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ABSTRACT
In this paper, we adress a characterization problem coming
from plant biology. We consider different groups of experi-
ments, each corresponding to the indentification of a given
bacteria with regards to a given set of characters for diagno-
sis purposes. We have to compute simultaneously a complete
minimal set of characterization formulas for each group. We
propose two different approaches, based on Boolean func-
tions, that allow us to study the satisfiability and the un-
derlying complexity of this problem.

Keywords
Boolean characterization, formula minimization, NP-hard,
diagnostic tests.

1. INTRODUCTION
Knowledge acquisition as sets of Boolean vectors is an easy

way to collect results from experiments in various applica-
tion domains. In this paper we define the multiple char-
acterization problem (MCP), where each Boolean variable
represents the presence or the absence of the differents fea-
tures in a diagnosis process on several groups of items. Once
data have been collected, the experimenter wants to use its
results for testing to wich group an incomming item belongs
to. This membership test requires thus the exact character-
ization of each group and, for practical purpose, the number
of features that are used must be as small as possible.

We focus here on bacterial strains of Xanthomonas, which
is a genus of bacterias, many of which cause plant diseases.
The name pathovar is a subdivision of the phytopathogenic
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bacterial species that corresponds to the strains causing the
same symptoms on plant species or varieties of plant species.
In particular, Xanthomonas are used in many studies be-
cause they include hundred of different pathovars. For exam-
ple, the Xanthmonas axonopodis comes in pathovar citri that
causes citrus canker but also pathovar vesicatoria, which is
responsible for bacterial spot on pepper. However, the phy-
logeny of the strains is not sufficient to explain the host
specificity, i.e. the plant species that are attacked by the
strain. In particular, some genetically close pathovars can
have some very different hosts and vice versa. The approach
consists in identifying, among the directory of strains, the
relevant genes (virulence genes) and in analyzing the corre-
lation between the presence / absence of these genes and the
host specificity of the pathovars (groups of bacterial strains)
[8].

Recently, the description of 35 directories of virulence
genes in a collection of 132 strains of Xanthomonas among 21
groups and with different host specificities showed a correla-
tion between the virulence genes of a strain of Xanthomonas
and its hosts. Within Xanthomonas, some pathovars are
listed on the quarantine lists or even on lists concerning bio-
terrorism, and are thus subject to strict laws.

In this context, the characterization problem corresponds
to the identification of a group of strains against other groups
based on the presence or absence of particular genes. A
strain is therefore a vector of binary values that reflects the
presence (value 1) or absence (value 0) of these genes.
More practically, a problem instance with 5 strains, divided
into 3 groups based on a set of 4 genes can be illustrated by
Fig. 1.

Solving this problem consists in characterizing each group.
Therefore, for each group, we must find a combination of
presence or absence of genes that is valid for all strains of
group and not valid for all other strains of other groups.
In the example in Fig. 1, group 1 is characterized by the
simultaneous presence of genes x1, x2 and x3.

There exists a real need to develop new approaches to
provide characterization tools that take into account simul-
taneously several genes. In addition, biologists are interested
in two specific properties of the solutions:



Strain Group
Genes

x1 x2 x3 x4

e1 g1 1 1 1 0
e2 g1 1 1 1 1
e3 g2 0 0 1 0
e4 g2 0 1 1 1
e5 g3 1 1 0 0

Figure 1: Example of instance

• A solution that minimizes the number of used char-
acters: this is especially important for building diag-
nostic tests based on DNA chips [16]. The number of
observed genes must be minimized for cost reasons, for
avoiding long experiments and for insuring reliability.
Another point is that it is easier to detect the presence
of a gene rather than its absence.

• The computation of all solutions: it should be useful,
in terms of biological interpretation, to have a repre-
sentation of all possible solutions as it could highlight
a special relationship between genes and explain some
functional characteristics of the bacteria (for pheno-
typic considerations).

Once this problem has been settled, various methods can
be of course considered. In particular, the DCC method
(Diagnostic of Capacity Coefficient [3]), in which the genes
are sorted by relevance thanks to a statistical study. The
advantage of this approach is its computation simplicity but
it deals with a single gene and it is difficult to generalize to
the simultaneous identification of several genes (especially
when dealing with complex combinations).

Of course our MCP is related to different exiting works or
Boolean functions learning and minimization but neverthe-
less, several differences exists :

• Automatic learning of Boolean functions: This
problem has been extensively studied for many years
[14, 7, 10]. The initial works of Valiant [18] defines
the probability approximately correct (PAC) learning
model. On the one hand, in our context, we slightly
differ from the PAC model since we want to obtain
an exact characterization of the model. On the other
hand, results on exact learning of Boolean functions [2]
often relies on the class of function to which the func-
tion to be learnt belong. Here we cannot determine a
priori the class of the hidden Boolean functions. More-
over, minimization of the learnt function is generally
not handled.

• Machine learning techniques: Different machine
learning techniques can be used to learn from exam-
ples, such as classifiers (e.g., Support Vector Machine
[13]) but they do not always provide exact results and
moreover they are often difficult to use in presence
of very large sets of variables. Here, we do not con-
sider the problem of generalization of the learnt func-
tion since we consider that the data set is exhaustive.
Another possibility could be to use the FOIL system
[15] that has been designed to learn Horn clauses from
examples and then it may appear well-suited to our

problem but the notion of minimality is not addressed
by this system.

• Minimization of Boolean expressions: This prob-
lem is also important, for instance in electronic circuit
design, and has deserved much works in order to pro-
vide efficient minimization techniques. Nevertheless,
note that this problem is then slightly different from
the main goal of electronic circuit design, where the
purpose is to minimize the logical components of the
circuit with respect to a fixed number of inputs and
outputs [12].

We definitely have to insist on the fact that, apparent from
the instances’ size problem, we do need to provide exact and
minimal (and not approximate learning based) characteri-
zations using mutually partially defined Boolean function,
which induce an extra level of algorithmic complexity. In-
formally, we consider a set G of n sets (called groups) gi of
entities. Each gi must be satisfied by a Boolean formula,
which is falsified by all the other entities that are in G \ gi.
This can be interpreted as a multiple exclusive characteri-
zation of n groups of entities. Moreover, we require that the
number of variables that is used in each formula is minimum.

instance :
Boolean matrix

optimization problem :
minimization

solution :
Boolean formula

resolution :
 projection on pdBF

pdBf extension

pdBf reformulation

resolution :
formulae generation

Figure 2: General Overview of the Proposed Ap-
proaches

We study here two ways of handling the problem that cor-
respond to two possible formulations as illustrated by Figure
2. The initial problem is defined by a Boolean matrix. In the
left part, we address the problem by means of Boolean for-
mulas. We first study the satisfiability of the problem and its
complexity. In the right part, the problem is translated as a
problem of projection and related to approach of [11], where
the problem of computing partially defined Boolean func-
tions (pdBf) is stated and fully studied. This provides us
another way to compute more compact solutions. The trans-
formation between the two approaches is polynomial. In the
first approach, solutions are expressed as propositional logic
formulas, which induce several difficulties concerning their
size. In particular, it might be difficult to control redundan-
cies and tautologies when searching for solutions. Moreover,
the search space might be infinite without defining some
reduction rules to have normal forms. Therefore, the sec-
ond formalism that uses projections provides a more com-
pact representation of the solutions. Nevertheless, our first
modeling allows us to clearly study the satisfiability of the
problem and to provide a canonical solution.

In the last part of the paper, we show how this problem
is applied to plant biology with some experimental results.
These experiments have been conducted with biologists and



have led to the development of a patented diagnosis kit for
the identification of bacterial diseases.

The remaining of this paper is organized as follows. In
section 2, we state the Multiple Characterization Problem.
Two resolution approaches are then presented in section 3.
In section 4, we study the complexity of the problem. Appli-
cation to biological data is then described in section 5 and
experimental results are provided.

2. THE MULTIPLE CHARACTERIZATION
PROBLEM

The description of the multiple characterization problem
(MCP) by means of presence or absence of several charac-
ters, has led us to naturally use a propositional logic for-
malism. We consider an instance I as a Boolean matrix
corresponding to n characters and m entities:

I ≡

 a11 . . . a1n
...

...
...

am1 . . . amn


Each row of this matrix represents an entity, characterized
by the presence or absence of a set of characters. We con-
sider then the characters as Boolean variables and the enti-
ties as Boolean assignments.

For every column index j ∈ {1, . . . , n}, we define a propo-
sitional variable xi which corresponds to a character. X
is the initial set of propositional variables. For each row
i ∈ {1, . . . ,m}, we consider an entity ei as the correspond-
ing Boolean interpretation, i.e. a mapping from X to {0, 1}
(false, true), such that ∀i, j, ei(xj) = aij . We denote E the
set of all entities. Given a propositional formula φ on X and
e ∈ E , we denote e |= φ the fact that the interpretation e
satisfies the formula.

Note, in real cases, that preprocessing techniques can be
applied to reduce the size of the original matrix. Therefore
the set of variables that will be used for characterization
may be smaller than the original set. In particular, if there
is a character j such that ∀i, k ∈ {1, . . . ,m}, aij = akj , then
the corresponding column j can be removed from the matrix
since this character cannot obviously be used to distinguish
between entities.

The definition of the groups corresponds to sets of rows of
the matrix X . If there are two identical lines belonging to
the same group, we may remove one of them. In this case,
each group is then a subset of entities of E . Note that at
this time, two identical entities may belong to two different
groups. We will study this aspect latter with regards to the
satisfiability of the problem.

As usual, a literal is a variable x ∈ X or its negation,
denoted ¬x. A clause is a disjunction of literals. We note
L the set of literals built on X . A formula φ is said to be
in conjunctive normal form (CNF) if it is a conjunction of
clauses. A formula is said to be in disjunctive normal form
(DNF) if it is a disjunction of conjunctions of literals.

We can now define an instance I of a MCP.

Definition 1. Instance of MCP
An instance of a multiple characterization problem is defined
by a tuple I ≡ (X , E ,G) where X is a set of propositional
variables, E is a set of entities defined over X and G ⊆ 2E .

We now focus on defining the characterization of a group
that should allow to recognize its own entities and to dis-

criminate (i.e., not to accept) the entities of other groups
(from a logical point of view it will thus correspond to the
satisfaction or refutation of formulas).

Definition 2. Group Characterization
Given an instance (X , E ,G), a formula φg is said to charac-
terize group g ∈ G iff:

∀e ∈ g, e |= φg (accepts of the group’s entities)
and
∀g′ ∈ G \ {g}, ∀e′ ∈ g′, e′ 6|= φg (discriminates other
groups’ entities).

By extension, we denote g |= φg the fact that φg charac-
terizes g according to the previous definition. Sol(g) rep-
resents the set of all the characterizations for a group g.
Sol(g) = {φg|g |= φg}

Definition 3. Solution of a MCP
Given an instance I ≡ (X , E ,G), an admissible solution of a
multiple characterization problem is a |G|-tuple of formulas
Φ = (φ1, · · · , φG) such that ∀i ∈ 1..|G|, gi ∈ G, gi |= φi.

SOL(I) is the set of all multiple characterizations for all
groups. SOL(I) = Sol(g1) × · · · × Sol(g|G|). Given a tuple
of formulas Φ = (φ1, · · · , φ|G|) and a set of groups G, we
denote by extension G |= Φ the fact that ∀i ∈ 1..|G|, gi ∈ G,
gi |= φi.

Definition 4. Satisfiability of a MCP
An instance (X , E ,G) is satisfiable (resp. unsatisfiable) iff
∀g ∈ G, Sol(g) 6= ∅ (resp. ∃g ∈ G, Sol(g) = ∅).

We recall now some definitions on the size and length of
a formula.

Definition 5. Size and Length of Formulas
Let φ be a formula and var(φ) the set of variable of φ.

• The size of φ is |var(φ)|.

• The length of φ, denote by len(φ), is the number of
leaves of the term (formula) φ.

Example 1. Let φ = a∧b∧(¬a∨c), we have |var(φ)| = 3
and len(φ) = 4

Now we define the size of a tuple of formulas.

Definition 6. Size of a tuple of formulas
For a tuple Φ = (φ1, · · · , φn) we have |Φ| = |

⋃
φi
var(φi)|

Definition 7. k-MCP (decision problem)
Let an instance I ≡ (X , E ,G) a minimal multiple character-
ization of size k is a set of formulas Φ ∈ Sol(I) and k ∈ N+

such that |Φ| ≤ k

The Minimum Multiple Characterization Problem for a
size k (MIN-MCP-k) does not necessarily corresponds to a
minimal solution (φ1, · · · , φn) such that each φi is a minimal
element of Sol(gi). Note that such a global minimal solution
is a minimal element of SOL(I), with regards to definition
6, whose computation is much more expensive.

Definition 8. MIN-MCP (optimization problem)
Let an instance I ≡ (X , E ,G), a (global) minimal multiple
characterization is a set of formulas Φ∗ ∈ Sol(I) such that
∀Φ ∈ Sol(I), |Φ∗| ≤ |Φ|



When building such global solution, we will be interested
in the characterization of one group against the other ones.
We may thus define a restriction of the problem, which is
thus just a MIN-CP problem. for a group g

Definition 9. MIN-CP(g)
Let an instance I ≡ (X , E ,G), a minimal characterization is
a formula φ∗ ∈ Sol(g) such that ∀φ ∈ Sol(g), |φ∗| ≤ |φ|

When observing the results, we are mostly interested in
the size of the solution of the MIN-MCP (resp. MIN-CP),
which corresponds thus to the number of variables used in
the corresponding set, which will be denoted Min-MCP-opt
(resp. Min-CP-opt).

3. RESOLUTION APPROACHES
In this section, we focus on the resolution of MIN-MCP.

We first show the limits of the naive approach using di-
rectly Boolean formulas. We propose afterward to encode
the problem in a different way in order to overcome theses
limits.

3.1 The Boolean formulas approach for MIN-
MCP

Intuitively, the Boolean formulas approach could seems
the most suitable to solve the MCP problem.

Our first goal is to study the satisfiability of an instance
of a MCP.

Proposition 1. Satisfiability of an Instance
Let an instance I ≡ (X , E ,G), we have:

SOL(I) 6= ∅ iff ∀g ∈ G

 ∀e ∈ g, e |= φg
and
∀g′ ∈ G \ {g}, ∀e′ ∈ g′, e′ 6|= φg

Proof. We propose thus a canonical formula that will
be a solution for any satisfiable problem. Then, we will use
this canonical formula to exhibit a necessary and sufficient
condition for the satisfiability.

For each entity e in g, we build the formula
φ+
e ≡

∧
x∈X δ(e, x) where δ : E ×X → L is a function such

that δ(e, x) = ¬x if e |= ¬x and δ(e, x) = x otherwise.
We note φ+

g ≡
∨
e∈g φ

+
e . We may remark that φ+

g is in

DNF. Similarly, we define φ−e ≡
∨
x∈X ¬δ(e, x) and φ−g ≡∧

g′∈G\{g}
∧
e′∈g′ φ

−
e′ , which is a CNF formula. We denote

φg ≡ φ+
g ∧ φ−g .

The proof is rather simple and is based on the following
corollaries and lemmas obtained from this formula.

Lemma 1. ∀e, e′ ∈ E , e |=
∧
x∈X δ(e

′, x)⇔ e = e′

Corollary 1. Given an instance I ≡ (X , E ,G):

∃g, g′ ∈ G, g 6= g′, ∃e ∈ g,∃e′ ∈ g′, e = e′ ⇔ SOL(I) = ∅

Corollary 2. Given a instance I ≡ (X , E ,G) :

(X , E ,G) is satisfiable⇔ ∀g, g′ ∈ G, g 6= g′, g ∩ g′ = ∅

We can thus exhibit a canonical solution ΦPMax for any
satisfiable problem I ≡ (X , E ,G):

ΦIMax ≡ (φg1, . . . , φg |G|)

This canonical solution is also a maximal solution.

Proposition 2. Given an instance I ≡ (X , E ,G), we
have the following properties:

1. SOL(I) 6= ∅ ⇔ G |= ΦIMax

2. ∀Φ ∈ SOL(I),Φ↔ ΦIMax

3. ∀Φ ∈ SOL(I), |ΦIMax| ≥ |Φ|

Given a MCP I, we aim first at computing a minimal so-
lution (φ1, · · · , φn) such that each φi is a minimal element
of Sol(gi). Note that a global minimal solution is a minimal
element of SOL(I), with regards to definition 6, whose com-
putation is much more expensive. In order to guarantee the
computation of a minimal characterization for each group,
we have implemented a complete search algorithm (EXACT-
FORM-CHAR) that aim at exploring the whole search space
in order to build a minimal solution. As usual this kind of
tree-based exploration will be faced to computational space
and time limits. The EXACT-FORM-CHAR algorithm al-
lows us to obtain the shortest formula (in CNF) for a given
group. The computation of this formula is achieved by try-
ing all possible formulas from the shortest ones (one vari-
able) to the largest ones (all the variables). However, many
formulas are equivalent but it is hard to avoid dealing with
these equivalent formulas since the generation of CNF with-
out redundancy is akin to the redundant clauses detection
problem, which is coNP-complete [1, 5]. The commutativity
of logic connectors constitutes one of the reasons of these
equivalences. Therefore, we may greatly limit the number
of considered formulas by ordering the clauses. We use a no-
tion of patterns of clauses which corresponds to the possible
distributions of the literals in the clauses.

Example 2. The possible patterns for CNF using two oc-
currences of literals are:

• ()1 ∧ ()1 : 2 clauses of 1 occurrence.

• ()2 : 1 clause of 2 occurrences.

These patterns are then instantiated by literals.

Example 3. Based on the patterns of the previous exam-
ple, considering a formula using two occurrences of literals
with 2 variables x and y, we can build the next CNF:

• ()1∧()1 : (x)∧(y), (¬x)∧(y), (x)∧(¬y) and (¬x)∧(¬y)

• ()2 : (x ∨ y), (¬x ∨ y), (x ∨ ¬y) and (¬x ∨ ¬y)

Similarly to the clauses, the literals are also ordered in
each clause. During the instantiation of the patterns, a sim-
plification mechanism checks if the literals do not appear in
unit clauses. In this case, the CNF is equivalent to another
shorter one. We distinguish two possible cases:

• subsumption: CNF is x ∧ ... ∧ (x ∨ w ∨ ... ∨ z) (same
parity), it is equivalent to x ∧ ....

• CNF is ¬x ∧ ... ∧ (x ∨ w ∨ ... ∨ z) (opposite parity), it
is equivalent to ¬x ∧ ... ∧ (w ∨ ... ∨ z).

It is interesting to remark that the number of patterns is
given by the partition function noted p. For an integer n,
p(n) return the number of distinct ways (independently of
the order) to represent n as a sum of natural integers. An
asymptotic approximation of this function was proposed by



Hardy and Ramanujan [9], which can be used to compute
the number of formulas studied by EXACT-FORM-CHAR.

EXACT-FORM-CHAR (Fig. 3) examines formulas from
the shortest ones to the largest ones. We can thus be sure
that equivalent CNFs obtained by the simplification mech-
anism are already tested by the algorithm. Then, the first
formula that characterizes a group is a shortest one.

Require: an instance (X , E ,G) and a group g ∈ G
for s from 1 to |X| do

for all formula φ with a size s do
if φ characterizes g then

return φ
end if

end for
end for

Figure 3: The EXACT-FORM-CHAR algorithm

Nevertheless, using this first direct approach we have been
faced to three dificulties.

• With respect to the propositional logic recursive def-
initions, we can build terms (formula) of infinite size
but we can restrict to normal form like DNF or CNF
to bound the size (grow exponentially in number of
variables).

• Many formulas are equivalent but it is hard to avoid
dealing with these equivalent formulas since the gen-
eration of CNF without redundancy is akin to the
redundant clauses detection problem, which is coNP-
complete [1, 5]. The commutativity of logic connectors
constitutes one of the reasons of these equivalences.
Therefore, we may greatly limit the number of consid-
ered formulas by ordering the clauses.

• The major problem is to reason globally on I to find
min(SOL(I)). Find formula for each group with a
global constraint (minimizing the total number of vari-
ables) is very costly. We want a global mechanism to
solve our problem.

Therefore, we have turned to another resolution process.

3.2 The PdBf Approach
We first recall several notations and concepts related to

partially defined Boolean functions (see [11] for more details)
and we show the equivalence between the two approaches.

Definition 10. Boolean Function
A Boolean function f is a mapping f : Bn 7→ B of arity n.

Definition 11. Partially Defined Boolean Function
A partially defined Boolean function (pdBf) pf is defined as
a subset C+ ∪ C− ⊆ Bn, where ∀e ∈ C+ (resp. ∀e′ ∈ C−),
we have pf(e) = > (resp. pf(e′) = ⊥) and C+ (resp. C−) is
called the set of positive examples (resp. negative example).
A pdBfg is defined as a pdBf with C+ = g and C− = G\{g}

We extend the notion of consistency for propositional logic
to the pdBfs.

Proposition 3. Consistency and Inconsistency of a
pdBf
A pdBf is consistent (resp. inconsistent) iff C+ ∩ C− = ∅
(resp. C+ ∩ C− 6= ∅).

Definition 12. pdBf Extension
An extension of pdBf is a formula φ, such that φ is satisfied
(resp. unsatisfied) by all elements in C+ (resp. C−)

In the above definition, we remark that the pdBf’s arity is
equal to its extension’s size. In [4], the authors develop poly-
nomial time techniques to find extensions for many defined
classes. We introduce now the notion of projection, which
is a key concept for computing compact representation of
solutions.

Definition 13. Projection
A projection is a function π : Bn 7→ Bk where k ≤ n.

k is the dimension of the projection. πpdBfg is the projec-
tion associated to pdBfg (as defined above). Then we note
for short g |= π (i.e., πpdBfg is consistent) the fact that we
have:

∪e∈C+πpdBfg (e)
⋂
∪e∈C−πpdBfg (e) 6= ∅

In order to preserve the results of previous sections, we
have to prove that the formulas and projections (on pdBf)
approaches are equivalent.

Proposition 4. Projectability and Satisfiability
For instance I ≡ (X , E ,G) is satisfiable iff I is projectable
on G, ie ∀g ∈ G, ∃φ, g |= φ⇔ ∃π, g |= π

Proof. Let g |= φ⇔ ∀e ∈ g, e |= φg ∧ ∀e′ /∈ g, e′ 6|= φ
L⇒ R: inductive proof on the length of φ

• Basic case: len(φ) = 1
Let φ = xi (resp. φ = ¬xi) and if g |= φ the only
consistences pdBfs with xi is ∀e ∈ g, e(xi) = > (resp.
e(xi) = ⊥) and ∀e′ ∈ G\{g}, e′(xi) = ⊥ (resp. e(xi) =
>). It exists π such as g |= πxi .

• Inductive case: For n>1, len(φ) = n− 1 and g |= φ⇒
g |= π
We can always build φ′ = φ⊗xi with ⊗ ∈ {∧,∨}, such
that g |= φ′ (according to the basic case’s principle).
We have then ∃π′, g |= π′.

R⇐ L: from a projection on a pdBfg, we can always find
an extension.

We propose a complete algorithm to find an optimal
min(SOL(I)). The EXACT-PROJ-CHAR algorithm (Fig-
ure 4) computes projections from the shortest ones to the
largest ones and returns extensions of the first consistent
projection.

4. BOUNDS AND COMPLEXITY OF MCP
Firstly, we may easily provide lower and upper bounds for

the MCP. Lower bound (LB) corresponds to the minimum
number of variables needed to characterize all the groups. If
we know the minimum number of variables needed to char-
acterize each group, it is obvious that there is no smaller
number of variables allowing to characterize all the groups.
Concerning the upper bound (UB), we can be sure that there
exists a solution for all the groups with at most as many vari-
ables as variables needed to characterize each group.
LB :
|min(SOL(I))| ≥ max(|min(Sol(g1))|, . . . , |min(Sol(gn)|).



Require: an instance (X , E ,G) and a group g ∈ G
for s from 1 to |X| do

for all projection π with a dimension s do
for all g ∈ G do

consistent ← true
if πpdBfg is inconsistent then

consistent ← false
break

end if
end for
if consistent then

return (ext(π(pdBfg1)), · · · , ext(π(pdBfgn)))
end if

end for
end for

Figure 4: The EXACT-PROJ-CHAR algorithm

UB :
|min(SOL(I))| ≤ |(min(Sol(g1)), . . . ,min(Sol(gn)))|.

With regard to complexity, the minimal characterization
problem for a group cannot be solved in a reasonable time.
Indeed in [17], the author establishes that the minimization
of a CNF formula is Σp2 − complete (the proof is based on
DNF formula but the results can be applied to CNF). This
provides us an inclusion class of complexity. Considering
that the minimization of the MCP correspond to the cover-
ing set problem, well-known to be NP-complete [6] (finding
the smallest subset is NP-hard), the minimal characteriza-
tion of a group is at least as hard as NP-complete problems.

Therefore, the idea is transform well-known problem SET-
COVER ([6]) to k-MCP using the projection mechanism. In
order to improve understanding, the number of group is fixed
at 2 for the proof.

Proof. k-MCP is in NP, because we can easily check a
solution with a polynomial time algorithm.

We recall the definition of SET-COVERT : Let C a col-
lection of subsets of a set S, an k ∈ N+. Does ∃C′ ⊆ C with
|C′| ≤ k,such that

⋃
c∈C′ c = S?

We reduce to our problem :
Let I ≡ (X , E ,G) an instance of MCP.

Does ∃π ∈ Π, the set of projection, with |π| ≤ k such that
∪e∈C+πpdBfg (e)

⋂
∪e∈C−πpdBfg (e) 6= ∅?

We assign each subset of c ∈ C to a propositional variable
in X and each element of S corresponds to a pair of two
entities (e, e′) ∈ E2 of two different group. If we have two
groups we can distribute just a single entity for the first one
and |C| for the second one and so |E| = |C|+1. We construct
I as follow :

Consider the only entity of the first group, we ground e1,
such that ∀i ∈ X , e1(xi) = 1.

And for each pair p0≤i≤|cj | belongs to a subset c0≤j≤|C| we
have to differentiate the two entities of pi with xj . Therefore
ei(xj) = 0. We ground also each xj , such that e′i(xj) = 1

Example 4. The collection C = {{1, 4}, {2}, {2, 3}} is

transform to the matrix


1 1 1
0 1 1
1 0 0
1 1 0
0 1 1



For |G| > 2, we apply the transformation by setting |S| =(|G|
2

)
, therefore each group contains only single entities.

We conclude that k-MCP is NP-complete.

From this first result, we get the following result for the
minimization problem.

Proposition 5. NP-hardness of MIN-MCP
Minimum Multiple Characterization Problem is NP-hard.

5. APPLICATION ON BIOLOGICAL DATA
The Min-MCP is of great interest to many biologists. For

instance, the accurate characterization of collections of bac-
terial strains is a major scientific challenge, since bacteria
are indeed responsible of significant plant diseases and thus
subjected to official control procedures (e.g., in Europe, Di-
rective 2000/29/EC). The development of diagnosis tests is
therefore an important issue in order to routinely identify
strains of these species. In this context, the characteriza-
tion problem corresponds to the identification of a group of
strains against other groups, based on the presence or ab-
sence of some particular characters. A strain is therefore a
vector of binary values that reflects the presence (value 1)
or absence (value 0) of these characters. Furthermore, to
reduce the cost of expensive biological tests, we are inter-
ested in minimizing solutions.

The biologists have provided us with the four following
instances:

• A: 8 groups, 108 entities (from 2 to 54 by group), 155
characters.

• B: 4 groups, 112 entities (from 5 to 69 by group), 155
characters.

• C: 7 groups, 112 entities (from 2 to 40 by group), 155
characters.

• D: 21 groups, 132 entities (from 2 to 40 by group), 37
characters.

A, B, C and D are instances coming from the BioMérieux
API based on biochemical properties for Ralstonia species
and the instance D coming from INRA tests on virulent
genes for Xhantomonas species.

In Table 1, we present the experimental results that we
have obtained with our algorithm. To find Min-CP-opt for
each group g we use an alternate version of EXACT-PROJ-
CHAR where we test the consistency of the pdBfg . The
lower and upper bounds are computed with the formula de-
scribed in section 4 and the last line corresponds to the Min-
MCP-opt value for each problem. When no solution is found
in less than one hour, we note “-”. To the best our knowl-
edge, EXACT-PROJ-CHAR is the only one algorithm with
exhaustive search dealing with MIN-MCP.

For the instance C, no result was found for the groups
1 and 2. 7 variables were tested by the algorithm when it
was stopped so we can say that the lower bound is at least
7. However, we expect exponential time to compute these
solutions, due to the NP-hardness of MIN-MCP.

Results in Table 1 show that the two approaches, Min-
MCP-opt and Min-CP-opt, are complementary. Indeed, for



Instances A B C D
Characters 155 155 155 37

Entities 108 113 112 132
Groups 1 2 3 4 5 6 7 8 1 2 3 4 1 2 3 4 5 6 7 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

Entites by groups 21 5 3 54 9 8 7 2 31 69 8 5 38 15 5 6 2 40 6 5 10 5 2 5 8 6 5 5 5 6 10 6 14 8 4 4 5 7 7 5
Min-CP-opt 2 2 2 4 4 3 3 3 3 6 5 2 - - 5 4 2 5 4 3 2 4 2 4 2 4 2 3 3 3 3 2 3 3 3 3 2 2 1 1

Lower Bound 4 6 7 4
Upper Bound 13 8 - 16
Min-MCP-opt 6 6 - 9

Table 1: Application on real data with EXACT-PROJ-CHAR.

industrial applications where the minimization of the vari-
ables number is extremely important, it may be ask to char-
acterize only one group but also to find a characterization
for all the groups. In the first case Min-CP-opt is recom-
mended and in the second case, it is more interesting to find
Min-MCP-opt.

6. CONCLUSION AND FUTURE WORKS
In this paper we have defined the multiple characteriza-

tion problem and we have proposed two formalisms in order
to study its properties and to compute minimal solutions.
An application to biological data has been described in or-
der to highlight the possible uses of this general knowledge
acquisition problem. We also propose a complete method to
find minimal global solutions despite the NP-hardness of this
problem. From the users’ point of view, the formalisms ap-
pear to be useful since they clearly provide complementary
information (which characters are important and formulas
to implement a diagnostic test). It would be also very useful
to be able to compute several different optimal solutions, for
instance by means of a set of generators. Biologists are also
interested in discovering relationships between characters,
which could be achieved by means of logical consequences.
Another perspective is related to the fact that data may be
subjected to noise or uncertainty and one should be able to
revise characterizations easily according to new experimen-
tal results.
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