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ABSTRACT

Climbers constitute a central component of modern heuris-
tics, including metaheuristics, hybrid metaheuristics and hy-
perheuristics. Several important questions arise while de-
signing a climber, and choices are often arbitrary, intuitive
or experimentally decided. The paper provides guidelines to
design climbers considering a landscape shape under study.
In particular, we aim at competing best improvement and
first improvement strategies, as well as evaluating the be-
havior of different neutral move policies. Some conclusions
are assessed by an empirical analysis on a large variety of
landscapes. This leads us to use the NK-landscapes family,
which allows to define landscapes of different size, rugos-
ity and neutrality levels. Experiments show the ability of
first improvement to explore rugged landscapes, as well as
the interest of accepting neutral moves at each step of the
search. Moreover, we point out that reducing the precision
of a fitness function could help to optimize problems.
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1. INTRODUCTION

Neighborhood search techniques are commonly-used algo-
rithms for optimizing hard combinatorial problems. Among
them, basic iterative improvement methods like climbers are
generally used as components of more sophisticated local
search techniques or modern metaheuristics (tabu search,
memetic algorithms and so on). A climber consists in reach-
ing a local optimum by iteratively improving a single solu-
tion with local modifications. Although most of metaheuris-
tics use climbers or variants as intensification mechanisms,
they mainly focus on determining how to escape local op-
tima. Nevertheless, several important questions have to be
considered while designing a climber. Usually, the design
of a local search mainly focus on defining a neighborhood
structure and choosing a solution which initiate the search.
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However there are several questions which are regularly con-
sidered during the conception process, but not really empir-
ically or theoretically investigated. Among them, one can
identify two main issues. First, the pivoting rule choice. To
the best of our knowledge, there is no real consensus on the
benefit of using a best-improvement strategy rather than a
first-improvement one, or vice versa. Secondly, the neutral
moves policy. The use of neutral moves during the climb-
ing should be experimentally analyzed. In particular, it is
contradictory that traditional climbers only allow strictly
improving moves, while a derived search strategy, e.g. sim-
ulated annealing, systematically accept neutral moves.

Most of local search and evolutionary computation con-
tributions are focusing on the design and evaluation of ad-
vanced and original search mechanisms. However, those
aforementioned elementary components are rarely discussed
in the experimental analysis.

Since the efficiency of advanced search methods is usually
dependent to the problem under consideration, it should be
interesting to determine if their elementary components are
themselves dependent to the considered search space topol-
ogy. In this study, we aim to evaluate the behavior and
efficiency of basic search methods on search spaces of differ-
ent size, rugosity and neutrality. To this end, we will use
NK-landscapes [5] model to simulate problems with differ-
ent structures and sizes. Since the basic NK model does not
induce landscapes with neutrality, we will especially focus
on three appropriated variants: NKp [1], NKq [7] and NKr
(presented in the paper).

Several studies on local search behaviors has been pro-
posed for specific problems, such as SAT [2] or TSP [3].
More recently, Ochoa et al. [8] investigated the behavior of
first and best improvement algorithms on NK-landscapes, by
exhaustive exploration of small search spaces. In this paper,
we extend this last study by evaluating both pivoting rules
and neutral moves effects on large size problems, which are
those considered while using metaheuristics. To achieve this,
we will evaluate empirically the relative efficiency of climber
variants. The aim of this study is to compare basic ways to
navigate through a search space, rather than to propose an
efficient sophisticated algorithm to solve NK instances.

The next section focus on climbers design: after recall-
ing some general definitions, we will discuss on climbers key
components. Section 3 first describes the NK-landscapes
model and different ways to add neutrality with NKp, NKq
and NKr, before providing an empirical analysis of the neu-
trality degree of such problems. In section 4, climber vari-
ants behavior is estimated on a large scale of landscape



shapes. Finally, the last section summarizes the main con-
tributions and provides hints for future investigations.

2. DESIGNING CLIMBERS

2.1 Fitnesslandscapes, climber algorithms:
general background

Even if we assume that the reader is familiar with the
main notions of combinatorial optimization and local search
algorithms, let us recall briefly the main elements used in
the rest of the paper. For more detailed definitions and
comprehensive review of local search principles, we refer the
reader to [4].

A combinatorial optimization problem instance can be de-
fined as a pair (X, f), where X is a discrete set of feasible
solutions, and f : X — IR a scalar objective function which
has to be maximized or minimized. In the remaining, we
will consider the maximization context, without loss of gen-
erality. Solving a problem (X, f) consists then in finding
x* € argmax, x f(x).

A fitness landscape is a triplet (X, N,f), where X is a
set of configurations (or candidate solutions) called search
space, N : X — 2% is a neighborhood relation, and § is
a fitness function (or evaluation function). §(z) is the fit-
ness (or height) of z. z' € N(z) is a neighbor of a con-
figuration z € X. N(z) is called the neighborhood of x.
A neutral neighbor of a configuration x is a configuration
z' such that ' € N(z) and §f(z’) = f(z). A plateau (or
neutral network) is a graph (V,E) where V € X, E =
{(vi,v;) st.v; € N(vi) and f(z:) = f(x;),Y2i,x; € V},
i.e. a set of connected configurations of same fitness. A
(non-strict) local optimum is a configuration x such that
Vo' € N(x),f(z") < f(x). A global optimum is a configura-
tion 2™ € argmax, ¢ » f(z).

A local search algorithm (or neighborhood search algorithm)
aims at finding the best configuration of X (thanks to f)
while exploring a subset of X relatively to (X, N,f). Since
in many cases, X = X and f = f, solving an instance (X, f)
with a local search algorithm consists then in defining a
neighborhood relation A/ and a move strategy for explor-
ing efficiently the landscape (X, N, f).

A hill-climbing algorithm (or climber) is a basic local
search strategy which navigates through the search space
in allowing only non-deteriorating moves. Given an initial
configuration called starting point, a traditional climber it-
eratively moves to better neighbors, until it reaches a local
optimum. Such a search mechanism, also known as iterative
improvement, allows to distinguish several variants which
are discussed hereafter.

2.2 Climber components

The design of a climber implies several choices, whose ef-
fects are not clearly established. Let us point out four con-
ceptual issues that need to be discussed.

Pivoting rule

The best improvement strategy (or greedy hill-climbing) con-
sists in selecting, at each iteration, a neighbor which achieves
the best fitness. This implies to generate the whole neigh-
borhood at each step of the search, unless an incremental
evaluation of all neighbors can be performed. On the con-
trary, the first improvement strategy accepts the first eval-
uated neighbor which satisfies the moving condition. This

avoids the systematic generation of the entire neighborhood
and allows more conceptual options.

Neutral move policy

A basic hill-climbing algorithm does not allow neutral moves
(4.e. moves to neutral neighbors) during the search, and only
performs improving moves until reaching a local optimum.
Question of neutral moves can be considered to escape lo-
cal optima (neutral perturbation, NP) when the fitness land-
scape contains a substantial proportion of neutral transitions
(on smooth landscapes). Another variant, called stochastic
hill-climbing, can accept indifferently neutral or improving
neighbors throughout the search, even before reaching a lo-
cal optimum. It is not very obvious to determine the influ-
ence of the neutral move policy on the quality of the config-
urations reached. However, it is interesting to note that the
more advanced simulated annealing algorithm, which allows
some deteriorating moves during the search, systematically
accepts neutral moves under consideration.

Neighborhood evaluation

The first condition to assert systematically that a configu-
ration is a local optimum is to use a basic climber which
favors improving moves. The second one is to be able to de-
tect when the whole neighborhood has been evaluated. This
only can be possible while considering an exhaustive neigh-
borhood evaluation, either in evaluating the entire neigh-
borhood incrementally, or in generating neighbors without
replacement. Nevertheless, several factors can make difficult
or impossible the exhaustive neighborhood evaluation (com-
plex representation of configurations, specific neighborhood
operator, very large neighborhood). In such a case, neigh-
bors are usually generated at random and with replacement.

Neighborhood exploration

Technically and following the definitions presented in [4], the
first improvement strategy consists in exploring the neigh-
borhood with the same deterministic rule order during the
entire search. The first neighbor which satisfies the move
policy is then selected. An alternative way is to explore at
each step the neighborhood in a random order. This explo-
ration method reduces cycling risks which can occur when
combining stochastic hill-climbing with a deterministic ex-
ploration of the neighborhood. While combined with a basic
move policy, it should be interesting to see if there exists any
efficiency difference between both exploration methods.
Figure 1 summarizes the different ways to design a climber
according to the issues discussed hereabove. Clearly, specific
representation of configurations, neighborhood structures or
evaluation functions, lead to favor one or several choices.
However, in many cases, every option can be considered. In
future sections, we will evaluate the influence of such climber
parametrization in function of the landscape structure.

3. NK-LANDSCAPESAND NEUTRALITY

3.1 NK-landscapes

The NK family of landscapes [5] is a problem-independent
model for constructing multimodal landscapes. NK-land-
scapes use a basic search space, with binary strings as con-
figurations and bit-flip as neighborhood (two configurations
are neighbors iff their Hamming distance is 1). Characteris-
tics of an NK-landscape are determined by two parameters



o [ First improvement Best improvement ‘ Pivoting

2 rule

= /[\\ /\

=2

S Basic Stochastic Basic+NP Basic Basic+NP ‘ Neutral

% Random Exhaustive ‘ Neighborhood

= evaluation

I

2

f=

S

2 Random Deterministic Neighborhood
L exploration

Figure 1: Climber strategies.

N and K. N refers to the size of binary string configurations,
which defines the search space size (|X| = 2%V). K specifies
the rugosity level of the landscape; indeed, the fitness value
of a configuration is given by the sum of N terms, each one
depending on K + 1 bits of the configuration. Thus, by in-
creasing the value of K from 0 to N — 1, NK-landscapes can
be tuned from smooth to rugged. In particular, if K = 0,
then the landscape contains only one local (global) optimum;
on the contrary, setting K to N —1 leads to a random fitness
assignment.

In NK-landscapes, the fitness function f : {0, 1} — [0,1)
to be maximized is defined as follows.

N
1
f(f)=N20i(fﬂi#ﬂi1,~~~7$ix) (1)
=1
where ¢; : {0,117 — [0, 1) defines the component function
associated with each variable z;, ¢ € {1,..., N}, and where
K < N.

NK-landscapes instances are both determined by the (K +
1)-uples (x;, @i, , - .., i, ) and the 2V (K + 1) ¢; result val-
ues corresponding to a fitness contribution matrix C' whose
values are randomly generated in [0, 1). The usual precision
of random values imply that plateaus are almost absent on
NK-landscapes. Nevertheless, there are several ways to add
neutrality to NK-landscapes. In 1998, two distinct mod-
els of neutrality were proposed simultaneously by Barnett
(NKp [1]), and Newman et al. (NKq [7]), which are de-
scribed hereafter. Moreover, we add a third way to obtain
neutral landscapes by rounding fitnesses of traditional NK-
landscapes.

3.2 NKp-landscapes

Probabilistic NK-landscapes [1] are particular NK instan-
ces in which the fitness contribution matrix contains many
zeros. While generating an NKp instance, values of C' are set
to 0 with a probability of p, the others being randomly gen-
erated in [0,1). An NKp-landscape class is then determined
by three parameters: N, K and p. In extreme cases, classic
NK-landscapes are obtained for p = 0, while landscapes are
entirely flat when p = 1.

3.3 NKg-landscapes

To add neutrality to NK-landscapes, Newman et al. in-
troduced quantised NK-landscapes [7], by fluctuating the
discretization level of ¢; result values. Indeed, limiting their
possible values increase the number of neutral neighbors.
Thus, NKq implies a third parameter g > 2 which specifies
the ¢;. functions codomain size. The maximal degree of neu-

trality is reached when ¢ = 2 (C is then a binary matrix),
and decreases while g increases.

3.4 NKr-landscapes

Generating a high neutrality landscape using NKp imply
a high value of p (near to 1 — see section 3.5). However, the
resulting optimization problem intuitively tends to be sim-
plified since it mainly consists in finding the non-null values
of C. According the following experiments, the NKq model
fails to generate high neutrality landscapes. We propose
here to artificially create neutrality by rounding the fitness
function of a classic NK model. Then, in this rounded NK
(NKr), the original NK-landscape is divided in a predefined
number of levels.
Let us notice that, contrary to NKp and NKq, NKr is not
a generalization of the NK model where the fitness contri-
bution matrix is depending of a neutrality parameter. Here,
r affects the final fitness values without modifying the con-
tribution matrix generation policy:
fla.ry = L) )

r

A significant consequence is that an NKr landscape is a
smoothed version of a corresponding NK-landscape. In par-
ticular, f(z1) < f(xz2) = f(z1,7) < f(z2,r), which implies
that every global optima of an NK instance is also a global
optima of the corresponding NKr instance. NKr will allow
us to determine if smoothing the landscape could help to
solve optimization problems.

3.5 Landscapes neutrality

To evaluate the neutrality level of NK{pqr}-landscapes,
we propose to determine empirically the proportion of neu-
tral neighbors according to the landscapes characteristics
(N, K, p,q, 7).

Landscapes panel

We first focus of four sizes N = {128,256,512,1024} and
four rugosity levels K = {1,2,4,8} which correspond to
commonly-used NK-landscapes parametrizations for testing
metaheuristics. For each couple (N, K), we have randomly
generated 10 NK instances, i.e. 10 landscapes. Secondly, we
used these 10 instances to generate 10 corresponding NKp,
NKq and NKr instances, for 4 p, 4 ¢ and 4 r parametriza-
tions. In NKp, each value of the original fitness contribution
matrices are replaced by 0 with a probability of p. NKq in-
stances are obtained by discretizing fitness contribution val-
ues among ¢ using a rounding function p(c) = %. In NKr,
original fitness contribution matrices remained unchanged,
while the fitness function is rounded as described in equation
2. In this section, we will use 1920 distinct landscapes (192
parametrizations, 10 instances per parametrization) which
allow us to determine the parameters sensitivity for obtain-
ing neutral landscape.

Neutrality estimation

The degree of neutrality of a landscape is evaluated by mea-
suring the proportion of neutral neighbors within a sample
of configurations. More precisely, for each parametrization,
10 instances (landscapes) and 10,000 random configurations
per instance are considered. In table 1, we first evaluate the
whole neighborhood on each configuration and its associ-
ated rate of neutral neighbors (random column). Secondly,



the LO column corresponds to the average rates of neu-
tral neighbors on the local optima obtained after applying
a basic first-improvement climber from the 10,000 random
configurations.

Empirical analysis

Table 1 provides the average neutrality rate of the 192 land-
scape classes considered, while figure 2 outputs the distribu-
tion of neutrality rates. This leads us to several comments:

e Only NKp and NKr can produce landscapes with high

neutrality. Indeed, even with its most neutral parametriza-

tion (¢ = 2), a random NKq landscape is unlikely to
provide a neutral neighbor rate over 0.5. In particular,
when K is higher, there are very few neutral neighbors,
especially around local optima.

NKp allow to generate high neutrality landscapes, pro-
vided that p is close to 1. Indeed, when p is high, ¢; val-
ues are mainly zeros, which implies that bit-flip neigh-
bors fitnesses often remains unchanged, especially if
K is low. Unfortunately, such a landscape is easier to
climb since the fitness is only affected by a few non-
null values. Moreover, even a high level of neutrality
does not imply the existence of totally flat areas in
the search space unless p = 1 (in figure 2, even with
p = 0.99, there is almost no configuration for which all
neighbors are neutral).

e NKr allow to generate landscapes with a high level
of neutrality as well as totally flat areas. Indeed, as
shown in figure 2, with a low enough value of r, a sig-
nificant part of the search space is composed by con-
figurations with only neutral neighbors.

e Unsurprisingly, neutrality of NKr depends on N, while
NKp and NKg-landscapes characteristics are similar
when N is fluctuating. Indeed, increasing N propor-
tionnaly reduces the average fitness variation between
two neighbors (that is implied by equation 1).

4. COMPARING CLIMBERS

In this section, we aim at evaluating the ability of climbers
to explore various landscapes. Thus, different climbing strate-
gies introduced in section 2 will be applied on landscapes
defined in section 3.

In figure 1, we divided the components in two layers. The
structural layer identifies the fundamental choices which will
mainly determine the search strategy, while the technical
layer is mostly dependent of the problem itself. In particu-
lar, an exhaustive neighborhood evaluation is clearly prefer-
able to a random one, provided its implementation does not
imply any additional complexity cost. Moreover, a random
neighborhood exploration order seems more natural to pro-
vide a stochastic search, even if usual local search definitions
follow a deterministic order.

In the following, we will focus on the ability of a climber
to reach good configurations depending on structural op-
tions (pivoting rule, neutral move policy). Different tech-
nical choices have been tested, but are not reported here
since experiments have not shown any significant efficiency
difference between all variants.

Then, the experimental analysis will compare five climbers
variants combining pivoting rule (PR) alternatives and the

neutral move policy (NMP). All climbers start from a ran-
dom configuration, and stop after 10.N? configuration eval-
uations (unless for basic move policy which stops when a
local optimum is reached). Let us notice that this maximal
number of evaluations has been set to allow a convergence of
the search, after observing no significant improvements for
longer searches.

Each climber will be executed 10,000 times on a bench-
mark set of 208 instances: 16 basic NK-landscapes parametri-
zations, as well as 192 instances which corresponds to the
192 NK{pqr} landscapes parametrizations selected in the
previous section. For each instance, the five climbers start
their searches from a single set of 10,000 starting points, in
order to cancel the initialization bias.

Empirical analysis

Experiment results are given on tables 2 and 3 which focus
respectively on the NK, NKp, NKq and NKr instances. For
each couple climber /instance, we report the average fitness
of the 10,000 resulting configurations. For each instance, the
best average value appears in bold. Moreover, we indicate
in grey methods which are not statistically outperformed by
any other method (w.r.t. the Mann-Whitney test with a 5%
significance level).

Results obtained on the basic NK-landscapes are given
in table 2. In this table, results include only two variants
which correspond to the pivoting rule alternatives. Indeed,
the basic NK-landscapes do not contain a significant num-
ber of neutral neighbors. Then, experiments show equiva-
lent results whatever the neutral move policy being adopted.
Anyway, this table provides us a significant piece of in-
formation while comparing the best improvement and the
first improvement pivoting rules. Best improvement statis-
tically outperforms first improvement when K € {1,2}, and
first improvement appears more efficient while K increases.
In other words, best improvement is well-suited to explore
smooth landscapes, whereas first improvement seems more
adapted to explore a rugged one.

Table 3.a summarizes the results obtained on the NKp
landscapes. As expected, better results are achieved by
climbers which allow neutral move, either all along the search
(stochastic), or after detecting a local optimum (basic+NP).
The few cases where a basic climber is not statistically out-
performed by other methods corresponds to landscapes with
a very small neutrality level (less than 6% of neutral neigh-
bors, see table 1). When p = 0.99, basic climbers are clearly
inefficient, while the three other variants almost systemati-
cally obtain configurations of equal fitness; this can be ex-
plained by the relative simplicity of these instances.

NKq instances experiments lead to more relevant out-
comes. One can see in table 3.b that neutral moves are
necessary to climb landscapes containing even a small level
of neutrality. Indeed, basic climbers are always statistically
outperformed by others. Moreover, this table emphasizes
significant differences between the three strategies allowing
neutral moves. First, stochastic climbers reach best results
on most instances, especially on more rugged and/or neu-
tral landscapes (high K, low ¢). This is particularly in-
teresting since, to our knowledge, basic policies — with or
without neutral perturbations — are more traditionally used
while designing metaheuristics. However, a best improve-
ment strategy combined with neutral perturbations remains
suitable in smooth landscapes, especially with lowest levels



NKp

NKq

NKr

Landscape | Neutral neighbors Landscape | Neutral neighbors Landscape | Neutral neighbors Landscape |Neutral neighbors
N |K|p |Random LO N [K|p |Random LO N [K|p |Random LO N |K|p [Random LO

.50 11.23% | 6.80% 50| 11.91%|  7.38% 50 12.17%|  7.57% 50 12.00% | 7.79%

1 .80| 44.55%| 35.10% 1 .80| 45.09%| 34.58% 1 .80| 45.27%| 34.92% 1 .80 44.70% | 34.15%

95| 81.75% | 75.22% 95| 81.46%| 74.15% 95| 81.69% | 74.80% 95| 81.67%| 74.51%

99| 94.92% | 92.64% 99| 96.11% | 94.21% 99| 96.29% | 94.55% 99| 96.10% | 94.23%

50 5.57% | 2.42% 501 5.40%[ 2.29% 501 5.39% [ 2.18% 50 5.62% | 2.31%

9 .80| 30.85%| 16.84% 2 .80| 30.82%| 16.57% 9 .80| 31.18%| 16.74% 9 .80 31.46%| 16.80%

95| 73.62%| 56.84% 95| 74.86%| 58.79% 95| 74.31%| 57.97% .95 74.31%| 58.05%

198 99| 94.40% | 89.23% 256 99| 94.22% | 88.94% 512 99| 94.57% | 89.62% 1024 99| 94.15%| 88.75%

50 1.17%[ 0.29% 50 1.18% | 0.29% 50 1.23% | 0.29% 50 1.23%[ 0.27T%

4 80| 14.52%| 3.44% 4 .80| 15.19%| 3.66% 4 .80| 15.24%| 3.76% 4 .80 15.11%| 3.65%

95| 60.50% | 29.13% 95| 60.85%| 29.21% 95| 61.17%| 29.52% .95 61.24% | 29.67%

99| 89.66% | 73.45% 99| 90.77% | 75.65% 99| 90.19% | 74.54% 99| 90.72%| 75.62%

.50 0.05%[ 0.00% .50 0.05% | 0.01% .50 0.05%| 0.00% .50 0.07%[ 0.01%

3 .80 3.42%| 0.25% s .80 3.55%| 0.24% s .80 3.51%| 0.23% 3 .80 3.56%| 0.26%

95| 41.32%| 6.68% 95| 41.25%| 6.65% 95| 41.40%| 6.56% .95 41.27%| 6.46%

99| 83.39% | 44.32% 99| 83.70%| 44.72% 99| 83.64%| 44.55% .99 83.62% | 44.38%

Landscape | Neutral neighbors Landscape | Neutral neighbors Landscape | Neutral neighbors Landscape | Neutral neighbors
N |K|q |Random LO N |K| q |Random LO N [K|q |Random LO N |K|q [Random LO

10 6.35%| 5.65% 10 6.62%| 5.13% 10 6.70%| 5.41% 10 6.55%| 5.16%

1 5 15.21% | 12.83% 1 5| 15.26%| 13.41% 1 5 15.19%| 13.36% 1 5 15.23%| 13.38%

3 24.38% | 21.89% 3| 25.03%| 22.26% 3 26.07%| 22.87% 3 25.87%| 22.53%

2 41.12% | 37.23% 2 | 39.88%| 35.29% 2 40.16% | 36.06% 2 40.51%| 36.16%

10 4.76%| 3.08% 10 4.73%]  2.93% 10 4.65%| 2.76% 10 4.66%| 2.68%

9 5 12.42%| 8.60% 2 5| 12.21%| 8.45% 9 5 12.35%| 8.73% 9 5 12.33%| 8.83%

3 21.32% | 16.05% 3| 21.29%| 15.84% 3 21.03%| 15.36% 3 21.22%| 15.57%

128 2 33.33% | 25.50% 256 2 | 33.26%| 25.34% 512 2 33.47%| 25.43% 1024 2 33.65%| 25.50%

10 2.91% 1.09% 10 2.99% 1.14% 10 3.02% 1.00% 10 3.02%| 0.97%

415 9.37%| 4.33% 4l 3 9.44%| 4.29% 42 9.36%| 4.15% 4|3 9.40%| 4.21%

3 16.21%| 8.03% 3| 16.18%| 7.88% 3 16.14%| 7.73% 3 16.18% | 7.79%

2 26.16% | 14.21% 2 | 26.15%| 14.03% 2 26.15%| 13.92% 2 26.18%| 13.97%

10 1.75% ] 0.36% 10 1.78% | 0.32% 10 1.80%| 0.27% 10 1.78% | 0.24%

] 5 6.85% 1.65% ] 5 6.85% 1.55% ] 5 6.84% 1.46% ] 5 6.85% 1.42%

3 | 11.80%| 3.14% 3| 11.84%| 2.96% 3 | 11.84%| 2.82% 3 | 11.85%| 2.77%

2 19.23% | 5.83% 2 | 19.26%| 5.60% 2 19.25%| 5.41% 2 19.27%| 5.34%

Landscape | Neutral neighbors Landscape | Neutral neighbors Landscape | Neutral neighbors Landscape | Neutral neighbors
N |K|r |Random LO N [K|r |Random LO N |[K|r |Random LO N |K|r [Random LO

104 0.80%| 0.69% 104 1.82% 1.14% 101 3.97%| 2.18% 0% 7.53%| 3.21%

1 103 9.38%| 5.50% 1 103| 17.86%| 8.62% 1 103 34.48%| 19.36% 1 103 58.10% | 40.82%

102| 65.57%| 50.56% 102| 82.23%| 68.08% 102| 91.18%| 83.38% 102| 95.57%| 91.04%

10'| 93.68% | 90.17% 10'| 95.85%| 93.01% 101| 97.09%| 94.53% 10t 97.88% | 95.83%

101 0.66%| 0.42% 10 1.59%| 0.91% 102 3.08% 1.42% 10l 6.17%[ 2.19%

9 108 7.72%| 3.74% 9 103| 15.09%| 6.29% 9 103| 28.95%| 13.11% 9 103 50.82%| 30.03%

102 58.47% | 40.47% 102 78.39%| 61.56% 102 89.20%| 79.45% 102 94.65%| 89.25%

198 10'| 93.07%| 89.25% 256 10'| 95.20%| 91.25% 512 101] 96.49%| 93.41% 1024 10t 97.54%| 95.18%

101 0.59% | 0.22% 101 L.I8%| 0.42% 101 2.35%| 0.72% ol 471%| 1.14%

4 103 5.85%| 2.03% 4 103| 11.73%| 3.49% 4 103| 22.73%| 6.98% 4 103 41.83%| 17.26%

102| 49.50% | 26.38% 102| 72.10%| 52.48% 102| 86.00%| 73.59% 102 92.95%| 86.13%

10'| 91.13%| 86.27% 10'| 93.68%| 89.41% 10'| 95.59%| 92.01% 10t 96.93% | 94.04%

101 0.43% | 0.09% 107 0.86%| 0.16% 0t 1.72%[ 0.27% 104 3.44%| 0.46%

] 103 4.27%| 0.91% s 103 8.57% 1.56% ] 103| 16.90%| 2.95% 3 103 32.29%| 7.50%

102| 39.01%| 13.19% 102| 62.97%| 36.42% 102| 81.05%| 64.00% 102 90.48%| 81.29%

10'| 88.16% | 82.35% 10! 91.56% | 86.38% 101 94.02%| 89.50% 101 95.80%| 91.97%
Table 1: Estimated rate of neutrality for NKp (top), NKq (middle) and NKr (bottom) landscapes.
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Figure 2: Distribution of 10,000 random configurations by their numbers of neutral neighbors for NKp, NKq
and NKr: example with N =128 and K = 2.



PR | First Best PR | First Best PR | First Best PR | First Best
128_1| .7021 .7090 256_1| .7021 .7079 512_1| .6897 .6953 10241 .6969 .7039
1282 .7021 .7082 256_2| .7066 .7094 512.2| .7135 .7174 1024_2| .7146 .7197
128.4| .7254 .7260 256_4| .7235 .7204 512.4| .7200 .7193 1024 4| .7246 .7242
128.8| .7142 .7108 256_8| .7166 .7122 512.8| .7206 .7155 1024.8| .7216 .7174

Table 2: Climbers results on NK-landscapes. Only two variants, with no neutral moves, are outputed.

NMP Basic Stoch.| Basic+NP NMP Basic Stoch.| Basic+NP NMP Basic Stoch.| Basic+NP
PR First Best | First | First Best PR First Best| First | First Best PR First Best | First | First Best

128_1_p50 | .4211 .4283 .4320 .4317 .4366 128_1_ql0 | .7219.7266 .7294 .7283 .7304 128_1_rioooco |.7017 .7087 .7023 .7017 .7087
128_1_p80 | .2004 .2043 .2241 .2239 .2253 128_1_g5 7312 .7402 .7484 .7478 .7507 128_1_r1000 .7005 .7036 .7082 .7057 .7103
128_1_p95 | .0523 .0528 .0651 .0651 .0653 1281 _q3 7581 .7663 .7902 .7909 .7950 128_1_r100 .5369 .5310 .7127 .7131 .7125
128_1_p99 | .0115 .0116 .0146 .0146 .0146 128_1 g2 .8056 .8062 .8594 .8594 .8594 128_1_rio0 .4700 .4700 .5250 .5000 .5000
128_2_p50 | .4708 .4761 .4754 .4763 .4806 1282 _ql0 | .7228.7269 .7297 .7300 .7345 128_2_rioooo |.7024 .7076 .7061 .7036 .7088
128_2_p80 | .2617 .2659 .2876 .2840 .2868 128_2_ g5 7442 .7451 7687 .7664 .7683  128_2_r1000 .7000 .6992 .7155 .7108 .7132
128_2_p95 | .0787 .0814 .1130 .1131 .1138 1282 g3 .7688 .7738 .8186 .8175 .8176 128_2_rio0 .5692 .5646 .7313 .7299 .7306
128_2_p99 | .0176 .0174 .0305 .0305 .0306 1282 q2 .8177 .8212 .8914 .8898 .8904 128 2_rio0 .4710 .4710 .5310 .5020 .5020
128_4_p50 | .5247 .5230 .5257 .5250 .5233 128.4.ql0 | .7504 .7470 .7557 .7553 .7567 128_4 rioooo |.7249 .7254 .7279 .7256 .7264
128_4_p80 | .3258 .3293 .3380 .3367 .3363 128_4_g5 L7657 .7684 .7922 .7893 .7912  128_4_r1000 .7210 .7179 .7362 .7304 .7341
128_4_p95 | .1275 .1262 .1780 .1774 .1769 1284 .q3 .7891 .7891 .8396 .8376 .8372 128_4_rioo .6278 .6213 .7750 .7608 .7625
128_4_p99 | .0286 .0292 .0788 .0785 .0789 1284 g2 .8387 .8333 .9309 .9273 .9265 128_4.rio 14870 .4870 .6000 .5340 .5330
128_8_p50 | .5223 .5160 .5233 .5223 .5161 128.8_ql0 | .7341.7311 .7417 .7383 .7351  128_8_rioooo |.7147 .7098 .7145 .7156 .7120
128_8_p80 | .3332 .3301 .3367 .3346 .3317 128895 .7531 .7534 .7734 .7693 .7652 128_8_r1000 .7112 .7050 .7216 .7176 .7138
128_.8_p95 | .1654 .1637 .1922 .1901 .1896 128.8_q3 .7838 .7755 .8199 .8145 .8126  128_8_ri00 .6428 .6393 .7510 .7421 .7353
128_8_p99 | .0489 .0506 .1138 .1123 .1129 128.8_q2 .8264 .8220 .9020 .8941 .8965 128_8_ri0 4770 .4770 .6000 .5560 .5560

256_1_p50 | .4131 .4197 .4237 .4235 .4283 256_1_ql0 | .7206 .7275 .7271 .7267 .7323 256_1_r1o0000 |.7024 .7067 .7046 .7039 .7091
256_1_p80 | .2000 .2025 .2208 .2210 .2222 256_1_95 L7377 .7434 7518 .7516 .7557 256_1_r1000 .6915 .6869 .7134 .7095 .7117
256_1_p95 | .0527 .0529 .0655 .0654 .0655 256_1_q3 7626 .7682 .7938 .7938 .7948 256_1_r100 .5037 .5039 .6874 .6848 .6842
256_1_p99 | .0106 .0107 .0139 .0139 .0139 256_1_q2 .8095 .8143 .8672 .8670 .8668  256_1_ri0 .4710 .4710 .5000 .5000 .5000
256_2_p50 | .4738 .4809 .4795 .4788 .4850 256_2_ql0 | .7245.7278 .7318 .7307 .7340 256_2_rioo000 |.7052 .7087 .7075 .7062 .7104
256_2_p80 | .2642 .2693 .2888 .2893 .2915 256_2_95 .7390 .7463 .7610 .7608 .7640 256_2_r1000 .6953 .6914 .7211 .7157 .7168
256_2_p95 | .0802 .0818 .1169 .1170 .1176 256_2_q3 L7713 .7784 .8183 .8159 .8193 256_2_r100 .5000 .4998 .7150 .7124 .7117
256_2_p99 | .0167 .0168 .0303 .0303 .0304 256_2_q2 .8095 .8144 .8907 .8879 .8886  256_2_ri0 .4560 .4560 .5000 .5000 .5000
256_4_p50 | .5257 .5223 .5241 .5268 .5230 256_4.ql0 | .7441 .7438 .7503 .7498 .7490 256_4_r10000 |.7209 .7179 .7243 .7232 .7222
256_4_p80 | .3285 .3242 .3386 .3381 .3364 256_4.95 .7582 .7588 .7865 .7838 .7819  256_4_r1000 .7088 .7029 .7410 .7312 .7311
256_4_p95 | .1257 .1292 .1800 .1775 .1801 256_4.q3 7894 .7879 .8436 .8407 .8429  256_4_rioo .5220 .5224 .7720 .7575 .7599
256_4_p99 | .0297 .0303 .0791 .0790 .0788 256_4_q2 .8323 .8343 .9363 .9297 .9288  256_4_r10 .4700 .4700 .5000 .5000 .5000
256_8_p50 | .5261 .5208 .5251 .5261 .5208 256_8_ql0 | .7368 .7343 .7425 .7402 .7369 256_8_riooo0 |.7169 .7103 .7216 .7177 .7135
256_8_p80 | .3350 .3331 .3409 .3364 .3342 256_8_9g5 L7575 .7527 7762 .7741 .7710  256_8_r1000 .7071 .7016 .7282 .7224 .7227
256_8_p95 | .1688 .1710 .1931 .1901 .1918 256_8_q3 L7871 .7835 .8255 .8196 .8200 256_8_r100 .5633 .5591 .7714 .7575 .7583
256_8_p99 | .0497 .0515 .1155 .1150 .1144 256_8_q2 .8285 .8277 .9098 .9039 .9018  256_8_r10 .4770 .4770 .5010 .5000 .5000

512_1_p50 | .4092 .4155 .4195 .4195 .4238 512_1.ql0 |.7073 .7123 .7126 .7122 .7170 512_1_riooo0 |.6887 .6922 .6932 .6923 .6966
512_1_p80 | .1981 .2011 .2183 .2184 .2199 512_1.9g5 7233 .7299 .7408 .7402 .7430 512_1_r1000 .6522 .6389 .7054 .7016 .7023
512_1_p95 | .0543 .0547 .0674 .0674 .0676 512_1 g3 .7518 .7564 .7823 .7824 .7835 512_1_ri00 14958 .4958 .6296 .6021 .6017
512_1_p99 | .0108 .0108 .0142 .0142 .0142 512_1. g2 7786 .7814 .8368 .8354 .8355 512_1_rio .4550 .4550 .5000 .5000 .5000
512_2_p50 | .4804 .4857 .4853 .4855 .4901 512.2.ql0 |.7327.7355 .7399 .7385 .7422 512_2 riooo0 |.7117 .7140 .7170 .7149 .7189
5122 p80 | .2673 .2715 .2912 .2907 .2934 512_2_g5 .7480 .7532 .7722 .7704 .7724 512_2_r1000 .6780 .6710 .7398 .7298 .7301
512_2_p95 | .0825 .0841 .1184 .1187 .1192 5122 g3 L7709 .7768 .8187 .8175 .8196 512_2_ri00 .4985 .4985 .6667 .6443 .6430
512_2_p99 | .0172 .0173 .0317 .0317 .0317 512_2_ g2 .8227 .8287 .9060 .9023 .9021 512_2_rio .4640 .4640 .5000 .5000 .5000
512_4_p50 | .5226 .5209 .5228 .5231 .5216 512_4.ql0 | .7415 .7380 .7494 .7461 .7468 512_4.rioooo |.7193 .7173 .7240 .7228 .7222
5124 p80 | .3249 .3227 .3346 .3357 .3341 5124 g5 .7599 .7570 .7862 .7824 .7812 512_4 r1000 .6906 .6810 .7543 .7400 .7383
5124 p95 | .1259 .1267 .1782 .1767 .1783 5124 g3 .7863 .7867 .8398 .8356 .8351 512_4_rio0 14999 .4999 .6926 .6784 .6794
512_4_p99 | .0294 .0302 .0785 .0780 .0781 5124 g2 .8322 .8315 .9348 .9291 .9286 512_4.rio .4620 .4620 .5000 .5000 .5000
512_8_p50 | .5326 .5258 .5325 .5327 .5260 512.8_ql0 | .7417 .7368 .7457 .7454 .7413 512_8_rioooo | .7187 .7138 .7228 .7220 .7192
512_8_p80 | .3415 .3371 .3419 .3432 .3383 512.8.g5 .7597 .7542 .7804 .7760 .7765 512_8_r1000 .6994 .6908 .7429 .7310 .7304
512_8_p95 | .1690 .1700 .1936 .1929 .1935 512.8_q3 .7909 .7843 .8320 .8260 .8248 512.8_r100 .5059 .5056 .7066 .7115 .7129
512_8_p99 | .0494 .0507 .1158 .1162 .1147 5128 2 .8366 .8324 .9132 .9074 .9087 512_8_rio .4750 .4750 .5000 .5000 .5000

1024_1_p50| .4177 .4233 .4270 .4272 .4311 1024_1_q10| .7144 .7209 .7203 .7195 .7256 1024_1_r1o0000| .6943 .6974 .7031 .6999 .7059
1024_1_p80| .2014 .2045 .2231 .2231 .2246 1024_1_q5 | .7336 .7418 .7514 .7509 .7550 1024_1_rio00 |.5750 .5675 .7135 .7115 .7114
1024_1_p95| .0547 .0550 .0683 .0683 .0685 1024_1_q3 |.7611.7691 .7955 .7953 .7971 1024_1_rioo | .4979 .4979 .5857 .5498 .5492
1024.1_p99| .0111 .0111 .0147 .0147 .0147 1024_1_q2 | .7883.7920 .8416 .8411 .8414 1024_1_r1o0 .4640 .4640 .5000 .5000 .5000
10242 _p50| .4809 .4858 .4861 .4864 .4904 1024.2_ql0| .7360 .7388 .7434 .7422 .7462 1024_2_rioooo| .7122 .7130 .7228 .7189 .7233
1024_2_p80| .2663 .2710 .2915 .2916 .2937 1024_2_q5 | .7532.7581 .7768 .7763 .7783 1024_2_rio00 |.6133 .6033 .7498 .7418 .7418
1024_2_p95| .0833 .0852 .1189 .1188 .1194 1024.2_q3 | .7788 .7836 .8259 .8253 .8260 1024_2_rioo [ .4999 .4999 .6043 .5657 .5652
1024_2_p99| .0174 .0175 .0319 .0319 .0320 1024_2_q2 | .8216 .8268 .9067 .9036 .9045 1024_2_r1i0 .4690 .4690 .5000 .5000 .5000
10244 p50| .5245 .5248 .5269 .5252 .5258 1024.4_ql0| .7464 .7447 .7540 .7511 .7501  1024_4_r1ooo00| .7219 .7180 .7328 .7280 .7276
10244 p80| .3246 .3261 .3378 .3357 .3361 1024.4.q5 | .7619 .7637 .7897 .7850 .7858  1024_4_riooo0 | .6486 .6397 .7748 .7592 .7589
1024_4_p95| .1268 .1304 .1787 .1779 .1796 1024_4_q3 | .7924 .7928 .8469 .8424 .8432 1024_4_rioo |.4979 .4979 .6158 .5832 .5851
1024_4_p99| .0285 .0292 .0784 .0783 .0783 1024_4.q2 | .8334 .8348 .9348 .9286 .9294 1024_4_rio .4670 .4670 .5000 .5000 .5000
1024_8_p50| .5323 .5269 .5317 .5323 .5270 1024.8_ql10| .7440 .7372 .7479 .7467 .7428 1024_8_rioooo| .7187 .7133 .7277 .7233 .7229
1024_8_p80| .3429 .3382 .3449 .3444 .3397 1024.8_q5 | .7606 .7580 .7830 .7789 .7772 1024_8_r1o000 | .6656 .6586 .T617 .7469 .7481
1024_8_p95| .1713 .1688 .1959 .1943 .1943 1024.8_q3 | .7918 .7879 .8350 .8299 .8292 1024_8_ri00 | .4977 .4977 .6208 .6014 .6016
1024_8_p99| .0498 .0514 .1163 .1163 .1160 1024_8_q2 | .8380 .8340 .9191 .9125 .9121 1024_8_r1o0 .4600 .4600 .5000 .5000 .5000

(a) (b) ()

Table 3: Climbers results on NKp (a), NKq (b) and NKr (c) landscapes.



of neutrality. Globally, one observe that the search space
size given by parameter N does not influence the overall
tendency of the results; although efficiency differences be-
tween policies tends to be more significant for larger search
spaces.

Major conclusions highlighted with NKq remains valid for
NKr as shown in table 3.c In particular, basic climbers are
clearly outperformed, and stochastic climbing statistically
dominates other variants on most instances. Let us notice
that » = 10 leads to excessively flat landscapes, then *_*_r10
results are not really significant for comparing climbers. Since
these landscapes contains huge plateaus, escaping from them
require the use of more specific methods.

Let us recall that the only difference between original NK
instances (used table 2) and the ones used here results of
the precision of the configuration fitnesses. Consequently, it
makes sense to compare directly the NK and NKr results for
each (N, K) parametrization. While comparing results from
tables 2 and 3.c, one observe that several r parametriza-
tions can reach configurations of much higher fitness values.
This is illustrated in figure 3, which compare the efficiency
of first and best improvement climbers on original fitnesses
(NK-landscape), with rounded ones (NKr-landscape, with
r = 100 and r = 1000). One observe that, for each (N, K)
parametrization, an appropriate rounding of the fitness func-
tion can lead to more efficient climbings, provided that the
bringing of neutrality is exploited. Setting r consists then
to find a compromise between more neutrality and less pre-
cision. The figure also indicate that appropriate r values in-
crease with IV and decrease with K, which is coherent with
the fitness function (see equation 1). More generally, an ap-
propriate discretization of evaluation functions should help
to solve optimization problems with neighborhood search
techniques.

5. CONCLUSION

Climbers are often considered as basic components of ad-
vanced search methods. However, influence of their concep-
tion choices are rarely discussed through advanced studies.
In this paper we have focused on the capacity of different
hill-climbing versions to reach good configurations in various
landscapes. In particular, we compared the first and best im-
provement strategies as well as three different neutral move
policies. In order to provide an empirical analysis on a large
panel of representative instances, we used NK-landscapes
with different sizes, rugosity levels and shapes of neutral-
ity. On landscapes with no neutrality, we show that best
improvement performs better on smooth landscapes, while
first improvement is well-suited on more rugged ones. To
evaluate the impact of neutral move policies, we use three
models of neutrality: existing NKp and NKq, as well as
NKr, which simply consists in rounding fitnesses. First, one
observes that stochastic hill-climbings globally reach better
configurations than other variants. In other words, at each
step of the search, it makes sense to perform the first non-
deteriorating move instead of extending the neighborhood
evaluation. Moreover, experiments on NKr sheds light on
the interest of considering rounded evaluation function dur-
ing a climbing procedure. Combined with an appropriate
neutral move policy, this should avoid to be trapped pre-
maturely in local optima. Indeed, rounding fitnesses intu-
itively lead to consider also some deteriorating moves dur-
ing the search. Robustness and efficiency benefits of such
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a move policy have often been verified by advanced search
techniques like simulated annealing.

Perspectives of this work mainly includes the extension
of this analysis to Iterative Local Search methods [6]. In-
deed, several questions arise while considering iterated ver-
sions. First, we have to determine to what extent efficient
climbers can improve iterated searches. Secondly, a simil-
iar study performed in an iterated context will determine if
the overall influence of structural choices remain unchanged.
Last, although this study focused on a large scale of land-
scapes, a next step could be to deal with uncertain and/or
multiobjective problems, whose climber components depend
on many other factors.
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