S) are reinserted into the solution by using three insertion operators:
Greedy insert, Greedy insert with blink, and Regret insert.
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343

(1)

(2)

Greedy insertion. For each city v; € S, a city u; € N'\S, which comes from
its a-nearest neighborhood and minimizes the travel cost of the tour after
insertion, is chosen. Then, city v; is inserted after city u;. The process
stops when all cities in S are successfully inserted into the solution.
Greedy insertion with blink. The operator, originally proposed in [27] for
the vehicle routing problem, introduces a controlled element of random-
ness into the insertion process. For each city v; € S, a city u; € N'\S from
its a-nearest neighborhood is selected for insertion with a probability of
1 —p (B is a parameter, set to 5 = 0.01 following [27]). If the probability
is not met, the insertion position is skipped. The process continues until
all cities in the set S have been successfully inserted into the solution.
Regret insertion. With this operator, the selection process at each itera-
tion focuses on identifying the removed cities that would cause the most
regret if they were not inserted at their optimal position during the cur-
rent iteration. For each city v; € S, we first compute the cost, denoted as
Af}, associated with inserting v; at its best possible position within the
incumbent solution. Additionally, we compute Af? for ¢ € {2,--- ,k},
representing the cost of inserting v; at its ¢ best position. Next, for
each city v; € S, we compute a regret value reg; = SZQ(AfZ-q —Af}).
Finally, we select a position with the highest regret value, and insert the
city v; at that location. Following [16], the parameter k is set to 3.

3.4.2  Multi-armed bandit

Building on the concept in [I8], where a multi-armed bandit algorithm was
used to determine the sequence of lower-level heuristics within the hyper-
heuristic framework, we explore applying MAB to select removal and insertion
operators for exploring neighborhood solutions. Unlike sequencing heuristic
operators, operator selection is a more tractable problem.

11
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For the removal operators, each operator D; € D is associated with three
critical attributes: a weight wp,, a score 7p,, and a counter 6p, that records the
number of times the operator D; has been applied. Initially, all operators are
given the same weight, with the constraint that the sum of these weights over
all operators in D equals 1. We divide the algorithm execution into segments of
fixed duration (100 iterations per segment in our case), with constant operator
weights maintained throughout each segment. Before starting a new segment,
the scores (7p,) of all operators are reset to zero. During each iteration within
a segment, the score of the selected operator D; is updated by mp, < mp, +dy,
where 6, (u € {1,2,3}) contains three different cases that govern the score
change mp,. Specifically, the score 7p, receives an increase of 6; when the global
best solution ¢* undergoes an update (f(¢) < f(¢*)). Similarly, an increase of
Jy is received when the local optimum solution ¢’ is improved (f(¢) < f(¢')),
and a score increment of d3 is applied when solution ¢ is accepted according to
the probabilistic solution acceptance criterion, even if it does not represent an
overall improvement. In our case, we used ¢, = 3,5, 10, for u = 1,2,3. At the
end of each segment, we compute new weights for the operators based on the
accumulated scores according to Egs. (@) and (B), where wp, ; is the weight
of operator D; in last segment j and A is the reaction factor (A = 0.1), which
controls how quickly the weight adjustment reacts to changes.

TD; = 97 (4>

wp,j+1 = (1 = Nwp, j + A, (5)

For each iteration of MILS, one removal and one insertion operator must be
selected from D and R, respectively. Unlike the approach in [I8], which uses
Thompson sampling and exponential weights for exploration and exploita-
tion algorithms in the MAB framework to determine the sequence of low-level
heuristics, we adopt the e-greedy algorithm. The choice of e-greedy is moti-
vated by the simplified decision-making scenario, where only two operators
need to be selected per generation without requiring sorting heuristic oper-
ators. The e-greedy algorithm operates as follows: Given a random number
r ~ Uniform(0, 1) and a fixed exploration rate €, the algorithm selects the
operator associated with the highest weight if r < € (exploitation); otherwise,
it randomly selects an operator (exploration).

4 Experimental Evaluation and Comparisons

The purpose of this section is to evaluate the performance of MILS through
experiments and compare it with state-of-the-art algorithms.
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Table 1
Parameter tuning results.

Parameter Section Description Considered values Final values
Imax B=3 maximum iterations per restart {10000, 20000, 30000, 40000, 50000} 40000
Paccept B3 accept probability {0.5,0.6,0.7,0.8,0.9} 0.7

a B0 granularity threshold {5, 10, 15, 20, 25, 30} 10

l B2 perturbation length {0,0.05,0.1,0.15,0.2,0.25, 0.3} 0.15

€ B2 e-greedy parameter {0.005, 0.01,0.015,0.02, 0.025} 0.01

4.1 Benchmark instances

We conducted experiments using two benchmark sets that are commonly
tested in the literature. The instances (77 in total) and the best solutions
obtained by MILS are available online?.

e Set S: The set contains 41 small and medium instances with 51 to 1173 cities
and 3 to 30 tours. These instances have been widely used to evaluate minmax
mTSP algorithms [6,9,28 29,8 /7]. Of these 41 instances, the optimal solution
is known for 17 of them, all of which have a longest tour composed of only
one city. Given that the instances of this set have been studied intensively,
it is challenging to improve the best-known results for the instances with
unknown optima.

e Set IL: The set has 36 large instances with 1357 to 5915 cities and 3 to 20
tours, which was introduced in [5] and further tested in [9]. Among these 36
instances, optimal solutions are known for 5 instances due to the fact that
their longest tour is composed of only one city. The IL instances are known

to be more challenging than those of the set S.

4.2 Ezxperimental protocol and reference algorithms

Parameter setting. The MILS algorithm has five parameters: the maximum
number of iterations per restart I,,,,, the accept probability pgecept, the near-
est neighbor granularity threshold «a;, the perturbation length [, the e-greedy
parameter €. In order to calibrate these parameters, the automatic parameter
tuning package Irace [30] was used. The tuning was performed on 8 instances
with 150-2392 cities among the 77 benchmark instances. The tuning budget
was set to be 2000 runs. The candidate and final values for the parameters are
shown in Table M. The values recommended by Irace were used throughout
our experiments and can be considered as the default parameter setting of the
MILS algorithm.

Reference algorithms. For our comparative experiments, we used the fol-
lowing four recent state-of-the-art algorithms, which hold most of the current
best-known solutions for the minmax mTSP benchmark instances.

2 https://github.com /pengfeihe-angers /mils.git
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e BKS. This indicates the best-known solutions (current best upper bounds)
that are compiled from the best results reported by the state-of-the-art algo-
codes of the algorithms in [5,8,9].

e HSNR (2022) [5]: This hybrid search algorithm with neighborhood reduction
was coded in C++ and executed on a computer with a Xeon E5-2670 CPU
at 2.5 GHz and 6 GB RAM.

e ITSHA (2022) [8]: This iterated two-stage heuristic algorithm was imple-
mented in C++, and we ran the source code on our computer (Xeon E5-2670
CPU at 2.5 GHz and 6 GB RAM).

e HGA (2023) [7]: This hybrid genetic algorithm was coded in Julia and exe-
cuted on a computer with an Apple M1 CPU and 16 GB RAM. According
to Passmark®, the M1 CPU is significantly faster than the Xeon E5-2670
processor used in this study, in terms of the single thread performance.
Therefore, given the same running time, the HGA algorithm has a more
favorable computational budget.

e MA (2023) [9]: This memetic algorithm was implemented in C++ and exe-
cuted on a computer with a 2.5 GHz Xeon E5-2670 processor and 8 GB of
RAM.

Experimental setting and stopping criterion. We implemented the MILS
algorithm in C++ and compiled the program using the g++ compiler with
the -O3 option®. All experiments were conducted on a 2.5 GHz Intel Xeon E-
2670 processor with 6 GB RAM running Linux with a single thread. Given the
stochastic nature of the algorithm, MILS was run 20 times on each instance
with different random seeds. The algorithm terminates when it reaches the
cutoff limit of (n/100) x 4 minutes (this is the same stopping condition used
in the reference algorithms [9,5,8]). The reference algorithms are run under
the same cutoff limits as MILS, except HGA, whose code is unavailable. For
HGA, we report its results given in [[].

4.8  Computational results and comparisons

We provide a brief summary of the results comparing the MILS algorithm with
the reference algorithms in Table 2 and the detailed results in the appendix. In
Table B, we show the number of instances where our MILS algorithm obtains
a better (#Wins), equal (#Ties), or worse (#Losses) result compared to each
reference, including the BKS. To verify whether there is a statistically sig-
nificant difference between MILS and each reference algorithm, the Wilcoxon
signed-rank test is used at a 0.05 confidence level, where a p-value less than
0.05 indicates a statistically significant difference.

3 https://www.cpubenchmark.net /singleThread.html#

4 The code of MILS will be available at the link of footnote:
https://github.com/pengfeihe-angers/mils.git
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Table 2
Summary of comparative results between MILS and the reference algorithms on the
77 benchmark instances.

3 . Best Avg.
Pair algorithms Groups
#Wins #Ties #Losses p-value #Wins #Ties #Losses p-value
m=3 10 7 2 2.10E-02 - - - -
m=5 11 5 3 5.25E-03 - - - -
MILS vs. BKS
m=10 7 7 5 1.10E-01 - - - -
m=20 4 14 0 1.25E-01 - - - -
m=30 0 2 0 0.00E+00 - - - -
m=3 16 3 0 4.38E-04 19 0 0 1.32E-04
m=>5 16 1 2 6.29E-04 17 1 1 7.38E-04
MILS vs. HSNR
m=10 10 7 2 9.28E-03 10 6 4 3.40E-02
m=20 4 14 0 1.25E-01 4 14 0 1.25E-01
m=30 0 2 0 0.00E+00 0 2 0 0.00E+00
m=3 16 3 0 4.38E-04 17 2 0 2.93E-04
m=>5 17 2 0 2.93E-04 16 1 2 1.18E-03
MILS vs. ITSHA
m=10 11 7 1 3.42E-03 12 3 5 1.48E-02
m=20 7 11 0 1.56E-02 13 5 0 2.44E-04
m=30 0 2 0 0.00E+00 0 2 0 0.00E+00
m=3 6 4 0 3.13E-02 6 2 2 1.09E-01
m=>5 7 3 0 1.56E-02 6 2 2 7.81E-02
MILS vs. HGA
m=10 1 6 3 6.25E-01 1 3 6 2.19E-01
m=20 0 9 0 0.00E+00 2 7 0 5.00E-01
m=30 0 2 0 0.00E+00 0 2 0 0.00E+00
m=3 10 7 2 2.10E-02 11 3 5 4.94E-02
m=>5 11 5 3 5.25E-03 10 2 7 1.02E-01
MILS vs. MA
m=10 7 5 6.40E-02 9 4 7 8.79E-02
m=20 11 0 1.56E-02 11 7 0 9.77E-04
m=30 0 2 0 0.00E+00 0 2 0 0.00E+00

First, regarding the BKS, Table B shows that MILS updates 32 current best-
known results (new upper bounds) out of the 77 instances (41.6%) and matches
35 other BKS values (45.5%). Of these 33 new best results, 7 are for instances
in S and 25 for instances in IL. These results are notable because the instances
in the set S have been extensively studied in the literature, and the instances
in the set L are known to be difficult for existing algorithms.

Now, if we examine the results in terms of the number of tours, we can make
the following comments. For m € {3,5}, MILS performs remarkably well
compared to the BKS values, and the p-values (<0.05) clearly indicate that
the differences are statistically significant. For m € {10,20}, MILS competes
well with the BKS results too, as it still yields several new bounds. However,
the p-values (> 0.05) indicate that the differences are marginal. As shown
in Tables AT and A2 of the appendix, for small instances (n < 532), MILS
consistently gives excellent results when m € {3,5}, without losing a single
case. For medium and large instances, our algorithm also improves many BKS
results (improvement gap up to 9.03%), indicating that there is still room for
improvement for these large instances.

Compared to the reference algorithms, MILS significantly outperforms HSNR

[6] and ITSHA [8] (p-values < 0.05) on the instances with m € {3,5,10}.
Furthermore, MILS achieves a remarkable performance compared to the two
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Table 3
Summary information of MILS on different groups.

Index m=3 m=>5 m=10 m=20
Average gap (%) to BKS -0.26 -0.87 -1.39 -1.28
Number of improved instances 10 11 7 4
Table 4
Summary of comparative results between MILS and MILSy.
. . Best Avg.
Pair algorithms
#Wins #Ties #Losses p-value #Wins #Ties #Losses p-value
MILS vs MILSg 49 26 2 1.08E-08 60 14 3 2.18E-09

latest algorithms HGA [7] and MA [9], losing only in a few of cases. To further
verify the performance of MILS on instances with different tours, Table B
shows the average gap of MILS to the BKS results. We can observe that
MILS can improve more instances with m € {3,5}, but the improvement is
marginal. On the contrary, although MILS can improve fewer instances with
m € {10,20}, the improvements are larger. In conclusion, we can say that
MILS is particularly competitive when solving instances with relatively few
tours. Note that HSNR [6] and MA [d] can achieve remarkable results on
instances with m € {10}, making MILS a suitable algorithm for challenging
instances with m € {3,5,20}.

5 Additional experiments

This section presents experiments to gain additional insights into the influ-
ences of the components of the MILS algorithm: the local search procedure,
the MAB algorithm. All experiments are based on the two sets of 77 instances.
In addition, we also investigate the long-term convergence behavior of the al-
gorithm under a relaxed stopping condition. To ensure a fair comparison, all
variants of MILS were run on the same machine with the same parameters as
MILS, and each variant was run 20 times per instance.

5.1 Rational behind the local search procedure

The local search procedure of MILS uses the best-improvement strategy to
explore each of the used neighborhoods (see Section B=21). One question is
how MILS performs when the best-improvement strategy is replaced by the
first-improvement strategy, which is very popular for routing problems with
the minsum objective [I3,I4]. To perform a rigorous evaluation of these two
strategies, we compared a variant of MILS (called MILS;) where the first-
improvement strategy is used in the local search procedure. The results of the
comparison are summarized in Fig. @ and Table @.

According to Table B, the best-improvement strategy dominates the first-
improvement strategy. Replacing the best-improvement strategy with the first-
improvement strategy significantly worsens the performance of the local search
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Fig. 2. Comparative results of MILS with variant MILSy on the 77 instances.

Table 5
Summary of average results between two improvement strategies.

Deviation from initial solutions (%)

Instances

Best First
att532-3 18.228 16.406
pcb1173-3 15.565 14.467
pr2392-5 15.416 14.331
f13795-3 8.575 8.480

procedure in terms of both the best and average results. Moreover, as shown
in Fig. O, the differences become even more significant as the size of the in-
stances increases. These results demonstrate the critical contributions of the
best-improvement strategy.

To gain a deeper understanding of why the best-improvement strategy outper-
forms the first-improvement strategy in solving the minmax mTSP, we study
both strategies and determine the average deviation from the initial solutions
when reaching the local optimal solutions, starting from the same initial so-
lution. For this study, we used four instances (att532-3, pcb1173-3, pr2392-5,
and f13795-3) with different number of vertices, routes, and edge weight types.
We ran the local search procedure with both strategies for each instance ex-
actly 10,000 times using a different initial solution for each run. Then, the
1,000 best local optimal solutions of each algorithm are retained for analysis
to avoid the influence of random features of local search procedures. As shown
in Table B, for these instances, the average deviation from initial solutions
with the best-improvement strategy is larger than with the first-improvement
strategy, which means that the best-improvement strategy allows the algo-
rithm to go further in its search to attain high-quality solutions that cannot
be reached with the first-improvement strategy. These results underscore the
effectiveness of the best-improvement strategy in achieving superior results,
making it the first choice for solving min-max objective routing problems.
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5.2 Rationale behind the MAB algorithm

To evaluate the benefit of the MAB algorithm for escaping local optima, two
MILS variants (denoted by MILS; and MILS,) were created where the MAB
algorithm is replaced by the roulette-wheel strategy and the random strategy,
like in [[6], respectively. Table B summarizes the comparative results of the
three algorithms, and Fig. B plots the best/average gap between these variants
and MILS on all instances. The X-axis is the instance label, while the Y-axis
is the deviation from the MILS results (%).

Table 6
Summary of comparative results of MILS with two variants.
. Best Avg.
Pair algorithms
#Wins #Ties #Losses p-value #Wins #Ties #Losses p-value
MILS vs MILS; 29 32 16 8.64E-03 32 19 26 6.15E-01
MILS vs MILS» 33 33 11 5.48E-03 47 19 11 1.38E-06
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Fig. 3. Comparative results of MILS with two variants MILS; (with roulette-wheel
strategy) and MILSy (with random strategy) on the 77 instances.

Table B clearly shows that MILS outperforms MILS; in terms of best and
average results, which is confirmed by p-values < 0.05. As shown in Fig. B,
there are no significant differences between MILS and MILS; when solving
small and medium instances (n < 532). On the contrary, MILS; becomes
worse when solving large instances, in terms of best and average results. As
to the MILS, variant, Table B shows that it performs the worst. Thus, we can
conclude that the MAB algorithm is a better strategy for operator selection
than the roulette-wheel strategy, and the roulette strategy is better than the
random strategy.

5.8  Convergence analysis of the MILS algorithm

In Section B=3, the stopping condition of MILS was set to the maximum run-
ning time of (n/100) x 4 minutes in accordance with the reference algorithms.
To investigate the convergence behavior of the MILS algorithm for a long run
(denoted by MILS}), the stopping condition is set to a relaxed running time
of (n/100) x 8 minutes.
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Table 7
Summary of comparative results between MILS and MILSy,.

. Best Avg.
Pair algorithms
#Wins #Ties #Losses p-value #Wins #Ties #Losses p-value
MILSy, vs MILS 23 54 0 2.95E-04 56 21 0 7.55E-11
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Fig. 4. Comparative results of MILS with variant MILSy, on the 77 instances.

From Table [@, one observes that with a large runtime budget, MILS is able
to further significantly improve its results obtained with the default cutoff
time (n/100x 4 minutes) both in terms of best and average results (p-values
< 0.05). Specifically, the best results can be even improved as much as 0.46%,
while the average results can be improved by 2.67%. As shown in Fig. @, the im-
provements only concern medium and large instances (n > 532), which proba-
bly indicates that the results of MILS with the default cutoff time (n/100x 4
minutes) for the small instances, if not optimal, could be very close to the op-
timal results. This experiment shows that the MILS algorithm has the highly
desirable ability to find even better results with a longer cutoff limit for large
and difficult instances.

5.4 A time-to-target analysis of the compared algorithms

To further demonstrate the computational efficiency of our MILS algorithm
compared to the state-of-the-art algorithms, we perform a time-to-target (T2T)
analysis by comparing the time needed for an algorithm to reach a given ob-
jective target. For this experiment, we compare MILS with HSNR [5], [THSA
8], and MA [9], while excluding the HGA algorithm [7] because its source
code is unavailable. Four instances were used: 1in318-3, att532-3, nrw1379-5,
and pcb3038-5. They are from different benchmark sets and have different
features, such as the number of vertices, routes, and edge weight types. To en-
sure statistical robustness, each algorithm solves each instance 300 times with
distinct random seeds. To guarantee that all compared algorithms can con-
sistently attain the same target objective value, the target value was set 10%
above the best known objective value. The experimental results are illustrated
in Fig. B, where the X-axis represents the runtime required to reach the pre-
defined target value, and the Y-axis shows the probability that an algorithm
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Fig. 5. Probability distributions of the running time (in seconds) needed to reach a
given target objective value by each algorithm on 4 instances with various features.

Fig. B shows that the MILS algorithm consistently outperforms other algo-
rithms in terms of convergence speed to the target value. Notably, MILS
achieves a success probability of nearly 100% within the first 10 seconds.
In contrast, MA, ITHSA, and HSNR require substantially longer durations
to attain comparable results: over 50 seconds for nrwl379-5 and over 200
seconds for pcb3038-5. For small instances, the computational times remain
relatively similar across algorithms, except for HSNR, which performs more
slowly. However, as instance sizes increase, the reference algorithms become
significantly less efficient, requiring more time to reach target values. In con-
trast, MILS demonstrates robust computational efficiency regardless of the
problem’s scale, indicating superior scalability. In summary, this experiment
confirms that MILS is significantly more time-efficient than the reference al-
gorithms, especially for large instances.

6 Conclusions

We introduced the first multi-armed bandit algorithm driven iterated local
search for solving the minmax mTSP. The algorithm integrates an efficient
local search procedure associated with the best-improvement strategy to find
high-quality local optimal solutions, a probabilistic criterion to continuously
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diversify the search and explore new search regions, and a multi-armed bandit
algorithm to dynamically select tailored perturbation operators to escape deep
local optima. It also takes advantage of an effective TSP heuristic for individual
tour optimization.

Computational experiments on two sets of 77 commonly used benchmark in-
stances (with up to 5915 cities and m = 3,5,10,20,30 routes) show that
the proposed algorithm can effectively solve a wide range of instances in a
short running time, leading to new best-known results for 32 challenging in-
stances and matching 35 other best-known results. The algorithm is shown to
perform particularly well on instances with 3, 5 and 20 tours, making it an
attractive complementary approach to existing algorithms that perform well
on instances with 10 tours. These new results can be valuable for future re-
search on the minmax mTSP. In addition, we investigate the contributions of
the multi-armed bandit algorithm and the best-improvement strategy for the
local search to the performance of the algorithm in the context of the minmax
mTSP.

Since the minmax mTSP is a relevant model for real-world problems, our
algorithm can be used to solve some of these practical applications more ef-
fectively.

There are several possible directions for future work. First, since the local
search component is the most time consuming part of the algorithm, it would
be interesting to explore techniques, such as dynamic radius search [31] to
improve its computational efficiency. Second, this work demonstrates the ef-
fectiveness of the multi-armed bandit algorithm for the minmax mTSP. This
learning technique could contribute to designing effective algorithms using
multiple operators for other routing problems [24,27,82]. Third, a promising
way to improve the algorithm further is to design more discriminating eval-
uation functions that can differentiate solutions of the same objective value,
like in [33,84]. Fourth, it would be interesting to adapt MILS to solve the
generalized minmax mTSP with multi-depots. Additionally, ideas from this
work, such as the learning-based operator selection method, could be applied
to other algorithms for the multi-depot case. Finally, there is no effective exact
method for the minmax mTSP. Therefore, it would be useful to develop new
mathematical formulations that can be efficiently solved by general solvers,
such as CPLEX and Gurobi, as well as dedicated exact algorithms that can
solve reasonable-sized instances optimally.
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Appendix

A Computational results

This section presents the detailed computational results of the proposed MILS
algorithm together with the results of the three state-of-the-art algorithms:
HSNR (2022) [5], ITSHA (2022) [§], and HGA (2023) [[@]. In Tables A and
A2, column ’Instance’ indicates the name of each instance (Instances marked
with an asterisk * have known optimal solutions; column ’Time(s)’ shows
the running times of our MILS algorithm (note that the timing information is
unavailable for the other algorithms); column 'BKS’ are the best-known results
summarized from the literature; 'Best’ and Avg. * are the best and average
results over 20 independent runs, respectively, obtained by the corresponding
algorithm in the column header; ’§(%)’ is calculated as § = 100 X (fpest —
BKS)/BKS, where fy.s is the best objective value of MILS. The Average
row is the average value of a performance indicator over the instances of a

24



739

740

741

742

743

benchmark set. Improved best results (new upper bounds) are indicated by
negative §(%) values highlighted in bold. In all tables, the dark gray color
indicates that the corresponding algorithm obtains the best result among the
compared algorithms on the corresponding instance; the medium gray color
displays the second best results, and so on.
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