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Abstract

The partial Latin square extension problem is to fill as many as possible empty cells
of a partially filled Latin square. This problem is a useful model for a wide range
of applications in diverse domains. This paper presents the first massively paral-
lel evolutionary algorithm for this computationally challenging problem based on a
transformation of the problem to partial graph coloring. The algorithm features the
following original elements. Based on a very large population (with more than 10*
individuals) and modern graphical processing units, the algorithm performs many
local searches in parallel to ensure an intensive exploitation of the search space.
The algorithm employs a dedicated crossover with a specific parent matching strat-
egy to create a large number of diversified and information-preserving offspring at
each generation. Extensive experiments on 1800 benchmark instances show a high
competitiveness of the algorithm compared to the current best performing meth-
ods. Competitive results are also reported on the related Latin square completion
problem. Analyses are performed to shed lights on the roles of the main algorithmic
components. The code of the algorithm is publicly available.

Keywords: Combinatorial optimization, evolutionary search, parallel search, heuris-
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1 Introduction

Given a n x n grid and n distinct symbols, a Latin square £ of order n is the
grid filled with these n symbols such that each symbol appears exactly once in
each row and each column (Latin square condition). A partial Latin square of
order n verifies that some cells of the grid are pre-filled such that each symbol
appears at most once in each row and each column. Given a partial Latin
square, the partial Latin Square Extension Problem (PLSE) is to fill as many
empty cells as possible. The Latin Square Completion Problem (LSC) (also
known as the Quasi-Group Completion Problem) is the decision version that
determines whether it is possible to fill the remaining empty cells in a given
partial Latin square. Figure 1 shows an instance of PLSE with n = 3 where
the symbols are integer numbers and the red numbers correspond to the filled
cells. Two different optimal solutions to this PLSE instance with a score of 7
are shown (it is impossible to complete the grid).

PLSE instance Optimal solution 1 Optimal solution 2
n=3 score =17 score =T
3 3 1 2 3 2
2 2 3 2 1 3
1 2 1 3 1

Fig. 1. Example of a PLSE instance of order n = 3 with 3 pre-filled cells in red.
This instance has an optimal score of 7 corresponding to the maximal number of
cells that can be filled without violating the Latin square condition.

Latin square problems naturally appear in numerous applications, such as
scheduling, error correcting codes, as well as experimental and combinatorial
design [1,2]. For instance, a typical application of the PLSE is the design of
optical router systems [3].

The LSC is known to be NP-complete [4]. As the result, both the decision
problem (LCS) and the optimization problem (PLSE) are computationally
challenging in the general case. Due to their importance, Latin square prob-
lems have been studied from a wide variety of perspectives in different fields.

In algebra, the multiplication table of a finite quasigroup corresponds to a
Latin square [5]. As such, Latin squares have been studied as a mathematical
object and various properties were established [6-8].

The LSC can be expressed as an integer program with n® Boolean variables
Tk, where z; ;;, = 1 indicates that the cell in position (i,j) receives the
symbol k£ € {1,...,n}. With this formulation and using integer programming
solvers, optimal results were reported for small instances in [9]. The authors
also investigated two other exact methods based on constraint programming
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(CP) and SAT technologies. A systematic comparison of SAT and CP models
was presented in [10]. An approximation algorithm was proposed based on a
packing integer programming formulation in [11].

In terms of practical solving of the PLSE, a notable work was presented by
Haraguchi [12]. In that work, a partial Latin square was represented using an
orthogonal array, with a set of triples in [n]3, such that each element (vy, vy, v3)
in this set indicates that the symbol vs is assigned to (v, vs). If the Ham-
ming distance between each pair of triples in this set is at least two, this
set corresponds to a partial Latin square. Based on this representation, the
author proposed several iterated local search algorithms that aim to extend
the current set of triples without adding conflicts. To evaluate the practical
performance of these iterated local search algorithms, the author introduced
a set of 1800 instances for PLSE and another set of 1800 instances for LSC
with various features (see Section 4.1 and Appendix B). The computational re-
sults showed that the iterated local search algorithms perform extremely well
and outperform previous methods including integer programming, constraint
programming as well as their hybrid approach.

The problem of extending a partial Latin square can also be studied from the
perspective of (partial) graph coloring [13]. Indeed, a Latin square of order
n can be mapped to a graph such that each vertex corresponds to a cell of
the grid (there are thus n? vertices), and an edge exists between two vertices
corresponding to two cells of the same row or column (there are thus n*(n —
1) edges). The vertex of a cell pre-filled with a symbol k receives the color
k € {1,...,n}. Empty cells are not colored. The PLSE consists in coloring
as many uncolored vertices as possible so that two adjacent vertices do not
share the same color. Based on this observation, Jin and Hao [14] proposed
in 2019 a powerful memetic algorithm (MMCOL) for the related Latin square
completion problem (LCS) and solved the 1800 LSC instances introduced in
[12] as well as the 19 traditional LSC instances in the literature [9]. With some
slight adaptations to their algorithm, they also reported excellent results on
the 1800 PLSE instances of [12]. Very recently (2022), Pan et al. [15] presented
a fast local search algorithm for the related LSC, which improved the solution

time for most LSC instances in the literature, but didn’t report results for the
PLSE.

To sum, the three most recent studies on the PLSE [12] and the related LSC
[14,15] significantly contributed to the practical solving of these two challeng-
ing problems. In particular, all the existing LSC benchmark instances have
been solved by the MMCOL algorithm [14] and the recent FastL.SC algorithm
[15]. On the contrary, this is not the case for the PLSE and there is still room
for improvement in terms of better solving the PLSE instances. In fact, for
almost half of the 1800 benchmark instances, their optimal solutions are still
unknown and only lower bounds were reported.
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Motivated by this observation, this work aims to advance the state-of-the-
art of solving the PLSE by establishing record-breaking lower bounds for the
unsolved PLSE instances. For this purpose, we introduce the first massively
parallel evolutionary algorithm for this problem that fully takes advantage of
the GPU architecture to parallelize all critical search components. We sum-
marize the contributions of the work presented in this paper as follows.

From the perspective of algorithm design, the proposed algorithm relies on
a very large population P (|P| > 10%) that enables massively parallel local
optimization and offspring generation on the GPU architecture. This is in
sharp contrast to the typical use of a small population P (typically |P| < 10?)
and sequential computations of many memetic algorithms including the MM-
COL algorithm (e.g., [16,17,14]). The algorithm features several complemen-
tary and original search components including a parametrized asymmetric uni-
form crossover and an effective local search. The crossover uses a probability
to control the inherited information from the parents according to a distance
metric and a specific parent matching strategy to create a large number of
diversified and information-preserving offspring. The local search utilizes a
two-phase approach to effectively explore an enlarged search space. The algo-
rithm is further reinforced by a parallel distance calculation procedure that
enables a fast population updating.

From the perspective of computational performance, we demonstrate a high
competitiveness of our algorithm on the 1800 PLSE benchmark instances from
[12]. We report many improved best lower bounds for large and difficult in-
stances, including 25 record optimal solutions. We also test the algorithm on
the related LSC and show that the algorithm is able to solve all the existing
benchmark instances as well (1800 from [12] and 19 from [9]).

Finally, we contribute to the understanding of the population size, the crossover
and the parent matching strategy for a large population. In particular, we
show that the random parent matching strategy which is typically employed
in many memetic algorithms (e.g., [18,14]) is no more suitable in the con-
text of a large population and can be beneficially replaced by a neighborhood
matching strategy for a better efficiency.

In the rest of the paper, we present the solution approach and the proposed
algorithm (Sections 2 and 3), experimental results and comparisons with the
state-of-the-art methods (Section 4), followed by analyses of key algorithmic
components and conclusions (Sections 5 and 6).
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2 Partial Latin Square Extension as Graph Coloring

This section illustrates how the partial Latin square extension problem can
be considered as a graph coloring problem. This approach was first used in
[14] with a great success to solve the related Latin square completion prob-
lem. However, two specific and significant features of the partial Latin square
extension problem were ignored until now. We discuss them at the end of this
section, which also provide additional motivations for this work.

2.1 Partial Latin Square Extension to Latin Square Graph

Given a Latin square £ of order n composed of nxn cells, it can be transformed
into a graph G = (V, E), called a Latin square graph, with the set of vertices
V =mn,...,ncells of size [V]| = n? and the set of edges F of size |E| = n?*(n—1)
where {u,v} € E if and only if v and v are two vertices representing two cells
of the same row or the same column of £ [13,14]. We can then solve the PLSE
by finding a legal partial n-coloring (also called list coloring [13]) of the graph
G using the colors in {1, ..., n} while maximizing the number of colored vertices
(or equivalently minimizing the number of uncolored vertices).

Let D(v) denote the color domain of vertex v (i.e., the set of colors that
can be used to color v). If v corresponds to a cell pre-filled with symbol k
(k€ {1,...,n}), D(v) = {k}. If v corresponds to an empty cell, v can receive
a color in {1,...,n} or remain uncolored, indicated with the color 0. In other
words, D(v) = {0,1,...,n} for any vertex v representing an empty cell. Then a
(partial) legal n-coloring of the associated Latin square graph G is a function
SV = {D(w),...,D(vy)} such that for any pair of vertices u and v, if
S(u) # 0, S(v) # 0, and they are linked by an edge ({u,v} € E), then their
colors S(u) and S(v) must be different (S(u) # S(v)). Note that a vertex
receiving color 0 indicates an uncolored vertex.

A legal solution of the PLSE can also be seen as a partition of V into n
independent sets Vi, Vs, ..., V,, and a set Vy = V\ U, V;, such that V; is the
set of vertices receiving color i. A set V; (i = 1,...,n) is an independent set
if V(u,v) € Vi, {u,v} ¢ E. An independent set is also called a color class.

Let S = {Vi, V4, Va, ..., Vi, } be a partition of the vertex set V', the objective of
the partial Latin square extension problem (PLSE) in terms of the list-coloring
problem can be stated as follows:

minimize f(5) = |V, (1)
subject to Yu,v € V;, {u,v} ¢ E,i=1,2...,n, (2)
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where the objective (1) is to minimize the cardinality of the set V (number of
uncolored vertices) and the constraints (2) ensure that the partition {V, Vi,
Vs, ..., Vo } is a legal but potentially partial n-coloring. Notice that this for-
mulation of the partial Latin square extension problem can also be used to
solve the Latin square completion problem (LSC), for which a legal solution
S with f(S) = 0 is sought.

The constraints (2) can be reformulated with a constraint function ¢ which
simply counts the number of conflicts in S:

c(S)= Y Ou (3)

{u,v}eFk
where

(4)

5 1 fueV,veV;,i=jandi#0,
“ 0 otherwise.

If 0, = 1, w and v are two conflicting vertices (i.e., they receive the same colors
while they are adjacent in the graph). Clearly, a coloring S with ¢(S) = 0
corresponds to a legal n-coloring.

Figure 2 shows a PLSE instance (left), its Latin square graph (middle) and
a legal partial coloring of the Latin square graph with two uncolored vertices
(right).

PLSE instance Latin square graph Optimal solution

n=3

Fig. 2. Example of converting a partial Latin square extension instance (left) to a
Latin square graph (middle) and an optimal partial coloring with two uncolored
vertices (color 0) (right).

2.2 Preprocessing of the Latin Square Graph

As mentioned in [14], a preprocessing procedure can be applied to reduce a
Latin square graph by removing the colored vertices (i.e., the filled cells).
Indeed, if a vertex v of the graph represents a cell pre-filled with the symbol &
in 1, ..., n, the vertex definitely receives this single color k£ and can be removed
from the graph. Moreover, since the color k cannot be assigned to any vertex
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u adjacent to v (i.e. {u,v} € E), this color can therefore be removed from the
color domain D(u).

Nevertheless, during the preprocessing, if the color domain of a vertex u be-
comes the singleton D(u) = {0}, it means that the corresponding cell cannot
be filled. This cell remains definitively unfilled and the vertex u is removed
from the graph. If one denotes by I the number of cells impossible to fill after
this preprocessing phase, n? — [ defines an upper bound of the optimal value
(score) of the given PLSE instance. For the special case of [ = 1, a better
upper bound is in fact n? — 2, as there is no optimal solution for a PLSE
instance with a score of n* — 1 (c¢f. Theorem 6 in [19]).

The preprocessing procedure is described in ALgorithm 1. Its algorithmic com-
plexity is in O(|V'|?), where |V is the number of vertices in the original Latin
square graph.

Algorithm 1 Preprocessing procedure for graph reduction of the PLSE prob-
lem
1:

N

Input: A Latin square graph G = (V, E) with some vertices already colored,
each vertex v’s color domain D(v).
: Output: A reduced graph and the number [ of cells impossible to fill.

3
4:
5: for each vertex v € V' with singleton color domain D(v) = {k} do
6.
7
8

V<V —{v} // Remove this colored vertex v from the graph
E + E—{{u,v} € E} // Remove the edges linked to v.
:  for each uncolored v € V adjacent to v do
9: D(u) < D(u) — {k} // Remove color k from the color domain D(u)
10:  end for
11: end for
12:
13: 1=0

14: for each v € V do
15:  if D(v) = {0} then

16: l=1+1

17: V<V —{v} // Remove this node impossible to color
18: E + E—{{u,v} € E} // Remove the edges linked to v.
19:  end if

20: end for

Figure 3 (Right) displays the reduced graph of the Latin square graph shown
in Figure 2. Numbers in accolades indicate the color domain D(v;) of each
vertex v;. In addition to the three precolored vertices vy, vy, v9, vertex vy is
also removed because its color domain is D(v;) = {0}. Therefore, [ = 1,
leading to an upper bound 32 — 2 = 7. Since this upper bound is equal to the
lower bound of the two solutions in Figure 1, these two solutions are proven
to be optimal for the given PLSE instance (i.e., a maximum of 7 filled cells /



200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

Latin square graph Latin square graph after the
preprocessing phase

Fig. 3. Preprocessing of a Latin square graph with n = 3.

colored vertices or a minimum of 2 unfilled cells / uncolored vertices).

2.3 Special Features of the Transformed Coloring Problem

One observes two special features of the graph coloring problem transformed
from the PLSE.

First, the Latin square graph coloring problem is a list-coloring problem [13],
where the permissible colors of a vertex are limited to a list of colors in
{0,1,...,n}, instead of the whole set {0, 1,...,n}. Therefore, contrary to the
standard graph coloring problem, candidate solutions are in general not invari-
ant by permutation of colors. For example, in the legal partial coloring shown
in Figure 2 on the right, it is impossible to swap colors 2 and 3 as the color 2
is not in the domain of the vertex vg. Moreover, even a permissible color ex-
change between two colorings is not generally neutral. For example, consider
the two legal solutions S7 and S, displayed in Figure 4, where the pre-filled
colors are in red, assigned colors are in blue and possible color changes are in
green. The solution S5 is the same as the solution S; except that the colors 1
and 3 are swapped. After this swap, it becomes impossible to change the color
of the vertex vy in Sy while it was possible in 5. S; and S, are thus two differ-
ent candidate solutions for the PLSE, while they represent the same coloring
for the conventional graph coloring problem. This observation implies that for
this list-coloring problem, solutions are not invariant by permutation of the
colors. As a result, the so-called set-theoretic partition distance [20], which is
usually used to measure the distance between two solutions for graph coloring
[21,22], is not meaningful for the list-coloring problem. Instead, the Hamming
distance D¥ is more suitable to measure the distance between solutions for
our coloring problem (cf. Section 3.4).

Secondly, the partial list-coloring from the PLSE aims to find a legal coloring
such that the objective function f(S) defined by equation (1) (number of
uncolored vertices) is minimized. Therefore, it is critical that the algorithm is
able to decide which vertices are to be left uncolored when it is impossible to
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Fig. 4. Two legal solutions S7 and S2 of the PLSE instance. The two solutions are
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color all the vertices of the graph.

For these reasons, we introduce an algorithm specifically designed to solve
the partial list-coloring problem of Latin square graphs of the PLSE. This
algorithm, presented in the next section, can also be applied to solve the
related Latin square completion problem (LSC).

3 Massively Parallel Memetic Algorithm

We describe in this section the massively parallel memetic algorithm (MPMA)
for coloring Latin square graphs.

3.1 Search Space and Evaluation Function

The enlarged search space §2 explored by the MPMA algorithm is composed
of the legal, illegal and potentially partial candidate solutions.

Let G = (V, ) be the reduced Latin square graph with [V'| vertices {v1, ..., vy},
and color domains D(v;) € {0,1,....,n} (i =1,...,|V]) obtained after the pre-
processing phase. Then the space €2 is given by

Q={S:V = {D(),...,Dwy)}}. (5)

The MPMA algorithm aims to find a legal, possibly partial solution S (with
c(S) = 0) of the Latin square graph with the minimum number of uncolored
vertices f(S) (for functions f and ¢, see Section 2.1).

We define the following extended evaluation function F' (to be minimized) to
assess the quality (fitness) of a candidate solution S €
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F(S) = f(S) + & x c(S), (6)

where ¢ > 0 is a penalty parameter controlling the impact of the constraint
function ¢ on the overall score. Generally, decreasing the value of ¢ favors
solutions with less uncolored vertices and more conflicts, while increasing its
value promotes legal (conflict-free) and partial colorings. If ¢ is set to the value
of 1,  uncolored vertices and x conflicts contribute equally to the quality of
the solution.

3.2 Main Scheme

The proposed MPMA algorithm is based on the population-based memetic
framework [23], which has been applied to graph coloring problems [18,22,24].
It should be noted that these memetic algorithms typically use a small popu-
lation of no more than 20 individuals and are elitist evolutionary algorithms.
As such, each generation typically creates one or two offspring solutions via a
crossover operator, which are then improved by a local search procedure.

The massively parallel memetic algorithm proposed in this work uses a very
large population P (|P| > 10), whose individuals evolve in parallel in the
search space. This approach ensures a high degree of diversity in the popula-
tion, which favors a large exploration of candidate solutions. In order to take
advantage of this large population, we use the computational power of mod-
ern GPUs to perform parallel computations at each generation: local searches,
distance evaluations and crossovers. The only part that remains sequential is
the population update operation that merges the current population and the
offspring population to create the next population.

The algorithm takes as input a reduced Latin square graph G (see Section 2.2)
and tries to find a legal, possibly partial, coloring with a minimum number of
uncolored vertices. The pseudo-code of MPMA is presented in the algorithm 2,
while its flowchart is displayed in Figure 6. At the beginning, all the individuals
of the population are randomly initialized in parallel, which are improved by
local search at the beginning of the first generation of the algorithm (see below
and Figure 6). Then, the algorithm repeats a loop (generation) until a stopping
criterion (for example, a time limit or a maximum number of generations) is
satisfied. Each generation t involves the execution of four components:

(1) The p individuals (illegal n-colorings) of the current population are si-
multaneously enhanced by running a two-phase local search in parallel
(see Section 3.3) to minimize the fitness function f (uncolored vertices)
and the constraint function ¢ (conflicting vertices).

10
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Algorithm 2 Massively parallel memetic algorithm for Latin square graph
coloring

1: Input: Reduced Latin square graph G = (V, '), population size p, color domain
D(v) of each vertex v € V.
Output: The best legal partial coloring S* found
P ={51,...,Sy} + population_initialization
S* =) and e(S*) = |V].
{Slo,...,S]?} —{S1,.... 5}
repeat
for i = {1,...,p}, in parallel do
S! < two-phase_local search(S?) /* Section 3.3
9:  end for
10: S =argmin{f(S)),i=1,...,p}
11:  if f(S™) < f(S*) then

12: S* « S

13:  end if

14: D < distance_computation(Sy, ..., Sp, 51, ..., 5,) /* Section 3.4
15: {S1,...,8p} < pop-update(Si,...,Sp, S, ..,5,, D) /* Section 3.4
16: {SlO, . Spo} < build_offspring(51,...,Sp, D) /* Section 3.5

17: until stopping condition met
18: return S*

(2) The distances between all pairs of existing individuals and the individuals
improved by local search are computed in parallel (see Section 3.4).

(3) Then, the population update procedure (see Section 3.4) merges the 2p
existing and new individuals to update the population, taking into ac-
count the fitness f of each individual (number of uncolored vertices) and
the distances between individuals in order to maintain a healthy diversity
in the population.

(4) Finally, each individual is matched with its nearest neighbor in the popu-
lation and p crossovers are run in parallel to generate p offspring solutions
(see Section 3.5), which are improved by parallel iterated local search dur-
ing the next generation (¢ + 1).

The algorithm stops when a predefined time condition is reached or an optimal
solution S* is found. S* is an optimal solution if 1) ¢(S*) =0, f(S*) =0, and
I # 1 (i.e., all empty cells are filled), or 2) ¢(S*) =0, f(S*) =1, and | =1
(the tightest upper bound is reached, see Section 2.2). If the algorithm does
not find an optimal solution when it stops, it returns the best legal solution
S* (with ¢(S*) = 0) found so far, with a number of unfilled cells f(S*) > 0.
Then the score n? — [ — f(S*) is a lower bound of the given PLSE instance.

11
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Fig. 5. General scheme of the MPMA algorithm.

3.8 Parallel Two-phase Local Search

MPMA employs a two-phased partial legal and illegal tabu search (PLITS)
to simultaneously improve in parallel the individuals of the current popula-
tion. Specifically, PLITS relies on the tabu search metaheuristic to explore
candidate solutions of the space §2 guided by the extended fitness function F
given by equation (6). Indeed, tabu search is a popular method for graph col-
oring [25-27] and often used as the local optimization components of memetic
algorithms [14,22,28].

Given a solution S = {Vy, Vi, Vs, ...,V }, PLITS uses the one-move operator

to displace a vertex v from its current color class V; to a different color class
V; such that i # j and j € D(v), leading to a neighboring solution denoted

12
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as S® < v,V;,V; >. Let C(S) be the set of conflicting vertices in S, i.e.,
CS) ={veV,:1<i<n3ueclV,(uv) € Eu# v} To make the
examination of candidate solutions more focused, PLITS only considers the
uncolored vertices in V4 and conflicting vertices in C(S) for color changes.

The one-move neighborhood applied to the uncolored vertices of S is given by

No(S) ={S® <v,V,V; > v eV, 1 <j<n,je€ D)}

The one-move neighborhood applied to the conflicting vertices of S is given
by

N.(S) ={S® <v,V;,V; >:veC(S),veV,;,1 <i<n,
0<j<n,je€D),i#j}

Notice that a conflicting (colored) vertex can be moved to the set V; by the
one-move operator, becoming thus uncolored.

PLITS explores the global one-move neighborhood:

N(S) = No(S) U N.(S). (7)

PLITS makes transitions between the various n-partial colors with the help of
the neighborhood N (S) and the extended evaluation function F. At each iter-
ation PLITS replaces the current solution S with the best eligible neighboring
solution S’ taken from N (.S). After each iteration, the corresponding one-move
is stored in the tabu list to prevent the search from returning to a previously
visited solution for the next T iterations (tabu tenure). Following [28], the tabu
tenure depends on the number of vertices eligible for the one-move operator
(i.e., |[Vo| +]C(S)| in our case) and is set to the value of L+ a(|Vp| + |C(S5)])),
where L is a random integer from [0;9] and « is a parameter fixed at 0.6. A
neighboring solution S’ is considered admissible if it is not prohibited by the
tabu list or if it is better (according to the extended function F') than the best
solution found so far. Neighborhood evaluations are performed incrementally
like in [28]. As the algorithm 3 shows, we run the PLITS procedure in parallel
on the GPU to increase the quality of the current population. The time com-
plexity of this PLITS procedure is in O(|V| x n x nblterys x p). The space
complexity of the PLITS procedure is in O(|V| xn x p) (size of the tabu tenure
matrices for all the individuals of the population).

The PLITS procedure is performed in two phases with different search focuses.
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Algorithm 3 Parallel partial legal and illegal tabu search

1: Input: Population P = {S1,...,S5,}, depth of tabu search nblterrg, color
domain D(v) of each vertex v € V.

2: Output: Improved population P' = {S7*,...,S;"}.

3: for i = {1,...,p}, in parallel do

4: SF <+ S /* Records the best solution found so far on each local thread.

5: end for

6: iter =0

7: for i = {1,...,p}, in parallel do

8 fort={l,...,nblterrs} do

9: Choose a neighboring solution S € N(S;) which is not forbidden by the
tabu list or better than \S; (according to the extended evaluation function

10: Sl — SZ,

11: if F(S]) < F(S*) then

12: Si* 5!

13: end if

14:  end for

15: end for

16: return P’ = {S7",..., S}

The first phase favors a large exploration of candidate solutions by setting ¢
to the value of 0.5 and performs nblterrg = 100 * |V| iterations. The second
phase focuses on resolving the conflicts in the solutions of the population to
obtain P legal colorings (with ¢(S) = 0). For this purpose, ¢ is set to the large
value of |V| during nblterrs = 2 % |V| iterations.

After the local search, the best coloring S/* among the p conflict-free colorings
in terms of the objective function f is used to update the recorded best solution

S*if S < S,

3.4 Population Update

The p new legal colorings from the PLITS procedure are used to update the
population. For this, MPMA maintains a p X p matrix to record all the dis-
tances between any two solutions of the population. This symmetric matrix
is initialized with the p x (p — 1)/2 pairwise distances computed for each pair
of individuals in the initial population, and then updated each time a new
individual is inserted in the population.

To merge the p new solutions and the p existing solutions, MPMA needs to
evaluate (i) p x p distances between each individual in the population P =
{S1,...,Sp} and each improved offspring individual in P" = {S},...,S,} and
(ii) p x (p — 1)/2 distances between all the pairs of individuals in P’. All the
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Algorithm 4 Sequential population update procedure

1: Input: Population P, = {Si,...,S,} (generation t) and offspring population
P'={S},...,5,} (generation t)

2: Output: Updated population Py (generation ¢ + 1)

3: Py =10 /* Initilize new population
4: pil = p,y P! /* Merge existing and improved new solutions
5: Sbest = argminge pau e(.S) /* Identify the best legal solution in P!
6: Pri1 = Prq U{SPst} /+ Add Sbst in P4
7. pall = pall\ [ghest} /* Remove S%*! from Palt
8: /* Add n-colorings in Py, until it contains the p best solutions of P with the

condition that D¥(S;, S;) > |V|/10, for all S;,Sj € Py, i # j
9: while |P,11| < p do
10:  SPst = argminge pan €(S5)
11:  dist = mingep,,, D(S, A)
12:  if dist > |V|/10 then

13: Pii1 = P U {Stesty
14: Pall — Pall \ {Sbest}
15:  end if

16: end while
17: return P

pxp+px(p—1)/2 distance computations are independent from one another,
and are performed in parallel on the GPU (one computation per thread).

Given two colorings S; and S;, MPMA uses the Hamming distance D (.S;, S;)
to measure the dissimilarity between S; and S;, which corresponds to the
number of vertices that are colored differently in S; and S;:

D"(8;,85) = {v € V. Si(v) # S;(v)}]- (8)

The complexity of the distance computations for the whole population is in
O(|V] x p?).

Following [21], the population update procedure of MPMA aims to keep the
best individuals, but also to ensure minimal spacing between individuals. The
population update procedure (Algorithm 4) greedily adds one by one the best
individuals of P = {5y, ..., S,}U{S], ..., S/} into the population of the next
generation Pi1 until P, reaches p individuals, so that D¥(S;,S;) > [V|/v
(v > 1,0 is a parameter), for any S;,S; € Pii1, ¢ # j. The time complexity
of the population update procedure is in O(p?). In practice for an instance of
medium size (reduced Latin square graph with about |V| = 750 vertices), this
population update procedure is executed in a time corresponding to roughly
3% of the time spent in the local search procedure at each generation. The
space complexity of this procedure is in O(]V|p + p*) (due to the distance
matrices storage).
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3.5  Parent Matching and Crossover

At each generation, the MPMA algorithm performs in parallel p crossovers to
generate p offspring solutions. For this, MPMA uses each existing solution in
the current population as the first parent and selects another existing solution
as the second parent with a specific parent matching strategy. The idea is to
ensure that each individual in the population has a chance to transmit some
genetic information to the next generation while encouraging the creation of
diversified offspring.

3.5.1 Parent Matching Strategy

The population update strategy presented in the last section ensures that
the individuals in the next population are high quality, but also sufficiently
distant. This property provides a first basis for ensuring that for each of the
p crossovers, we can find a second parent that is sufficiently distant from the
first parent. This helps to build diverse offspring solutions that are different
from their parents, and thus helps the algorithm to continuously explore new
areas in the search space.

However, as we use a very large population, individuals can be highly different
and share very little information. Indeed, we experimentally observed that the
average pairwise distance in the population is usually very large, around 0.7 x
|V| even after many generations. Meanwhile, a study in [22] showed that for
the standard graph coloring problem, crossing-over two highly different parents
results in offspring of poor quality because no meaningful shared information
can be transmitted from parents to offspring.

Thus, for each individual S; (i.e., the first parent), we choose, among the
other individuals in the population, the nearest neighbor S; in the sense of the
precomputed Hamming distance D, as the second parent. The time complexity
of the matching procedure is in O(p?).

3.5.2  Parameterized Asymmetric Uniform Crossover

The popular greedy partition crossover (GPX) [28] and its variants have
proven to be very successful for the graph coloring problem [18,22,29]. GPX
was also adapted to the related LSC, leading to the maximum approximate
group based crossover (MAGX) [14]. However, the GPX crossover has some
limitations for the PLSE due to the fact that solutions are not invariant by
permutations of color groups (cf. Section 2.3) and high-quality solutions do
not share significant backbones (they are far away from each other, see Section
5).
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For the PLSE, we introduce a parameterized asymmetric uniform crossover
(AUX), which is easy to compute for a very large population of individuals and
allows the transmission of favorable parental features to the next generation.

Given a first parent S; and a second parent S;, an offspring solution S¢ is built
such that each vertex v receives the color of S; with probability p;; and the
color of S; with probability 1 —p;;. The probability p;; depends proportionally
on the Hamming distance between the parents S; and S; and is given by

V]
pl] =1 B % DH(gi’Sj)v (9)
where 8 > 1.0 is a real parameter controlling the degree of diversity of the
resulting offspring. The complexity of computing AUX crossovers for the entire
population is in O(|V| x p).

As |V|/~ is the minimum spacing between two individuals in the popula-
tion (cf. Section 3.4), we set S such that § > 7 > 0, in order to have
Vi,j € [1,...,p]%i # 4, |V|/B < D¥(S;,S;). This ensures that Vi,j €
[[1,...,]?]]2, O<pij < 1.

Notice that when p;; is fixed to the value of 0.5, we obtain the classical Uniform
Crossover (UX) [30]. With the UX crossover, the resulting offspring is on aver-
age equidistant from both parents. However, as we empirically show in Section
4, the UX crossover does not work well for the PLSE (it is too much disrup-
tive). The proposed AUX crossover uses the probability p;; to make itself more
conservative by considering the distance between two parents. Specifically, if
two parents are similar (with a small distance), the offspring can equally in-
herit information from the parents. On the contrary, if the parents are very
different (with a large distance), it is preferable to conserve more information
from one parent (the first parent) to avoid an offspring solution that is far
away from both parents. AUX achieves this goal by adjusting the coefficient
£ which influences the probability.

For two given parents S; and S;, the expected distance between the off-
spring SO and its first parent S; is DH(S;, S°) = |V|/B. The expected dis-
tance between the offspring S¢ and its second parent S; is DH(S;, S°) =
DH(S;,8;) — |V|/B. If we choose 8 > 2v, DH(S;,SP) > DH(S;,S°) always
holds. As such, in average the child preserves more genetic information from
the first parent compared to the second parent. Given that MPMA uses ev-
ery individual in the current population as the first parent, all individuals are
offered the same chance to transmit a large part of their genetic information
to their offspring, leading to a large coverage of the search space.

Figure 6 illustrates the creation of six offspring solutions {SZ}%_, (in red)
generated from the population {S;}¢_; (in black). In this case, the offspring
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Algorithm 5 Parallel asymmetric uniform crossover AUX

1: Input: Population P = {S1,...,S,}, with S; = (V§,V{,...,V}}), for i =
1,....p.

: Output: Offspring population P° = {Slo, ce SPO

: for i =1,...,p, in parallel do

S; + Find and make a copy of the nearest neighbor of S; from P according

to the distance D such that ¢ # j and such that this crossover (i, 7) has not

been tested ye‘t. |
%

= W N

o pij =1 gprs sy

6: forl={1,...,|V|} do

7! With probability pij, S (v;) = Si(v;)
8 Otherwise Sf)(vl) = S;(v)

9: end for

10: end for

11: return P°

S9 to S§ are respectively generated from the ordered pairs of parents (Si, Ss),

(S2,53), (S3,54), (S4,55), (S5,S54), (Se, S1).

As one notices, each offspring is situated in between its two parents in the
search space and always closer to its first parent (in terms of the Hamming
distance). The norm of each translation vector is equal to |V|//3 in average.

Fig. 6. Resulting offspring individuals {S?}%_, (in red) generated from the popula-
tion {S;}%_; (in black).

The overall parent matching and the AUX crossover are summarized in Algo-
rithm 5. All the p crossover operations are performed in parallel on individual
GPU threads. The time and space complexities of the crossover procedure are
in O(|V|p).
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3.6 Implementation on Graphic Processing Units

MPMA was programmed in Python with the Numba library for CUDA kernel
implementation. It is specifically designed to run on GPUs. In this work we
used a V100 Nvidia graphic card with 32 GB memory. The source code of the
algorithm is available at https://github.com/GoudetOlivier/MPMA_code.

Thread « Local current solution
(one tabu search per thread) improved by the tabu
Per-thread search
l memory « Gamma matrix used in
each tabu search
« Tabu tenure

Thread block Per-block

HHH b=

Grid with p threads for the whole population

Block (0,0) Block (0,1)
« Graph=(V,E)

S T .

ML |

Block (2,0) Block (2,1)

S T

Fig. 7. Parallel tabu searches launched on GPU grid.

Figure 7 shows the organization of threads on the GPU grid and the memory
hierarchy on the GPUs used to execute the p tabu searches in parallel for the
entire population each generation. Each of the p tabu searches (see Section
3.3) is executed on a single thread. For fast memory access, a local memory per
thread is used to store specific local information such as the current solution
and tabu tenure. Threads are grouped in blocks of size 64 and launched on
the GPU grid. A global memory is used to store general graph information
such as the graph adjacency matrix and the color domain of each vertex to
avoid duplication of information. All these p tabu searches are run with a
CUDA kernel function and the best results obtained in each tabu search are
transferred to the CPU after synchronization.

The same type of kernel function on the GPUs is used to compute in parallel
the p distance calculations (see Section 3.4) and the p crossovers (see Section
3.5) at each generation. However, some operations such as the best solution
saving procedure and the population update procedure (cf. Section 3.4) are
performed on the CPU because they cannot be parallelized.
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3.7 A wvariant of the Algorithm for Highly Constrained Instances

As shown in Section 4, the MPMA algorithm excels on under-constrained
to moderately over-constrained PLSE instances with a filled ratio r below
80%. However, its performance slightly deteriorates on highly constrained in-
stances when r > 80%. For these cases, we observed that better results can
be reached by directly minimizing the number of uncolored vertices (i.e., fit-
ness f of Section 2.1) in the space of legal (i.e., conflict-free) partial colorings.
For these highly constrained instances, we create a simplified MPMA vari-
ant called Partial-MPMA that works with legal partial colorings (instead of
conflicting colorings) and makes the following two changes in MPMA.,

e A greedy conflict removal procedure is applied to repair each offspring so-
lution into a legal partial coloring. For this, the vertex which is conflicting
with the largest number of vertices is uncolored first (i.e., reassigned the
color 0), followed by the vertex with the second largest conflicts and so on.
This process continues until a partial conflict-free coloring is reached.

e The two-phase tabu search procedure of Section 3.3 is replaced by the Par-
tialCol coloring algorithm of [31] adapted to the list-coloring problem. This
PartialCol algorithm uses tabu search to explore the space of legal partial
colorings by minimizing the number of uncolored vertices.

4 Experimental Results

This section is dedicated to a computational assessment of the MPMA algo-
rithm for solving the partial Latin square extension problem, by making com-
parisons with the state-of-the-art methods. Additional results are presented
in Appendix B for the related Latin square completion problem.

4.1 Benchmark Instances

We carried out extensive experiments on the 1800 PLSE benchmark instances
introduced in [12]. These instances are parametrized by the grid order n €
{50,60, 70} and the ratio r € {0.3,0.4,...,0.8} of pre-filled cells in the n x n
grid. Given (n,r) and starting from an empty n x n grid, a PLSE instance was
constructed by repeatedly assigning a different symbol in an empty cell chosen
randomly so that the Latin square condition is respected and until r x n? cells
are assigned symbols. For each (n,r) combination, 100 instances are available.
Note that such a PLSE instance does not always admit a complete solution
(i.e., some cells must be left unfilled). This is typically the case for relatively
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strongly constrained instances when r > 60 (i.e., when at least 60% cells are
pre-filled). Moreover, as shown in [9,12], under-constrained instances (r < 0.5)
and over-constrained instances (r > 0.7) are easier than medium-constrained
instances with r between 0.6 and 0.7.

It is clear that n? is an upper bound for these instances (all cells are filled).
When the grid cannot be fully filled, a safe upper bound is given in [19],
corresponding to n? — 2 (all but 2 cells are filled). This bound indicates that
if a grid cannot be completed, at least two cells will be left unfilled.

Like [14], we first convert these instances to Latin square graphs and apply
the preprocessing algorithm of Section 2.2 to reduce them, leading to graphs
with less than 500 vertices for (n,r) = (50,0.8) and up to 3430 vertices for
(n,r) = (70,0.3). The preprocessing takes no more than several seconds.

4.2 Parameter Setting

The population size p of MPMA is set to p = 12288, which is chosen as a
multiple of the number of 64 threads per block. This large population size offers
a good performance ratio on the Nvidia V100 graphics card that we used in
our experiments, while remaining reasonable for pairwise distance calculations
in the population, as well as the memory occupation on the GPU, especially
when solving very large instances. Indeed the overall space complexity of the
proposed algorithm is in O(|V| x n x p+ p?). It is in particular quadratic with
respect to the size p of the population. A sensitivity experiment of the results
with respect to the population size is presented in Section 5. In addition to the
population size, the parameter « of the tabu search is set to its classical value
of 0.6 and the number of tabu iterations nblterrs depends on the size |V| of
the graph. The parameter ~ for the minimum spacing between two individuals
is set to 10. The parameter [ for adjusting the distance of the offspring from
their parents is fixed at 20.

Table 1 summarizes the parameter setting, which can be considered as the
default and is used for all our experiments.

Table 1

Parameter setting in MPMA
Parameter  Description Value
p Population size 12288
nblterrs Number of iterations tabu search 100 x |V
« Tabu tenure parameter 0.6
¥ Parameter for the spacing between two individuals 10
B Parameter for the generation of offspring 20
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4.8  Comparative Results on the Set of 1800 PLSE Instances

This section shows a comparative analysis on the 1800 PLSE instances with
respect to the state-of-the-art methods. Given the stochastic nature of the
MPMA algorithm, each instance is independently solved 5 times.

Table 2 summarizes the computational results of MPMA compared to the
best results in the literature reported in [12,14]. For each instance MPMA
was launched with a maximum of 100 billions of tabu search iterations. The
reference methods include the 7 PLSE approaches in [12]: CPX-IP, CPX-
CP, LSSOL, 1-ILS*, 2-ILS, 3-ILS and Tr-ILS*, where CPX-IP and CPX-CP
are exact Integer Programming and Constraint Programming solvers from
IBM/ILOG CPLEX, LSSOL denotes the tool LocalSolver. 1-ILS*, 2-ILS, 3-
ILS and Tr-ILS* are four iterated local search algorithms with three differ-
ent neighborhoods. We cite the results of the recent MMCOL algorithm [14],
which is designed for the related LSC problem and reported results on the
1800 PLSE instances with an adapted version of MMCOL. We also ran the
FastLSC algorithm [15] with the default parameters provided by the authors.
As FastLSC is designed exclusively for the LSC problem, it does not provide
any legal solution or even crashes for PLSE instances for which it is impossible
to fill the grid completely. This happens for highly constrained instances, in
general when r > 0.7.

Columns 1 and 2 of Table 2 show the characteristics of each instance (i.e., grid
order n € {50,60,70} and ratio r € {0.3,0.4,0.5,0.6,0.7,0.8} of pre-assigned
symbols). Columns 3-10 present the average number of filled cells in the best
solutions obtained by the reference algorithms for the 100 instances of each
type (n, 7). The number in brackets indicates the number of instances for which
the grid is completely filled. The results of the proposed MPMA algorithm and
Partial-MPMA variant are reported in columns 11 and 12 respectively ! . Bold
numbers show the dominating values while a star indicates an optimal value
(corresponding to the n? upper bound).

We observe that MPMA (standard version) always obtains the best scores (in
bold) except for the over-constrained instances with » = 0.8. For the instances
with r = 0.8, our Partial-MPMA variant always obtains the best results. For
the loosely constrained or under-constrained instances with » < 0.7, the three
compared algorithms (MPMA, MMCOL and FastLLSC) can completely fill the
grid for exactly the same number of instances. For the strongly constrained
or over-constrained instances with » > 70, FastLSC fails to find a solution
except for 4 instances with n = 70 and r = 0.7 for which it can fill the grid
like MMCOL (against 5 instances for MPMA).

L The certificates of the best solutions of MPMA and Partial- MPMA for these 1800
instances are available at https://github.com/Goudet0livier/MPMA_code
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The best competitors, Tr-ILS*, MMCOL and FastLSC, were launched with a
limited amount of available times in [12,14,15]: up to 10 seconds for Tr-ILS*,
up to two hours for MMCOL and up to 1000 seconds for FastLLSC. In order to
verify if these algorithms can improve their results by using more computation
time, we ran the codes of these three algorithms with a much relaxed time
limit of 48 hours per run and per instance on Intel Xeon ES 2630, 2,66 GHz
CPU. The results are shown in Table 3. For each compared algorithm, we
report the best and average results over 5 runs (fpest and fi,4) as well as the
average computation time needed to reach its best result.

With this much relaxed time limit, both Tr-ILS* and MMCOL indeed improve
their-own results reported in [12] and [14] (also shown in Table 2). Meanwhile,
they are still outperformed by MPMA /Partial-MPMA on the strongly con-
strained instances with » > 0.7. FastLSC also improves its performance and
solves one more instance of set n = 70 and r = 0.7. Specifically, among the
100 instances with n = 70 and r = 0.7, FastLSC, like MPMA, completely
fills the same set of 5 instances (with id 6, 14, 42, 44 and 99, see Table A.1)
For the PLSE instances that can be completely filled, FastLLSC is the fastest
algorithm compared to MMCOL and MPMA.

For under-constrained (easy) instances, one notices that MPMA takes much
more times to achieve its best results. This comes from the fact that every
kernel operation launched on the GPU cannot be stopped until it is completed
on each thread. Therefore, even if a solution of the instance is found in one
thread, one still needs to wait for all the threads to finish their computation
before retrieving the result. In fact, for these easy instances, a very large
population with a high diversity is not really mandatory. MPMA can reach
the optimal solutions faster with a much reduced population.

23



(0) €1°89L% (0) €€°99L¥ (0) (0) 8L'869¥ (0) 16°99L¥% (0) €6°€9L¥ (0) 18°¢9L¥ (0) L9°99.¥% (0) LT T9L¥ (0) gL 28L¥ (0) ¥w'192% | 80
(0) 1¢°878% (g) ee°968% ) () 89 768¥ (0) ¢6'2L8¥ (0) 8¢ ¥98¥ (0) L6°0.8¥ (0) 17287 (0) 12°698¥ (0) v6°1E8F (0) 96287 | L0
(0) z8°¥7L8Y (001) x006¥% | (001) x006% (001) x006% (6) 619687 (0) zg888¥ (0) €6'768¥ (z) €'g68% (0) L2287 (0) vL°898% (0) 12'898% | 90
(0) L9°€88¥ (001) x006% | (001) x006¥% (001) x006% | (18) LS'668% (0) L6°¢68% | (8L) vv'668F | (9L) 1V '668% (0) 6'¢88¥ (0) L1°188% (0) 60°188% | <0 oz
(9€) 292887 (001) %x006% | (00T) %x006% (001) %x006% (66) 86°668% (%) 7 968% (66) 86°668% (86) 96°668% (1) 86°L88% (¢) 9¢-888% (0) €2°288% | ¥°0
(gg) 81°968¥ (001) %006% | (001) x006¥% (001) x006% | (001) x006% | (€1) ¢€'L68% | (66) 86'668% | (66) 86'668% (0) gz 0687 | (8€) GL°€68Y (0) z'068% | €0
(0) €0'08%¢ (0) 08°LL¥%€ (0) (0) g8 1EPE (0) 6%°8L7¢ (0) go'8L¥€ (0) Le'8LYE (0) 69'8L7¢ (0) v 9L¥E (0) v1°¥9¥7€ (0) 8g'8L7¢ | 80
(0) g9-9¢¢e (0) zg's698 (0) (0) z8'689¢€ (0) z1TL8E (0) 19°99¢¢ (0) 8g0L8¢ (0) Lv1L8€ (0) go'199¢ (0) gv-ovee (0) 127888 | 20
(0) 6'8289¢ | (L6) ¥6'669€ (26) (L6) v6'669€ | (£1) L9'96S¢ (1) L2698 (z) g8 g69e (g) z8'969¢ (0) zge8se (0) LgLee (0) 19°2L8¢ | 90
(z) 81°68¢¢ (001) x009€ | (001) %0098 (001) x009g | (26) ¥6'665¢ | (12) €9°.69¢ | (18) 89'669¢ | (€8) 99'66S€ (0) g'289¢ (1) e8°g8¢¢ (0) 62°98¢¢ | <0 09
(¢2) T 968¢€ (001) x009g | (001) x009¢ (001) 009¢ | (00T) x009€ | (%) 8¢'865e | (86) 96°66S¢ | (66) L6°665€ (0) 11688 | (6T) 99°T6SE (0) 89-065¢ | ¥°0
(g9) 9¢-26¢¢ (001) x009€ | (00T) %009 (001) %x009g | (001) x009¢ | (¥9) 82'669¢ | (00T) %0098 | (66) 86'66S€ (0) z'g69e | (LL) 6T°86S¢€ (0) L0'g6Se | €0
(0) 8g'v6€T (0) ¥z-e68T (0) (0) T9°79¢T (0) v1°¥6€T (0) 60°768T (0) TT°¥68T (0) v1°¥6€T (0) L9°€68CT (0) 1°88¢C (0) 8g'¥6€T | 80
(0) ¢6°99¥%¢ (0) 8€'¥8%CT (0) (0) ¥6'82¥%C (0) L0'0L¥T (0) LL29%T (0) 8L°69%% (0) LV'69%C (0) cv'e9¥T (0) v0'18¥T (0) ¥'9¥¥T | 20
(0) ¥9°98¥%¢ (¢8) ,°66%C (g8) (¢8) v9'66¥c | (0T) 8T'L6¥T (0) L9°¥6¥T (L) €96¥%T (L) €2°96¥%C (0) 12°68%C (0) ,8°'82¥%T (0) 12°92%T | 90 09
(¢) 28 16¥C (001) %0092z | (00T) x00ST (001) %0092 | (001) %0082 | (L9) sz'66%c | (86) ¢6'66¥C | (96) 68'66VC (1) 96'26%C (¥) ¢6°68¥%C (0) 2g'88%% | S0
(1) ge-e6¥T (001) %0092z | (00T) %x00ST (001) %0092 | (001) %0082 | (€6) 98'66¥¢ | (00T) x00ST | (66) 86'66¥C (¥) cov6¥z | (99) T0'86¥T (1) 8L°€6%T | ¥°0
(001) %0082 (001) %0082 (001) %0082 (001) %x009% | (00T) %x00S%T (86) 96°66%C (66) 86°66%C (001) %00S2 (e1) ¢e96%c | (86) L8'66¥C (01) €0°96%2 | €0
152qp 152q) 1s2qp 152qp 1529 152qp 152q) 1529 152qp 1s2q) 1529, " u
VINdIN-Tel3ed VINAIN osTIsed TOOIWIN *STI-L ST1I-€ STI-C #STI-T TOSST dO-Xdo dI-XdD | eouessuy

a8ejuedted o],

‘sosar[juared Ul UMOYS ST Pa[[lJ A[e3o[dwod ST PLId o1} YOIYM I0J S9OURISUI JO

"9aMyeIoN] oY} Ul poysijqnd spunoq 31soq oY) Yrm uosLredwod © ST 31 9SNeI9( d9[qe} SIY} ul pajrodol
JR1[} 90N P[O] UI PajedIpul are sjmsal urpeurio {80 °L°0°9°0°¢'0 F'0‘¢0} O + sjoquAs paudisse-aid jo oryer pue {(L ‘09 ‘0G} > u az1s
jo seouesur STd 00T Jo odA) yoes I10j S[[00 po[[Y Jo Iaquinu dfelosw oY) Jo suriey ul ([F1] ut TOOININ PUe [g1] Ul STI-1T, ‘STI-€ ‘STI-¢
%STI-T “TOSST ‘dD-XdD ‘dI-XdD) SPOYIdU 11e-d1)-JO-9e)s 9} I juerres YINJIN-[RTMR SIT Pue YINJIN JO SInsot darjeredurop)

oIB $)S9} [BO1ISIYRIS Ou

¢ °l9BL

24



0L99¢  €629LF  (0) €T°89L% - - (0) | 29802T  L0°9€L¥ (0) 0L9€L¥ | SPIT  €£°99LY (0) ¥2°29L% | 8°0
oFL9V  €6'G637  (S) €£°968% | LVFOT  006¥ () 188G FSV68F (9) 1z°e687 | Ghoe  T1€°6L8F (0) 01°088% | 20
01zl 0067  (001) x006% | 9T'F 0067 (00T) %x006% | TS '6I 0067  (001) x006% | LeV 086687  (66) 86'668% | 9°0
67¢ 0067  (00T) x006% | 990  006% (00T) %x006% 16T 0067  (00T) %006% 8T ¢z'6687  (T6) TL'668V | G0 0
687 0067  (00T) «006% | 9%'0  006% (00T) %x006% €90 0067  (00T) %006% z 0067  (00T) x006% | ¥°0
12. 0067  (00T) «006% | 0.0  006F (00T) %x006% 06°0 0067 (00T) %006% € 0067  (00T) x006% | €0
IPI8T  ¥66LF7€  (0) €0°08%¢€ - - (0) | 6L6LL TV9SPE (0) LO'LGFE | 097  €T'8LFE (0) z6'8LVE | 8°0
geoge  €re6ce  (0) Te'eese - - (0) | 6L36% 99°68S¢ (0) zz'065 | 88€T  T0°9LEE (0) L9288 | L0
6L 76669  (L6) ¥6°66S€ | 9V'T  009€ (L6) el 76'665¢  (L6) ¥6°66S€ 69 <z665¢  (L6) ¥6°669€ | 90
Vg 009¢  (001) 0098 | %20  009¢ (001) %x009€ L9°0 009t (001) %0098 L1 009¢  (00T) x009€ | S0 09
868 009¢  (00T) x009€ | 6T°0  009¢ (00T) %x009¢€ zs0 009¢  (00T) %009¢€ é 009¢  (00T) x009€ | ¥°0
9z¢ 009¢  (00T) x009€ | %20  009¢ (00T) %009¢€ 69°0 009¢  (001) x009¢€ é 009¢  (00T) x009€ | €0
916¢ v ¥6ec  (0) 8S'P6ET - - (0) | 8929T  0¢°LLET (0) GT'8LET | 8S9  C9'E6ET (0) ¥&¥68T | 8°0
0L6¥¢  66€8¥c  (0) 8€'F8YT - - (0) | 9669% 8¥'8L¥T (0) €T'6LFC | T1S ¥8°TLFC (0) eg'eL¥T | L0
687 L6667  (98) L'66¥T 9¢'T  00ST (¢8) ee' AT L6667 (98) L'66%T | TST  V6'86%c  (¥8) €9°66%C | 90  0¢
68 00gz  (00T) x00ST €0 009z (00T) %009T 1€°0 005z (00T) %00ST z 009z (00T) x00ST | S0
qn 00gz  (00T) x00SZ 600 00S¢  (00T) %00ST 910 00sz  (00T) %00ST e 009 (00T) x00SZ | ¥°0
4l 00sz  (00T) x00SZ gro  00¢z  (00T) %0092 2T 0 00gz  (00T) %00ST T 009 (00T) %0082 | €0
Amvu 9:% 18539 Amva ma@% 1s3q vap maa&. as3q Amvu mae& 1s2qf N u
VINAIN-Tered / VINAIN (eury "9x9) DSTISRA (o 91x0) TODININ (owry "3x9) L STTI-AL eoue)suy

‘sosoyjuared UT UMOYS SI P
A1o9e1duIon ST PLIS Y} YOIYM 10] So0UR)SUL JO oFejuadtod o, ‘poul[Iopun are (10('() onea-d yirm 1s03-1) s)nsol 9FeIoAr 1s9q AJUROYIUIIG
'SO0URISUL ST O UO Y JO JIUI] DU} POXB[II YOI © UM [ZT] 1 STI-LL PU® [FT] TODININ UMM VINIIN-TeIed/ VINIIN jo uostreduoy

€ 9l9®eL

25



608

609

610

611

612

613

614

615

616

617

618

619

620

621

622

623

624

625

626

627

628

629

630

631

632

633

634

635

636

637

638

639

640

641

642

643

644

645

646

On the other hand, using a very large population with a high diversity becomes
critical when dealing with the most difficult instances such as those with r >
0.7. For these instances, MPMA obtains equal or better results compared to
Tr-ILS* and MMCOL for all orders n = 50,60, 70. Detailed results for the
very difficult instances with » = 0.7 are displayed in Appendix A (Table A.1).
Moreover, MPMA can optimally solve 25 of the 100 most challenging instances
with n = 70 and r = 0.7 (cf. Table A.1).

It is difficult to compare the computation time between MPMA and the com-
petitors, as MPMA takes advantage of a GPU while the other algorithms use
a CPU. Therefore we compare MPMA and MMCOL in terms of number of
iterations in order to observe whether the best results of MPMA come from
the algorithm itself or from the parallelization. For this experiment, we do not
consider FastLSC because it cannot solve any over-constrained PLSE instance
for which the grid cannot be completely filled (indeed FastLSC is designed for
the related LSC). As both MPMA and MMCOL use a one-move tabu search,
the number of local search iterations is a suitable comparison criterion. We
run MPMA and MMCOL with a maximum of 100 billions iterations of tabu
search on the first ten instances of each of the most difficult (n,r) combina-
tions with n = 50, 60, 70 and » = 70, 80. Each instance is independently solved
5 times. The detailed results are reported in Table 4, where we show for each
instance and each algorithm (MMCOL, MPMA), the best result fy.s over the
5 trials, the average result f,,, over these 5 trials, the average computation
time in hours t(h) required to reach the best result and the average number of
local search iterations nb_iter required to reach the best score. The best results
are indicated in bold. According to the results, MPMA can achieve better or
equal results for all instances with the same overall number of iterations. In
addition, the use of a GPU reduces the time spent by the algorithm, because
this important number of iterations can be performed in a shorter amount of
time thanks to parallelization. This experiment confirms that the proposed
MPMA algorithm dominates MMCOL.

In summary, MPMA and its Partia-MPMA variant for highly constrained
instances (when r > 0.7) compete very favorably with the best performing
PLSE methods in the literature, by reporting equal or better results on the
1800 benchmark instances. In Appendix B, we show that MPMA also performs
extremely well on the special case of the Latin square completion problem, by
attaining the optimal solutions for all the LSC benchmark instances.

5 Analysis of Important Factors in the Algorithm

We analyze the impacts of three important factors of the MPMA algorithm: (i)
its very large population, (ii) the AUX crossover and (iii) the nearest neighbor
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matching strategy for parent selection. These experiments are based on the
first ten hard instances with n = 60 and r = 0.7 of the PLSE.

5.1 Sensitivity to the Population Size

We first perform a sensitivity analysis of the algorithm with respect to the
population size. For this, we perform the MPMA algorithm with p varying in
the range [10, 12288] to solve each of the ten instance 5 times under a time
limit to 20 hours per run. Figure 8 displays the sensitivity of the average
results to the population size p.

For the same time budget, the MPMA algorithm obtains better results with a
larger size. When p = 12288, the algorithm always attains the best score over
10 runs. This can be explained by two reasons. First, due to the parallelization
of the calculations on the GPUs, a large population improves the diversity of
the population and helps the algorithm to perform a higher average global
number of iterations at each run with the same time budget, which in turn
increases the chance for the algorithm to attain high-quality solutions. Second,
a large population increases the chance for each individual to find a closer but
different nearest neighbor in the population for parent matching of the AUX
crossover, which helps to generate promising offspring solutions.
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Fig. 8. Impact of the population size p on the performance of MPMA. Green curve
corresponds to the average score and red curve to the average number of iterations
in billions required to reach the best scores.

5.2 Impact of the Asymmetric Uniform Crossover

To study the impact of the asymmetric uniform crossover AUX on the MPMA
algorithm, we compare it with four different variants of MPMA where the AUX
crossover described in Section 3.5.2 is changed or disabled.

e The first variant is a baseline variant without crossover, so each offspring is
an exact copy of its first parent.

e The greedy partition crossover GPX [28] is adapted for the Latin square
problem: each color class of the offspring inherits the largest color class of
the selected parent.

e The AUX crossover is replaced by the maximum approximate group based
crossover MAGX of the MMCOL algorithm for the related Latin square
completion problem [14].

e The AUX crossover is replaced by the uniform crossover (UX) which corre-
sponds to AUX with p;; being fixed to the value of 0.5.

Figure 9 shows the evolution of the best fitness values averaged over 5 runs
for the same ten PLSE instances with (n,r) = (60,0.7) through the number
of generations of each algorithm. One notices that the crossovers GPX and
UX, which are the most disruptive, perform badly and are even outperformed
by the variant without crossovers (blue line). This can be explained by the
fact that the individuals are very distant in the population and rarely share
large common features. Indeed, we experimentally observed that the average
pairwise distance in the population is usually very large, around 0.7 x |V/|.
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The AUX and MAGX crossovers perform the best and dominate GPX and
UX. Meanwhile, AUX dominates MAGX after 50 generations in average. The
difference is statistically significant (confirmed by t-test with the p-value of
0.001). One reason to explain the advantage of AUX over MAGX is that with
the AUX crossover, the offspring inherits more features from one parent than
from the other parent. On the contrary, since MAGX is a symmetric crossover,
crossing-over (5;,5;) and (S;, 5;) lead to the same offspring, which results in
less diversified offspring in the next generation.

— AUX
— MAGX
= No Crossover
— UX
GPX

3592

3590

3588

Average score

3586

3584

0 10 20 30 40 50 60 70 80

Number of generations

Fig. 9. Comparison of five different MPMA variants: No crossover (blue), GPX
(yellow), MAGX (red), UX (light blue), AUX (green).

5.8 Impact of the Crossover Matching Strategy

To study the impact of the nearest neighbor matching strategy for the AUX
crossover, we run a MPMA variant where this matching strategy is replaced by
a random matching strategy: each individual as the first parent is cross-overed
with another individual chosen randomly in the population.

Figure 10 shows the evolution of the best fitness values averaged over 5 runs
for the same 10 first PLSE instances with (n,r) = (60,0.7) with respect to
the number of generations of the algorithm. One notices that the matching
strategy has an important impact on the performance. The dominance of the
nearest neighbor matching strategy over the random matching becomes more
and more evident after 10 generations. The difference is statistically significant
(t-test with the p-value of 0.001). This is because two parents chosen randomly
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in the very large population share little information, leading to poor offspring
whose quality can be hardly raised even after local optimization. The nearest
neighbor strategy avoids this problem, as it does not destroy too much the
color classes transmitted to the offspring, while preserving a certain level of
diversity. This creates opportunities for the subsequent local search to explore
new and interesting areas of the search space.

—— Nearest neighbor
—— Random

3592
3580

3588

Average score

3586
3584

0 10 20 30 40 50 60 70 80

Number of generations

Fig. 10. Comparison of two parent matching strategies in MPMA: random matching
(red) and nearest neighbor matching (green).

6 Conclusion

We presented a massively parallel population-based algorithm with a very
large population and a practical implementation on GPUs to solve the par-
tial Latin square extension problem as well as the special case of the Latin
square completion problem. This approach highlights the interest of a very
large population that enables massively parallel local optimization, offspring
generations and distance calculations. The algorithm features a parameterized
asymmetric crossover equipped with a dedicated parent matching strategy to
build promising offspring, an effective parallel two-phase tabu search to im-
prove new solutions and an original pool updating mechanism.

We performed extensive experiments to assess the proposed algorithm on the
set of 1800 benchmark instances with various orders and ratios of pre-filled
cells. The results showed that the algorithm obtains state-of-the-art results
in average for all Latin square configurations (n, ). Furthermore, it definitely
closed 25 challenging instances of order n = 70 and ratio » = 0.7. We inves-
tigated the impacts of key algorithmic components including the large popu-
lation size and the parent matching strategy. This work demonstrates for the
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first time the high potential of GPU-based parallel computations for solving
the challenging Latin square extension problem, by exploiting the formidable
computing power offered by the GPUs and designing suitable search strategies.

The proposed algorithm can be used to solve relevant problems related to
the PLSE. The availability of the source code of our algorithm will facilitate
such applications. The design ideas of the algorithm can help to develop effec-
tive algorithms for other difficult combinatorial optimization problems. Future
works could be carried out in particular to improve the parent matching strat-
egy. For instance, it would be interesting to investigate strategies driven by a
deep graph convolutional neural network in order to build the most promising
offspring from appropriate parents.
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A Detailed Results for the Challenging PLSE Instances with r =
0.7

According to [12], instances with r = 0.7 are among the most challenging
instances. Table A.1 presents the detailed results obtained by the MPMA al-
gorithm on the three sets of 300 PLSE instance with » = 0.7 and n = 50, 60, 70.
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Column 1 identifies the instances of each type (n,r). For each instance, we
report the best PLSE score fpes (i-e., the largest number of filled cells) ob-
tained over 5 runs with a maximum of 100 billions of tabu iterations, average
score fg,, and average computation time t(s) in seconds to reach the best re-
sults. Bold values are the record-breaking results compared to the best-known
results in the literature (including the best results obtained by running the
codes of Tr-ILS* [12] and MMCOL [14] with the extended time limit of 48h).
A star indicates an optimal value. The optimality is proved if (i) the number
of filled cells reaches the upper bound n? — [ if [ # 1 (cf. Section 2.2), or (ii)
the number of filled cells is n? —2 if [ = 1 (cf. Theorem 6 in [19]). One observes
that MPMA improves the best-known results for a large majority of the 300
instances and closes definitively 25 instances by reaching their optimal scores.
Among these 25 optimal results, 14 were also achieved by MMCOL (starred
non-bold values) with the extended time limit.
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Table A.1 . .
Detailed results of MPMA for the PLSE instance with » = 0.7

PLSE-50-70 PLSE-60-70 PLSE-70-70

Id foest favg t(s) foest favg t(s) foest favg t(s)

1 2485 2484.0 14634 3594 3593.8 21133 4897 4897.0 64501
2 2482 2482.0 7979 3594 3593.2 32775 4896 4896.0 31215
3 2490 2489.6 16640 3583 3582.4 50463 4897 4897.0 38822
4 2487 2486.8 11040 3595 3595.0 42003 4894 4893.8 60959
5 2482 2481.6 38581 3594 3593.8 23419 4898* 4897.6 29179
6 2485 2484.6 17336 3598 3597.0 35415 4900*  4899.2 24546
7 2485 2485.0 21093 3591 3590.8 29223 4898* 4897.6 68794
8 2483 2482.6 22696 3593 3592.6 31549 4898 4898.0 34353
9 2486 2485.8 29292 3595 3594.4 45923 4898* 4896.8 56775

10 2480 2479.6 33675 3592 3591.4 27668 4897 4896.8 24600
11 2488 2488.0 10494 3591 3591.0 43547 4895 4895.0 41911
12 2485 2484.8 11099 3595 3595.0 29279 4895 4895.0 49769
13 2483 2482.0 35398 3591 3590.6 30085 4896 4896.0 38843
14 2483 2483.0 24327 3596 3594.8 12871 4900*  4900.0 49655
15 2483 2483.0 22104 3598 3597.6 42935 4897* 4897.0 44162
16 2484 2484.0 24908 3589 3588.4 46321 4895 4894.4 51131
17 2486 2486.0 30868 3589 3588.2 44392 4898* 4897.8 55798
18 2489 2488.6 43310 3594 3594.0 31095 4896  4895.2 45508
19 2485 2485.0 46223 3592 3591.6 34286 4896 4895.0 33190
20 2490 2490.0 66822 3595 3595.0 45880 4898* 4898.0 45274
21 2483 2482.8 10055 3594 3593.8 28887 4896  4895.8 43046
22 2484 2483.8 31473 3594 3593.6 36060 4892 4891.8 51100
23 2485 2485.0 59471 3595 3594.8 35139 4898* 4897.4 57851
24 2488 2487.2 39261 3595 3594.2 39917 4896  4895.6 62074
25 2484 2484.0 67246 3595 3595.0 24632 4896  4895.6 29744
26 2483 2482.4 11660 3591 3590.4 29959 4896  4896.0 49052
27 2481 2480.8 17530 3596 3595.6 21738 4896  4895.2 64276
28 2484 2484.0 57286 3593 3592.2 39360 4895 4895.0 30988
29 2486 2486.0 24712 3594 3593.8 36996 4894  4893.0 33507
30 2485 2484.4 32252 3594 3593.2 29165 4894  4893.8 67407
31 2481 2480.2 30863 3596 3595.8 28915 4895 4894.8 66784
32 2481 2480.8 26209 3598 3597.8 36874 4898* 4898.0 63561
33 2483 2482.0 15300 3594 3593.8 50209 4893 4892.8 53578
34 2484 2483.6 17261 3595 3594.8 25322 4896  4896.0 29581
35 2483 2482.2 9258 3594 3593.6 48250 4895 4893.8 37046
36 2484 2483.8 39607 3589 3588.8 52302 4896  4896.0 30549
37 2486 2486.0 30891 3592 3591.8 36935 4898 4897.4 33335
38 2479 2479.0 27487 3593 3593.0 42965 4896  4895.8 46231
39 2482 2482.0 17885 3592 3592.0 40127 4895 4895.0 45687
40 2486 2485.8 25149 3584 3584.0 28671 4897  4897.0 39611
41 2486 2484.8 20498 3593 3593.0 44563 4894  4894.0 68759
42 2485 2484.2 29963 3596 3594.8 20232 4900*  4900.0 37155
43 2486 2485.6 22424 3592 3591.8 33863 4897 4896.4 65871

44 2478 2478.0 21238 3596 3595.2 39637 4900*  4900.0 24920
45 2487 2486.2 4387 3594 3593.2 53331 4896 4895.6 36570
46 2486 2485.2 8202 3590 3590.0 31509 4895 4894.4 66643
47 2483 2483.0 15598 3596 3596.0 50515 4896  4895.2 28201
48 2485 2485.0 12008 3594 3594.0 52813 4898* 4898.0 45563

49 2488 2487.8 19546 3592 3592.0 30852 4896  4896.0 61217
50 2487 2486.2 36084 3591 3590.4 28170 4892 4891.2 63410
51 2482 2482.0 14454 3597 3596.8 27863 4894  4893.2 52307
52 2483 2482.8 3734 3594 3593.2 29788 4894  4893.6 47142
53 2479 2478.2 29808 3590 3590.0 34304 4895 4895.0 61063
54 2482 2482.0 31105 3595 3595.0 36915 4895 4894.8 49282
55 2490 2490.0 57119 3593 3592.8 43977 4898 4898.0 42535
56 2486 2485.2 16890 3594 3594.0 26958 4897 4896.6 40521
57 2485 2484.0 17693 3596 3595.6 22850 4897 4895.8 36423
58 2484 2483.6 22020 3592 3590.8 42025 4895 4895.0 50358
59 2479 2479.0 17566 3597 3597.0 35690 4897  4896.2 48762
60 2485 2483.8 12812 3594 3594.0 49378 4898*  4897.6 41952
61 2488 2487.6 32457 3593 3593.0 34521 4896 4895.6 40522
62 2483 2482.2 11236 3595 3595.0 36297 4897 4896.6 26971
63 2484 2483.8 49638 3593 3593.0 33612 4895 4894.0 36138
64 2487 2486.8 18411 3589 3589.0 45479 4896  4895.8 43970
65 2483 2483.0 14955 3594 3592.8 51097 4895  4894.2 64374
66 2487 2486.0 6173 3594 3593.8 32932 4897  4895.8 29134
67 2492 2491.4 13935 3596 3594.8 46629 4896  4895.2 39470
68 2485 2484.6 13185 3591 3591.0 46103 4894 4893.6 65397
69 2480 2478.8 61028 3597 3596.8 29333 4896  4895.4 33751
70 2480 2480.0 10097 3596 3595.0 21332 4897 4896.4 70332
71 2485 2484.8 14403 3597 3596.8 26326 4898* 4896.8 37049
72 2485 2485.0 23233 3593 3593.0 41770 4898* 4897.6 55525
73 2481 2481.0 13541 3592 3591.8 42388 4897  4896.2 41423
74 2487 2486.2 17062 3591 3590.4 41805 4895 4894.8 66514
75 2486 2485.8 6442 3591 3589.8 37734 4893 4892.6 27458
76 2482 2481.6 31480 3596 3595.6 32075 4895 4894.4 37566
s 2484 2484.0 30772 3594 3593.6 30518 4898* 4897.8 71196
78 2485 2484.2 25027 3594 3593.8 37885 4894  4892.8 61918
79 2486 2485.4 11737 3592 3592.0 13140 4895 4894.8 55482
80 2486 2485.0 11477 3591 3590.6 17375 4895 4893.8 43852
81 2484 2483.6 25867 3594 3594.0 49588 4898 4898.0 34218
82 2486 2486.0 12979 3596 3595.2 49521 4896  4895.0 54607
83 2484 2483.8 45426 3591 3591.0 36875 4897 4896.8 53219
84 2482 2480.8 13416 3597 3596.8 39570 4896  4895.6 55558
85 2486 2485.2 18071 3591 3591.0 54486 4895 4894.2 51972
86 2484 2483.6 21323 3591 3590.8 32150 4896  4895.2 64547

87 2482 2481.8 7322 3597 3596.2 21235 4898 4897.8 58645
88 2486 2484.8 54905 3595 3594.0 31176 4898* 4897.6 55316
89 2483 2483.0 22200 3596 3595.2 42334 4898*  4898.0 69525
90 2484 2483.4 41303 3591 3590.6 28078 4898* 4897.8 33387
91 2485 2485.0 27282 3595 3594.8 37660 4898* 4897.8 35507

92 2480 2478.8 64358 3595 3595.0 20591 4898 4898.0 44032
93 2485 2484.6 54895 3595 3594.4 34376 4898*  4897.4 30656
94 2488 2487.4 36221 3593 3592.6 27382 4898* 4898.0 42838
95 2485 2484.2 34930 3596 3596.0 47333 4895 4894.0 15877
96 2484 2484.0 20119 3588 3587.4 26007 4898* 4897.2 56506
97 2483 2482.2 12874 3596 3594.8 18748 4895 4894.6 52890
98 2484 2483.6 17232 3595 3593.8 39620 4896  4895.8 34437
99 2487 2487.0 11038 3596 3595.0 44668 4900*  4900.0 48432
100 2481 2481.0 6466 3592 3591.6 38165 4895 4895.0 41758
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B Results on the Latin Square Completion Problem

Even if our MPMA algorithm is not designed for the Latin square completion
(LSC) problem, the algorithm can be applied to the LSC because the latter can
be considered as a special case of the partial Latin square extension problem.
Two sets of LSC benchmark instances exist in the literature: 19 traditional
instances from the COLORO03 competition? [9] and 1800 new instances [12].
These instances were built from complete Latin squares with some symbols
removed. Thus these instances have the optimal score of n? (n is the order
of the grid), i.e., their cells can be completely filled. Like the 1800 PLSE
benchmark instances, these 1800 LCS instances have an order n € {50, 60, 70}
and ratio r € {0.3,0.4,0.5,0.6,0.7,0.8}, grouped to 18 subsets of 100 instances
per (n,r) combination.

We ran the MPMA algorithm with a time limit of 3h with the parame-
ters of Table 1 to solve the 1800 LCS instances. For the most difficult in-
stances of the 19 traditional instances a time limit of 10 hours is required.
The results on the set of 19 traditional instances (Table B.1) indicate that
MPMA can solve all these instances with a perfect success rate. The best
LSC algorithms MMCOL [14] and FastLSC [15] achieve a similar perfor-
mance, but with a low success rate (1/30, 1/30 for MMCOL and 1/30, 1/30
for FastLSC) for two very difficult cases (qwhdec.order50.holes750.bal.1 and
qwhdec.order60.holes1080.bal.1). However, MPMA requires a much higher
computation time compared to MMCOL and FastLSC.

Table B.2 displays the results of the MPMA algorithm on the set of 1800 LCS
instances compared to the state-of-the-art algorithms [12,14,15]. The results
indicate that MPMA is able to solve all of these 1800 instances in the allotted
time, matching the best LSC algorithms of [14,15].

2 http://mat.gsia.cmu.edu/COLOR03/
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Table B.1
Results of the MPMA algorithm on the set of 19 traditional LSC instances [9].

Instance MMCOL FastLSC MPMA
Name n r SR t(s) SR t(s) SR t(s)
qwhdec.order5.holes10.1 5 0.6 30/30 | <0.01 | 30/30 | <0.01 | 10/10 | 1.2
qwhdec.order18.holes120.1 18 0.63 | 30/30 | <0.01 | 30/30 | <0.01 | 10/10 | 1.9
qg.order30 30 0.0 | 30/30 | 0.04 | 30/30 | 0.02 10/10 | 22
qwhdec.order30.holes316.1 30 0.65 | 30/30 | 0.17 30/30 | 0.05 10/10 | 12
qwhdec.order30.holes320.1 30 0.64 | 30/30 | 1.37 30/30 | 0.13 10/10 | 4
qg.orderd0 40 0.0 | 30/30 | 0.17 | 30/30 | 0.09 | 10/10 | 55
qg.order60 60 0.0 30/30 | 1.22 30/30 | 0.65 10/10 | 526
qg.order100 100 0.0 30/30 | 17.5 30/30 | 10.66 10/10 | 3864
qwhdec.order33.holes381.bal.1 33 0.65 | 30/30 | 187.7 30/30 | 32.85 10/10 | 208
qwhdec.order35.holes405.1 35 0.67 | 30/30 | 16.5 30/30 | 5.30 10/10 | 56
qwhdec.order40.holes528.1 40 0.67 | 30/30 | 16.5 30/30 | 3.11 10/10 | 158
qwhdec.order60.holes1440.1 60 0.60 | 30/30 | 2.79 30/30 | 1.17 10/10 | 298
qwhdec.order60.holes1620.1 60 0.55 | 30/30 | 0.99 30/30 | 0.51 10/10 | 189
qwhdec.order70.holes2940.1 70 0.4 30/30 | 0.99 30/30 | 0.41 10/10 | 546
gwhdec.order70.holes2450.1 70 0.5 30/30 | 1.03 30/30 | 0.44 10/10 | 356
qwhdec.order50.holes825.bal.1 50 0.67 | 30/30 | 121 30/30 | 24.68 10/10 | 564
qwhdec.order50.holes750.bal.1 50 0.7 1/30 1444 1/30 448 10/10 | 10546
qwhdec.order60.holes1080.bal.1 60 0.7 1/30 2559 4/30 385 10/10 | 32484
qwhdec.order60.holes1152.bal.1 60 0.68 | 30/30 | 561 30/30 | 47.3 10/10 | 9556

Table B.2
Results of the MPMA algorithm on the 1800 new LSC instances [12] along with the
results reported in the literature [12,14,15].

Instance | CPX-IP | CPX-CP | LSSOL Tr-ILS* | MMCOL | FastLSC | MPMA
n T #Solved | #Solved #Solved | #Solved | #Solved #Solved | #Solved
30 |9 94 10 100 100 100 100
40 | 3 71 8 100 100 100 100
50 | O 12 6 100 100 100 100
5 60 | O 0 0 36 100 100 100
70 [0 0 0 0 100 100 100
80 100 100 100 100 100 100 100
0310 71 1 100 100 100 100
04 |0 22 0 100 100 100 100
60 0510 1 0 95 100 100 100
0.6 | 0 0 0 23 100 100 100
0710 0 0 0 100 100 100
0.8 | 100 100 99 99 100 100 100
0310 34 0 99 100 100 100
0410 8 0 98 100 100 100
70 05 |0 0 0 84 100 100 100
0.6 | 0 0 0 10 100 100 100
0.7 10 0 0 0 100 100 100
0.8 | 100 100 46 98 100 100 100
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